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Abstract

This supplement contains theoretical proofs of the results discussed in the main paper and
additional numerical evidence. Section SA-1 provides further details of the three examples
discussed in the paper. Section SA-2 presents all the proofs. Section SA-3 gives additional
simulation evidence for the finite-sample performance of the proposed prediction intervals. Sec-
tion SA-4 provides another empirical application studying the economic impact of 1990 German

reunification on West Germany.
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SA-1 Details on Examples

This section provides more details of the three examples discussed in the main paper. Recall that
we consider the standard synthetic control constraint: W = {w € RY : [w|j; = 1} and R = REM,
For simulation-based inference, we define explicitly a relaxed constraint set based on the original
estimated coefficients B: A* = {D(B — B*) : B = (W,r),w e RY, |w]i = [|[W*|1}, where
B = w7, W = (@5, 0Ny 1) @F = ©;1(|@;] > o), and g is a tuning parameter that
ensures the constraint set in the simulation world preserves the local geometry of A. Moreover, we
set xr = (Yar(0),- -+, Y(n41)r(0))" as it is common in the SC literature. Finally, we let €, € and
¢, with various sub-indexes, denote non-negative finite constants not depending on Ty. In simple
cases, we give the exact expression of these constants, while in other cases they can be characterized

from the proofs of the results.

SA-1.1 Owutcomes-only

In this example the SC weights are constructed based on past outcomes only, and the model allows

for an intercept. Thus, the working model simplifies to
:b2W0+TO+Ut7 tzla"'aTOv

where a; := Y14(0), by := (Y2¢(0), Y3:(0), ..., Y(n41):(0))'; and with M =1, K =1, and d = N + 1.

Let z; = (b}, 1), By = (w(,70)’. We further assume independent sampling across time, and thus

1/2

set D = T, "I;. A natural variance estimator in this setting is

tht Ut Ut‘bt]) N

IIM’%

where u; = a; — z;ﬁ, and Iﬁ[ut\bt] denotes some estimate of the conditional mean of the pseudo-
residuals.

The following theorem gives precise primitive conditions and verifies the high-level conditions of
Theorems 1 and 2 in the main paper. Recall that wo = (wp 1, w02, ..., wp, )" is defined in Section
2 of the paper, and Apin(M) and Apax(M) are the minimum and the maximum eigenvalues of a

generic square matrix M.



Theorem SA-1 (Outcomes-only). Let {z;,u;}l_ be i.i.d over t = 1,--- ,Ty.

Assume that, for finite non-negative constants i1, 7o, n and Ny the following conditions hold:

(SA-1.i) maxi<i<r, E[|w|3|B] < 71 a.s. on o(B) and E[||z:]|°] < 7.
(SA-L.il) mini<i<r, V[we|B] > 1, a.s. on o(B) and Amin(E[zi2y]) > 1,

4d* 7y
2
LU

Then, the conditions of Theorem 1 hold with ., = CﬂTgl and €y = GETJUZ, where € = ﬁ% +

and €, = 42(d"/* + 16)%. Therefore, condition (T2.i) of Theorem 2 also holds, while
0y

condition (T2.ii) holds with 75 = €Ty, & = €Ty, and wp = €\/lTog Ty, where € = &,

¢r=2d, and €, = 8%/&-

Assume in addition that, for finite non-negative constant 7}, the following condition holds:
(SA-1iii) o = wj/v/Ty and P(min{|wo ;| : wo; # 0} > 0) > 1 — 7.

Then, condition (T2.iii) of Theorem 2 holds with A = 7§ + 7, + 7y and €5 = €5 + €.
Finally, also assume that, for finite non-negative constants wy,, €; and 7, the following condi-

tions hold:

(SA-1.iv) maxi<i<t, E[lus|*B] < a.s. on o(B) and E[||z:||*?] < 7ja.

(SA-1.v) P[P(maxi<i<T, |E[ue[by] — E[uby]| < @?|#) > 1 — €] > 1 — .

Then, condition (T2.iv) of Theorem 2 holds with 77 = Qf;’lTal + 5T, Ty, € = :’1(T8)_1/2 +
ngO_l/Q + @), €q = QféQTO_Q“ + Qﬁ’;STO_I + € + e + ey for any v € (0,1/2), and non-negative

constants €*

w1, €1, €y and & 5, which are characterized in the proof.

SA-1.2 Multi-equation with Weakly Dependent Data

In our second example, we incorporate pre-intervention covariates in the construction of the SC
weights and allow for stationary weakly dependent time series data. We let M = 2 (two features)

and K = 0 (no additional controls) only for simplicity, which gives the working model

J

ag1 = E bjt,1wo,5 + U1,
Jj=1
J

a2 = E bjt.2wo,; + U2,
i=1



t =1,---,Ty. The first equation could naturally correspond to pre-intervention outcomes as in
the previous example, i.e., a;1 = Y14(0) and by1 := (Y2(0),Y3:(0), ..., Yn41):(0))'; while the
second equation could correspond to some other covariate also used to construct w as described in
Section 2 of the paper. Let by; = (byy, - ,bs;)’, for I = 1,2. To provide interpretable primitive
conditions, we also assume u; = (ut1,ur2)" and by = ( 271, 272)’ follow independent first-order

stationary autoregressive (AR) processes:

u; = Huut—l + Ct,ua Hu = diag(ﬂl,m pZ,u)a

bt - bet—l + Ct,b7 Hb = diag(pl,ba P2,by " 7pJ,b)7

where {;,, and {;p, are i.i.d. over ¢, independent of each other, and diag(-) denotes a diagonal matrix
with the function arguments as the corresponding diagonal elements. Let D = TO1 / 2Id and recall
that U = (uy1,--- S UTY, 15 UT,2, " ,U/TO72)I in this case. A natural, generic variance estimator is

~ 1.,

¥ = —-Z'V[U|Z|Z,

To
where @[UL%”} is an estimate of V[U|.%]. In this example, 3 corresponds to the (conditional)
long-run variance, and naturally 3 can be chosen to be any standard estimator thereof.
Because of the time dependence in this example, the following theorem gives primitive conditions

that verify the high-level conditions of Theorem A in the appendix (instead of Theorem 1) in the

paper, as well as the high-level conditions of Theorem 2 for implementation.

Theorem SA-2 (Multi-equation with Weakly Dependent Data). Let {Ciu}i; and {Cip}iy be
i.9.d overt =1,--- Ty with mean zero, finite variance, and independent of each other.
Assume that, for finite positive constants ¢ and ', and finite non-negative constants g, 71, 72,

n, and Ny the following conditions hold:

(SA-2.i) |Hy| < 1, |Hy| < 1, and ¢t and &y p have densities f,,(-) and fy(-) satisfying [ ||x||% fu(x)dx <
00, [I[x|#fs(x)dx < 00, [|fu(x) = fulx — O)|dx < io||B]]¢" for all 6 € R?, and [|fy(x) —
fo(x — 0)|dx < 7o||0||¥" for all 6 € R7.

(SA-2.i) max;<<7, E[|ue||4|B] < 71 a.s. on o(B) and E[|[by]|] < 7.

(SA-2.iii) mini<i<ry Amin(V[U[B]) > 1, a.s. on o(B) and minj—1 2 Amin(E[brib} ;1) > n,.

3



Then, the conditions of Theorem A hold with m, = €Ty and e, = €T, for non-negative
constants € and €., and some positive constants ¢, and c., which are characterized in the proof.
Therefore, condition (T2.i) of Theorem 2 also holds, while condition (T2.ii) holds with 7§ = Q:;TO_C;,
€ = Tyt wy = CL\/log Ty for non-negative constants €%, €& and €%, and positive constant ¢,

which are also characterized in the proof.

Assume in addition that, for finite non-negative constant 7}, the following condition holds:
(SA-2.iv) o = w}; /1o and P(min{|wo ;| : wo; # 0} > 0) > 1 — 7.

Then, condition (T2.iii) of Theorem 2 holds with T\ = 7§ + 7, + 7, and €x = €5 + €.
Finally, also assume that, for finite non-negative constants 6%,1’ 6%72 and 75, the following con-

dition holds:
(SA-2v) P(P(|S - < e, |#) > 1 —5,) > 1 — 7.

Then, condition (T2.iv) of Theorem 2 holds with € | = ﬂeg,l/@ﬁﬁg)} €9 = €y and Ty =

TS + Ty

SA-1.3 Cointegration

Our third and final example illustrates how non-stationary data can also be handled within our
framework. Suppose that for each 1 < 1 < M, {a;;}] 4, {blt,l}le,-o' v{th,l}tT:1 are (1) pro-
cesses, and {clt,l}thl, . ,{cKt’l}thl and {ut,z}tT:l are I(0) processes. Therefore, A and B form a
cointegrated system. For simplicity, consider the following example: for each [ = 1,---, M and

jzlv"'ﬂ]a

J K
ag) = Z bjtwo ; + Z Cht 170 k1 + U1
j=1 k=1

bjts = bje—1)1 + viti

where u;; and vj;; are stationary unobserved disturbances. In this scenario, (1, —wy)’ plays the
role of a cointegrating vector such that the linear combination of A and B is stationary. The
normalizing matrix D = diag{Ty, - -- , 7o, V10, - ,/To}, where the first J elements are Tj and the

remaining ones are \/T0. Let Z; = (11, ,%; ) where 7, = (2} 41> 2, ,)" be the ((I —1)Tp +1t)th



column of diag{T(;l/2IJ,IKM}Z/. We use Z; 4; to denote the vector of the first J elements of Z,

which corresponds to the nonstationary components. The remaining vector is denoted by z; ,

which corresponds to the stationary components. Recall vy = (ug1,--- ,ut,M)/. Write v;; =
/ / / /

(Ult,la o 7th,l) y Vi = (Vt71, T 7vt7M) y Ctl = (Clt,la T Ck,‘tl) Ct - (Ct,la to act,M)- We allow

some elements in v; to be used in C;. Let q; collect all distinct variables in uy, vy, ¢t1, -+, € 1.

)

Moreover, define

M T
Q.= T ZE;GI t/To)Ga(t/To),
=1 ¢

where G = (G/,---,G/,)" is a mean-zero Brownian motion on [0, 1] with variance E[v,v}].

As in the precious example, we consider the generic variance estimator

ut|<%”

IIMH

where V[u;|##] is an estimate of V[uz|5#).
The following theorem gives more primitive conditions and verifies the high-level conditions of

Theorems 1 and 2 in the paper for the cointegration scenario.

Theorem SA-3 (Cointegration). Assume that {q;};_, is i.i.d overt = 1,--- , Ty with mean zero
and finite variance.
Assume that, for v > 3 and finite non-negative constants 01, 72, Ny, 1, and ¢, TQ1, finite

positive constants €g and 7Q 2, and constant vg € (0,1/2), the following conditions hold:

(SA-3.4) maxi<i<r, E[||w]|¥|B,C] < i1 a.s. on o(B,C) and E[||q:||¥] < 7a.

i)

(SA-3.i1) mini<¢<r, Amin(V[wB, C]) > 1, a.s. on o(B,C) and Amin(Elarqy]) > 1,

(SA—3 111) [(log To)_cQ < )\min(Qq) < maX(Qd) (log TO)CQ] > 1- TQ,1-
)

—1/24v,
(SA-3.iv) P[4 M ST 201, || < €T, 2] > 1 - g,

Then, conditions (T1.i) and (T1.ii) of Theorem 1 hold with 7, = Qﬁ,an(;wV + Q:mQT(;l +7mQ1+7Q2
and €, = Q:E(logTO)%(l‘*‘cQ)To_l/2 for finite mon-negative constants €1, €ro and €., which are
characterized in the proof, and for any v € (0,1/2 — 1/4). Therefore, condition (T2.i) of Theorem
2 also holds, while condition (T2.ii) holds with @} = € (log Tp)*@ /2 ¢t = €Ty !, and 75 = 7,

for finite non-negative constants €, and €, which are also characterized in the proof.



Assume in addition that, for finite non-negative constant 7}, the following condition holds:
(SA-3.v) 0= w} /Ty and P(min{|wo ;| : wo; # 0} > 0) > 1 — 7.

Then, condition (T2.ii) of Theorem 2 holds with T\ = 7§ + 7, + 7y and €5 = €5 + €.
Finally, also assume that, for finite non-negative constants €, |, €, 5 and 73;, the following con-
dition holds:
(SA-351) P(P(|Z - 2| < €54]90) > 1 —€5,) > 1 — 75
Then, condition (T2.iv) of Theorem 2 holds with €51 = €;1(logTy) e, 1, €55 = €54, and 7y =

w5, + w5, for finite non-negative constant €7 |, which is characterized in the proof.

SA-2 Proofs

SA-2.1 Proof of Lemma 1

Let € be the event on which

P[Ml,L < pr(Bo — [/3\) < My ‘ %ﬂ} >1—a, and

P[MQ,L <er < Moy \ %ﬂ} >1— oo

By assumption, P(£) > 1 — m; — ma. On &, we have that

P[Miy + Mo < (B0 — B) + er < Myg+ Ma| #]

=1-P

pr(Bo — B) +er > My+ M27U}U

P (B0 — B) +er < Mig + Mg,LHz%”}

~

pr(Bo—B) < Ml,L} U {GT < Mz,L}‘%]

>1—P[{Pr(Bo ~ B) > Mig} U{pr(fo — B) < My f|] -

Iﬂ&T>AQ@u{@«dmLH%ﬂ

{
{
>1- IP’:{p’T(,BO — B) > Ml,U} U {eT > M27U}U
{
{

Then, the result directly follows. O



SA-2.2 Proof of Lemma 2

By definition of 3, (A — ZB) (A — ZB) < (A — ZB,) (A — ZB,), implying that §'Qd < 298 =
2’7’3—%2(’?—7)’3. On the other hand, for any 3, = ﬁo+a(§—,30), a € (0, 1], since W xR is convex,
Ba € W x R. By definition of wy, Eﬁ[(A —ZBy) (A —ZBy) |7 < EB[(A —7ZB.) (A —Z8,)|7),
where E@[]%ﬂ] denotes the expectation against the conditional distribution of (A,Z) given
with 3 treated as fixed. Then, we have ad'Q8 > 24/8. Since it holds for any a € (0, 1], ~'8 < 0.
Consequently, we have 8'Qd < 2(y — 'y)’g.

For any &1,& € R? such that SUPse Ay, pyD7 16 < k and SUPse e, pyD718 < k. Let € =

o€y + (1 — ) for a € [0,1]. Consider Mz ={d € A: 6'Q6 — 2€'6 < 0}. For any 6 € Mg,
(ad’Qd ~20¢(8) + ((1 —a)8'Q3 — 2(1 - a)g}) <0,

It immediately follows that either ad'Qd — 20€76 <0or ((1- a)é’@ts —2(1 — )&46) < 0, which
implies that § € Mg, or § € Mg,. Ineither case, p/D~'8 < k. Therefore, {£ : SUPse M, pyD716 <
K} is convex. The proof for {§ : infse s, p;D~ 16 > k} is similar. O
SA-2.3 Proof of Theorem 1

We write @ = u; — Elug|7]. Fix Q and pr, define A, = {€ e R SUPse M pyD 16 < k}
forkeR. {7y —v€ A} C {p’TD_lg < k} for any k. By Berry-Esseen Theorem for convext sets
(Rai¢, 2019),

PR — € A7) — P(G € A )| < 42(dV* + 16) iE[H iit,z@t,zHSI%”]
t=1 =1

Recall that 7, is the (t + (I — 1)Ty)th column of X~/2D'Z’, G|.2Z ~ N(0, %), and = = V[7|.77].

Then, by condition (T1.ii), with probability at least 1 — 7, over JZ,

Py — v € Ax| ) —P(G € A,|)| < e,.



It yields the desired result: for all ,
P(p7(B — Bo) < K|H) > P(F — v € Axl ) > P(G € Ag|H) — ey = P(cf < 1) — ¢,

O]

Remark SA-2.1 (Lower Bound for Theorem 1). The lower bound for p/; (B — Bp) follows similarly.

Specifically, under the same conditions of Theorem 1, we have
P[P(pifD_lg > CT(O‘)‘%> >1—(a+ 67)] >1—m,

where ¢f(a) denotes the a-quantile of gE = inf{p/D71§ : § € Mg} conditional on 5, with

Mg = {6 € A:01(8) <0}, £1(8) = Qb — 2G'4, and G|.# ~ N(0,X). _

SA-2.4 Proof of Theorem 2
We first introduce some notation. Define A, = {£ € R? : SUDse A1 p,D 16 < k} where

Mg ={5eam: 6] <=}, Qs - 266 <0},
Accordingly, define

& = sup {pngfla L8 € AF, 8] <, £5(6) < } and

0
gNJ = sup {pITDfl(s 10 €A, ”(sH < W§, [r((s) < 0}'

Let ¢*(1 — a) be the (1 — a)-quantile of & conditional on the data. Similarly, ¢/(1 — «) is the
(1 — @)-quantile of & conditional on .

Let P; = N(0, i) and Py = N(0,3). Then, by Pinsker’s inequality, for any &,

P(G* € Ay, A) — P(G ¢ Aﬁw)( < VKL(P1, P2)/2,



where KL(-, ) is the Kullback-Leibler divergence. Define I' = 3~/ 23%-1/2 Note that
d
KL(Py,Py) = —0.5log{det(I)} + 0.5tr(I' —=T) = 0.5 > _(X; —log(; + 1)),
j=1

where \; is the jth largest eigenvalue of I' — I. By condition (T2.iv), with probability over .7 at

least 1 — 77, it holds that with P(-|.7)-probability at least 1 — €} 5, [A1| < 0.5 and

d
KL(P1,Py) < 0.5 A2 < (2€5,)%/2.
j=1

In view of condition (T2.iii), for any &,

P{P(IP*(& <) - P& <n) <€,

%”) > 1—6;72—62} >1—n) — 7).
Note that by construction, ¢*(1 —a) > ¢*(1 — ). Then, we have
P{P(c*(l —a)>d(l-a- e’;l)‘%ﬂ> >1—€o— G*A} >1—n) —7h. (SA-2.1)
By condition (T2.ii), with probability over . at least 1 — 7},
]P’(MG — (e A |8 <=t () < 0}(%) >1— e,
which implies that for any x, P(fg < kK|IH) < ]P’(gg < k|J) + €5. Thus,

IP’{IF’(ET(l —a—€ ) > f(1—a-— €1 — €5)

%)} >1 -7t (SA-2.2)
Therefore, on an event A € 7 with P(A) > 1 — 7y — 7} — 77 — 75,

P(p’T(B— Bo) < (1 — a)‘jf) > P(p’TD*IS <tl-a—¢ )‘%ﬂ) e,k

7,1 7,2
> IP’(p/TD_lé <dl-a- €1 — €5) ji”) — €59 — €A
* * * *
>l-—a—€,—€—€ —€ 9 €n,

where the first line follows by inequality (SA-2.1), the second by inequality (SA-2.2), and the third



by condition (T2.i). Then the proof is complete. O

Remark SA-2.2 (Lower Bound for Theorem 2). The lower bound for p/, (B—Bo) follows similarly.
Specifically, we replace condition (T2.i) in Theorem 2 with ]P)[P(p’TD_lg > ol ()| ) > 1—a—e,] >
1 —m,, and the other conditions in Theorem 2 remain the same. Under these conditions, we have
for e, € [0, 0.25],

P[P(p’TD%S > Q)21 —a—¢ =1,

where ¢*(a) denotes the a-quantile of ¢ = inf{p/-D71§ : § € A*,¢*(§) < 0} conditional on the

data. 7 and € are defined as in Theorem 2. _l

SA-2.5 Proof of Theorem A

Throughout this proof, we write b(-) := b(-; ) and assume w; is correctly centered, i.e., E[u;|7#] =
0, only for ease of notation. Let ||v||s denote the sup-norm of a generic vector v. As in the proof
of Theorem 1, fix Q and pr, define A, = {£ € R? : SUPse M, psD 71§ < i} for each x € R. Since

{7 — v € A} € {p4(B — Bo) < k} for any &,
P(p(B — Bo) < K|H) > P(§ —~ € A H).

It suffices to approximate P(y — v € A,| ).

According to the blocking design, let hy = (ut)tc, and Ay, = (uy)ie 7y be vectors that contain
all uy’s with ¢ in J; and J, respectively. By Berbee’s coupling lemma (Berbee, 1987), on an
enlarged probability space, there exists {hj}}" ; that is independent over k conditional on # such
that for each k, hy and hj are identically distributed (conditional on .#), and P(hy, # hj|¢) <
b(v). Similarly, on an enlarged probability space, there exists {hj}7", that is independent over k
conditional on % such that for each k, hj and A, are identically distributed (conditional on #)
and P(hy, # hy|7¢) < b(q). Let u; be the vector in h} and fij, that corresponds to u;. Accordingly,
s is the same as s; except that uy is replaced by uf. Also, 8} o = Ztejk s; and S} | = Zjej,; S} .

By the coupling argument, we have

P(a P Anw) < IP’(H f:sk,o
k=1

26b) 2 ([smen] 2 )

10



m
Z S, € .Ail+£2

)

26br) <2 (fsmend] 2 6)

k=
P(ZSZ,D c Aiﬁrﬁz

%”) + mb(v) + mb(q)

=:1+ 11+ 111+ mb(v)+mb(q),

where AYT2 = {v : p(v, A,) < & + &) is the (& + & )-enlargement of A, for £1,& > 0 and
p(v, Ag) = infycq, [V —V'].
For I, by Markov’s inequality, condition (TA.ii), and Lemma 8 of Chernozhukov, Chetverikov

and Kato (2015), for some absolute constant €; > 0, for any & > 0,

p(| f: Sto|_ 2 &|#) < e (Vimva?logd + ntV 10g ),
k=1 o

where we use the fact that

* 2 1/2 * 9 1/
(Bl( max [18kolloc)”|£1)" < (B[ max max |SG,o|"|#7])
d m y 1/ e
< (B[ Il ])" < mi?.

j=1k=1

which holds with probability over JZ at least 1—m. 1. Taking {; = &; 7751 (\/ mva? log d—l—n%/w log d) ,
we have I < 7.
For I1, take & = (dn)"/ e e, By Markov’s inequality and condition (TA.iii), with probability
over JZ at least 1 — 7 2,
EH ZtEJm+1 S]t‘¢|%]n6

IT < IP(‘ - ’ > ) < < 1.
<dmxP(| 2 | 2&l) < ” <
m—+1

For I11, since A% is also convex and {Si. o} is independent over k, repeating the argument

in the proof of Theorem 1 and using condition (TA.iv), we have that for any & > 0 and & > 0,

11



with probability over J# at least 1 — 3,
m 3
111 - P(Gp € A +%100)| < 420/ +16) S E[[ 2580 | ] < ms
k=1

for G| ~ N(0,X0).

Combining the results above, we have with probability over J¢ at least 1 — m, 1 — m, 2 — 7y 3,

P(’AY —-7E€ An\%) < }P’(GD € ALTE

:%ﬂ) + 5’/76.
On the other hand, for any & > 0, define
A ={h: B¢ C A}

Suppose that A; %' "% =£ (). Note that for any h;, hy € A;¢ and w € [0,1], define h’ = why + (1 —

w)hg. For any h” € B(h/,¢),
h” =h'+ (h" —h') =w((h; + (h" —h')) + (1 — w)(hy + (" — h")).

Since |h” —h'|| <& hy + (h" —h') € B(hy,§) C A,. Similarly, hy + (h” —h') € A,,. Therefore,
h"” € A,. Since it holds for arbitrary h” € B(h/,¢), A% is convex. Then, repeat the coupling
argument and apply the Berry-Esseen inequality again. We have the following inequalities hold

with probability over J# at least 1 — 7, 3:

P(Go € A;6H8) | 2) — s < P(ZSZ,D e A-(Gté) %ﬂ>
k=1

_P(i Sk € A;(£1+£2) %) + mb(v)
k=1
oL IR e A e
k=1

Using the bounds obtained previously, the above implies that with probability over S at least

12



1- Tyl — Ty,2 — Ty,3,
Py —v € Ad ) = P(Go € A7) |) — 5igs.

By condition (TA.v) and Anti-Concentration of the Gaussian measure for convex sets (see, e.g.,
Lemma A.2 of Chernozhukov, Chetverikov, Kato et al. (2017)), for some absolute constant €3 > 0,

with probability over JZ” at least 1 — m, 4,

P(Go € AST| ) < P(Go € Ag| ) + Cadny(€1 + &), and

P(Gp € A, ©7)|52) > P(Gp € Ay) — Cadiu(ér + &).

The result for A &) — g trivially follows. Then, we have with probability over # at least

1—my1—Tyo — Ty 3 — Ty4,
P(H — v € Axl ) —P(Go € Ax| )| < 5ne + Cadna(§1 + &2) < E3n

for some constant €3 > 0.
Finally, as in the proof of Theorem 2, letting P; = N(0,¥) and P, = N(0,Xn), by Pinsker’s

inequality, for any &,

P(G € A, | #) — B(Gp € Aguf)‘ < VKL(P1, P3)/2,

where
d

KL(Py,Py) = —0.5log{det(I)} + 0.5tr(I' —=T) = 0.5 > _(X; —log(\; + 1)),
j=1

where I'' = 251/22251/2 and A; is the jth largest eigenvalue of I' — I. By condition (TA.vi), with

probability over JZ at least 1 — 7y 5, [A1] < 0.5 and
d
KL(Py,Pp) <053 A < (2n5)%/2.
j=1

Then the desired result follows. O
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Remark SA-2.3 (Lower Bound for Theorem A). The lower bound for pl[D_lg follows similarly.

Specifically, under the same conditions of Theorem A, we have for 15 € [0, 0.25]

where ¢/(«) denotes the a-quantile of ¢ = inf{pf/D716 : § € Mg} conditional on #, with
Mg = {6 € A: 11(8) <0}, £1(8) = §Qd — 2G’, and G|.# ~ N(0,X). e, and , are defined as

in Theorem A. _

SA-2.6 Proof of Theorem SA-1

Note that given the assumption, conditional on B, bt is independent of the pre-treatment data.
Therefore, when we verify the conditions of Theorems 1 and 2, the analysis conditional on 77 is
the same as that conditional on B only.

(1) We first verify the conditions of Theorem 1. Condition (T1.i) trivially holds. To show

condition (T1.ii), we note by condition (SA-1.i), with probability (over .7#°) one,
B[l ]?| 2 < |2 PElal*| ] < i),

for any t. Then, it suffices to bound

To 1 To
Sl < 15 (3 3 el
=1 Ty =1

Note that Tio STz < \T/—g S, ;-l:l |zj¢|> where z;; is the jth element of z;. By Markov’s

inequality,
1 &, ol 1
P(| 2 lel® Bl = ) < 7
t=1

Thus, with probability at least 1—d(7270) ™, 7 312 39—, [zj:|> < 2diy, and then £ Y72 [|z* <
2d3/2772.

On the other hand, by the lower bound on the conditional variance of us, Apin (%) > m, )\min(Q).

14



By Markov’s inequality and union bounds,

IP’(H%O ZZtZQ — Elz:zy] ’F > dﬂ2/(2d)) <

4d* 72

It follows that Amin(%) > n,7n,/2 with probability over J# at least 1 — T
T =2

Then, condition
(T1.ii) holds.
(2) Now, we verify the conditions of Theorem 2. Condition (T2.i) follows by part (1). For

conditions (T2.ii) and (T2.iii), note that § € Mg implies that
Amin (Q)||8]* < 6Q8 < 2G5 < 2||G]| 8] (SA-2.3)

Let o2

Hax De the largest diagonal element of 3. Note that for Gaussian random variables,

20‘12nax log Ty
IP’(HGH > \/2d1og Toomax %ﬂ) < 2dexp ( - 2f) < 2d/ T,
o-max

On the other hand, note that by Markov’s inequality and union bounds,

To
1
P | L322~ B2 > m) < 22
2l 25T PR 2 ) =

Thus, lenax < 2i9my with probability over J# at least 1 — ﬁ;gro.
Using the results in part (1), we have for § € Mg, with probability over J# at least 1— A;fgf — ﬁszo ,
o

B(|13] < 8W)%) > 2

My To

Thus, condition (T2.ii) holds.

For condition (T2.iii), we note that & satisfies the same basic inequality (SA-2.3) except G needs
to be replaced by 4 — «. Noting condition (T1.ii) proved in part (1), we can see the same (upper)
bound also holds for & with P(-|.2€)-probability at least 1 — 2d/Ty — €y, with probability over J#

atleastl——_—_i—ﬂy.
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Finally, consider the variance estimator 3. Since ||2_1/2§E_1/2 -I|| < )\min(E)_lHi -3,

tr[(2-128n12 - 1)2] < Duin(2)72E - 3|2

3 — % can be decomposed into two parts. First consider T Zt |2z 2 = & tTol 7,25 (U2 —

o?) for @y = uy — E[ug|by] and o? = E[a?|b;]. Applying Markov’s inequality again, we have with

probability over 77 at least 1— 7737;0’ maxi<; j'<d T% 221 z?-tz?,t < 279. Then, it follows by Markov’s

inequality and condition (SA-1.iv) that with probability over . at least 1 — ﬁ;l;o’
To 2= ml—2v Ty 2 —
5 d d=m T, 1 2d"m
12 2 0 22,2
(HT tht(“t - Ut)HF = T ) =T 15’1,?@7% . EpFin = T

Next, note that

- ((at ) — (Blug|by] E[utlbt])> (at g — Blug|by] — E[ut]bt])

- E[ut|bt])) (zg(ﬁo — B) + 2us — Elug|be] — ]E[ut|bt]>

I
/N
N
=
o
\
=)
\
=
S
=2

Write q; = gi1 + g2, i1 = 24(Bo — B), and g2 = E[uy[by] — E[ug[by]. Then,

To

To
1 . ~ 1
Hfo ) thé((ut — Efus|by])? - uf)H = HTO A +2<Itut)H
t=1 t=1

1 To To
< |17y Yot + 27, 3wt

For the first term,

1 To 1 To 1 To
! 2 /2 ;) 2
H%;thtqt | <2l z_;zttht,lu - 2HTOZ:Zttht’2H

To To
< 2Hf 2024|1180 — B +2H—
=1 =1

max
1<t<Tp qt 2

Using the bound on 5 explained before and condition (SA-1.v), we have with probability over J#
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at least 1— &} /Ty —my —my — 5, P(|| 4 02, zizha? || < €1((@)?/To+ (@) )|H#) > 1— €5 — €y —¢;
for some constants €; > 0 and €} > 0.

For the second term,

To 0
. 1 . 1 ~
ZtZQUtQtH < 2H?0 E ZtZ;UtQtJH =+ QHE E ZtZQUtQt,zH
t=1 t=1

1 To 1 To
< Bty S -
< (|7 ot + [ 7 L mattantai] 18 - ol

2z 2

1O 1Y

! ! ~2

max — Y 7z — Y 7z,
+1<t<T0’qt2|(HTgtzl a +HTot i t”)

Note that we use the fact that for any number a, 2|a| < 1+a?. Using the previous argument again,

we have with probability over . at least 1 — €47}, - 7y — my — m, with P(-|7)-probability at

u?

least 1 — €T, " — €, — €, the above is bounded by €3(wj/v/Tp + w;) for some constants €,

5, and €5. Then, the result follows. O

SA-2.7 Proof of Theorem SA-2

Throughout this proof, €1, ¢1, --- denote some constants independent of 7. By assumption, the
analysis conditional on J# can be replaced by that conditional on B.

(1) We first verify the conditions of Theorem A. Under condition (T4.i), by Theorem 3.1 of
Pham and Tran (1985), u; is S-mixing at an exponential rate b(k) := b(k; 7) = exp(—c1k) (even
conditional on 7). Similarly, b; is also f-mixing at an exponential rate exp(—cak).

For condition (TA.ii) of Theorem A, let p = py1 A pu2 and o2 = E[Czu’l] Y IE[CZUQ] where

Ciw = (Gl Cu2)'- Note that

—2 o )
o°(v) = 1@?2(61 Tgvm ZV[ Z 51Ut 1+ b]t,2ut,2)‘B}

teJ,
= 1r£1]a<xd Tovm z}; { tezjzl p? Jtl + Z ( t; bt b, l) }
tt' ey,
1
Slrgaéch ZZ{Z 2Jtl+22<zb]tl) ]p! }
sj=d Lovm 4 — teJ] =1 teJ]
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It is bounded by €17} ! with probability over . at least 1—c3m ™1, since by the coupling argument

used in the proof of Theorem A and Markov’s inequality,

(’7 Z Z thl Jtl )’ 2 771) < %;2 i %EK Z (bjt,l - E[bjt,l])>2} + mexp(—c2q)

k=1 teJ,

which is bounded by cym~! for some ¢4 large enough.

On the other hand, for ¥ = 3, we have

m 2
< dmdT; 3”%2221@“ S bjeaued| 17
k=

j=lk=11=1  1eJ!
d m 2
< 4de_3/2 1dzz ma { Z (b, L%”])%
j=1k=1I=1 teJ;
3
(S @llbyeauaPle)F) "
teJ],

The second line uses Holder’s inequality, and the third line uses Rosenthal inequality for strong
mixing sequences (see, e.g., Theorem 2 in Section 1.4 of Doukhan (2012)) and the fact that S-mixing
implies strong mixing. Again, by the coupling argument and Markov’s inequality, with probability
over J at least 1 — csm ™', the last line is bounded by 71 := €am(v/Tp)%/2.

For condition (TA.iii), note that by Rosenthal inequality,

max E“S 1) 0|3‘%} < max 47, /QZEH Z bjtlutl‘ \,%”}

1<j<d 1<j<d

te€T i1
/ { 4 3
< .
e, ATy Zmax > Ellbu 125,
€T
2\ 2
( > (Eﬂbjt,lut,zl?’lff])g) }
SV A

Applying Markov’s inequality to >, T bjei|* and Y, T |bje.|?, by the moment conditions
imposed, we have max;<;<q E[’Sj(m+1),o’3|<%ﬂ] is bounded by 79 := Cg(q/T0)3/2T56 with probability

over J7 at least 1 — C7T(;2c6 for any small ¢g > 0.
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For condition (TA.iv), note that by Holder’s inequality and Rosenthal inequality,

S lisuclor] = e L STR(30 (30 3 o)) o]
k=1 0 k=1 J=1 =1 teJ,
3/2 m
T parES

3/2 m d
< TS oS S max {3 (Bl 1),

k=1 j=11=1 teJy

(Ellbaua D) V.
> 3.))5

teJk

Again, by the coupling argument and Markov’s inequality, the last term is bounded by €5m~1/2
with probability over J# at least 1 — cgm™!.

On the other hand,

m m 2
Amin(E0) = )\min(z Sk, D\c%”]) =1, mm(Ti > bt,zbi,l>
k=1 k=1 I=1 teJy
Note that the minimum eigenvalue of E[% 7 > te, briby] = N7 Elbbj ] is bounded from
below by 2n,. Then, by the coupling argument, with probability over J# at least 1 —cgm ™!, the last
term is bounded from below by N Therefore, we can set 13 = Cem /2. The above argument
also shows that condition (TA.v) holds with n4 = n,n,.

For condition (TA.vi), note that

2 m 2 m+1
Y= [ (Z Z Z by jusy + Z Z Z bt,lut,l) ‘Jf}
=1 k=1teJy I=1 k=1 teJ}
1 2 m 2 m+1
= [Zzzblutl‘ }-FTV[ZZ thlutl’ }
I=1 k=1teJ; O M=t k=t1teg)
9 2 m 2 m+1
?COV[Z Z Z bt,lut,la Z Z Z bul“t,l‘%}
0 I=1 k=1teJ; I=1 k=1 teJ!
2 2
= 2[’ + Tz Z COV[Z Z bt,lutl, Z Z bt,l’utl‘%]—f—
0 w I=1 te Ty, I=1 teJ
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2 m+1

;{)V[i Z Z bt,lutl‘ } + Cov[iz Z b u, Z Z Z bt,lut,l‘%}

I=1 k=1 teJ} =1 k=1 teJ} I=1 k=1 teJ}

3

=3+ 21+ II 4 2111

We consider a generic (7, j')th element in X. For I, the (4, j')th element can be bounded as follows:

‘T Z Z Zzbﬁlb i1 10 Covlug 1, uy ||

kK t€Tg, 1=11=1
k<k! t'eTy,

ToZ Z Z Jtl+b't/ )pl1a? /(1 = p?)

kk! teTr [=1

| /\

k<k! t'eT),
= {T Sy (me) D D ol
0 %=1teg, I1=1 kK Skt e Ty
*Z > (Zb?w) > > lel )
Op=2vez, i=1 kik<k! t€ Ty,

Note that by the property of geometric series and the moment condition,

m—1

E[Tlo Z(ib?w) >3 el < el

k=1teJ, I=1 Kk >kt €T,

Also note that by coupling argument, the moment condition, and Markov’s inequality,

P Y0 3 (0 — BB DI D) 2 (ol fg) < o

The second term in the decomposition of I can be treated similarly. Therefore, with probability
over # at least 1 — cyym ™1, ||I]| < €slp|”/q.

Regarding II, the covariance between blocks can be analyzed exactly the same way as above,
and the analysis of the sum of variance of each blocks is similar to that of 5%(v). It follows that
with probability over # at least 1 — ciom ™, ||II]| < €9(v/q + m~t + |p|9/q). The analysis of III
is similar to that of I, yielding that with probability over J# at least 1 — c¢ig3m ™!, ||III|| < €107 1.
Using these results, we conclude that | — 2| < €11(v/q +m™1) =: 15 with probability over J#

at least 1 —ci4m ™. Then, condition (TA.vi) holds. Also note that when ¢/v and m are sufficiently

20



large, 15 < 0.25. As specified below, this is true when Ty is large enough.

Finally, to satisfy condition (TA.vii), we can take m = 612T§/5, v = C3T5", and let ¢ and ¢15
be sufficiently small. Then, we can take ng = €147}, 3/20-e16 g, sufficiently small ¢16. The proof for
the first part is complete.

(2) Next, we consider Theorem 2. Condition (T2.i) holds by the argument given in part (1) of
this proof. As in the proof of Theorem SA-1, conditions (T2.ii) and (T2.iii) of Theorem 2 can be

verified using the basic inequality
Amin(Q)]|8]] < 6Q8 < 2G5 < 2||G[8]].

It has been shown in part (1) that the minimum eigenvalue of Q is bounded from below by some

constant with probability over # at least 1 — cgm~!. On the other hand, let o2, be the largest

diagonal element of 3. Note that for Gaussian random variables,

201211ax log To

2
20max

IP(HGH > \/2d108 To0 mas

jf) §2dexp<— ) < 2d/Tp.

By the argument given in part (1), we have with probability over J# at least 1 — cgm ™ — c;ym ™1,

o2 is bounded by some constant. Then, conditions (T2.ii) and (T2.iii) hold.

max

For condition (T2.iv), since
tr [(2-1/288-12 - 1)2] < Din (D) 2IS - 22

The result follows by the lower bound on the minimum eigenvalue of 3 and the assumption imposed

in the theorem. O

SA-2.8 Proof of Theorem SA-3

Throughout this proof, €;, ¢1,--- denote some constants independent of Ty. First note that given
the assumptions on {u,;} and {vj;}, conditional on B, pr is independent of the pre-treatment
data. Therefore, when we verify the conditions of Theorems 1 and 2, the analysis conditional on
7 is the same as that conditional on B and C only.

(1) We consider Theorem 1 first. Condition (T1.i) directly follows from the assumptions on qy.
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For condition (T1.ii), as in the proof of Theorem SA-1, we only need to bound ﬁ ZtTil Zl]\il Ze4 )
0

and ||X7!||. First consider T% 221 Zf\ﬁl |Z¢4|3. Note that

| Do M g Jo M d
N Z Z 12e4]|° < T Z Z Z Ziea]?,
0 %=1 1=1 0 =1 1=1 j=1

where Z;;; is the jth element of Z; ;.

For the stationary components, i.e., {cg;}, since the third moment is bounded, by Markov’s
inequality, with probability over ¢ at least 1 — cngl, T%) Zf\il Z?:JH 221 250413 < €.

On the other hand, note that the non-stationary components z; 4; can be understood as a mul-
tivariate partial sum process indexed by t. Write Z4(t) = (Zt o1, »%; 4 p7)'- By strong approxi-
mation of partial sum processes, for any 0 < v < 1/2 — 1/,

P( 1Za(t) — G(t/Tp)|| > T_%%“) < &I
1%2}7(“0 < 0)ll = 49 > 24

where G(-) = (G1(-),---,Gum(-)) is a (JM)-dimensional Brownian motion on [0,1] with the
variance E[v;v}]. On the other hand, it is well known that for each 1 < j < J, 1 <1< M, for any
m > 0,

P(max, [Gja(r)] > m) < 2P(max, Gja(r) > m) = 2P(Gra(D)] > m).

where G;;(-) is the jth element of Gy(-). Using the tail bound for Gaussian distributions, we can

set m = /2log(2JMTp)02,,, where o2, is the largest variance of {vj;: 1 <j < J,1 <1< M},

which leads to maxo<,<1 |G;(r)] < m with probability over 5 at least 1 — (JMT,)~!. Therefore,

we conclude that

=

1 o M J 1403
222 )

t=1 i=1 j

120l < € (\/2 log(2J MTp)o2,.x + €21,
1

with probability over J# at least 1 — Ty ' — coTjy v

Finally, we consider 3. By assumption in the theorem, A\pin(32) > ﬂlé‘ Partition Q into

(:Qn §12
Qiz Qo2
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Qn € R7* corresponds to the Gram of the non-stationary component:

M Tt

Q (A3
n= (5.2 )
T t7<]7l t,<],l

=1 t=1

Again, by strong approximation used previously, with probability over J# at least 1 —coTj; T 0 L

1_1
< €4T0w 2JrV\/log To.

[5, Somter g o o)
D et ql — oy W )&l
TO — t,q, t,<1,l TO — T() TO

Then, by the condition in the theorem, with probability over 7 at least 1 — ¢oT}; v Ty - TQ1,
)\min(Qll) > (log To) ‘@ /2 for Tj large enough so that €4T0i7%+y\/bg;To < (log Tp)~“@/2.

Note that )\min(zl]‘ilE[it’D,lit%l]) is bounded away from zero. Then, by Markov’s inequality
and the argument used in the proof of Theorem SA-1, )\min(Qgg) > €5 with probability at least
1— 3Tyt

For off-diagonal blocks, note that

M 1 To 1 To
Q=) { <?0 ) it,«,z(E[Zt,D,lD,) * (?0 PL AN E[ZW’D/) }
=1 t=1 t=1

The first term, by assumption, is zero. For the second term, by the condition in the theorem,
HT%) ZtTil Zt a1 (Zep) —Elzes))) || < €6T0_1/2+VQ with probability over .7 at least 1 —mg 2. Thus, we
have with probability over J# at least 1 — CQTO_W — Tyt —mg1—T0.2, )\min(Q) > Cr(log Tp) @ /2.
Therefore, we can take e, = €(log To)%(HCQ)TO_ Y2 for some non-negative finite constant €.

(i) Next, we consider Theorem 2. Condition (T2.i) holds by part (1). As in the proof of Theorem
SA-1, condition (T2.ii) can be established using the results given in the previous step, the Gaussian

tail bound, and the basic inequality
Amin (Q)[|8]* < 6Q6 < 26’5 < 2||G|| 3]

Recall that )\min(Q) > C7(log Tp) ‘@ with probability over .7 at least 1 — CQTO_wV — C4T0_1 —TQ,1 —
7Q,2- On the other hand, by a similar argument, with probability over J# at least 1 — ¢oTj, o

aTyt — g1 — 702, Amax(Q) < (log Ty)‘@. Then, w} = Cg(log Tp)*@ 02, 7t = C2To_wy N
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TQ,1 — mQ,2, and €§ = T} L. Condition (T2.iii) holds by the construction of the thresholding rule

and condition (SA-5.v). Finally, for condition (T2.iv), note that
tr [(Z-1/28m-12 - 1)2] < Dain (D) 2IS - 22

Since Apin(X) > Ql)\mm(é) >, €7 (log Tp) @ with probability over J# at least 1 — 7}, the result
follows. ]

SA-3 Additional Simulation Evidence

The data generating processes have been described in Section 6.1 of the main paper. We consider
models with misspecification error and make use of different methods to estimate the conditional
mean, variance and quantiles of u; given 5 whenever needed. Specifically, Tables SA-1 and
SA-2 are based on zero-order (“constant”) and second-order (“quadratic”) polynomial regression
methods. The proposed prediction intervals generally perform well with high coverage probability,
though they are very conservative in several cases. Note that in models with p = 1, conditional
coverage is more difficult to achieve, since by construction of the evaluation points, we introduce
potentially large “shocks” on the control outcomes and thus on the out-of-sample error er on
purpose. As expected, the constant regression fails to correct the misspecification error, thus
leading to very poor coverage. Also, compared with the results based on linear regression reported
in the main paper, the prediction intervals based on quadratic regression do not perform well,
probably due to the overfitting issue.

For comparison, we also include two other prediction intervals: “PERM” denotes the prediction
interval based on the cross-sectional permutation method proposed in Abadie et al. (2010), and
“CONEF” denotes the prediction interval based on the conformal method developed in Chernozhukov
et al. (2021). As expected, the prediction interval “PERM” provides much lower actual coverage
probability than the nominal level, since it relies on a cross-sectional permutation and does not
apply to the causal inference framework considered in this paper. In contrast, the conformal
prediction interval developed in Chernozhukov et al. (2021) performs better, though its actual

coverage probability is still lower than the target nominal level in general.
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SA-4 Empirical Example: 1990 German Reunification

In this example, we analyze the economic impact on West Germany of 1990 German reunification
(see Abadie, 2021, for more details). The key variable of interest is real per capita GDP of West
Germany. We first consider the raw data of per capita GDP. Figure SA-1(a) shows the per capita
GDP of the synthetic West Germany (dashed blue) and the actual West Germany (solid black).
The synthetic control prediction is able to closely approximate the observed trajectory of per
capita GDP of West Germany prior to the treatment, which can be expected since the data are
non-stationary and may contain (deterministic or stochastic) common trends. After 1990, the
synthetic West Germany is above the actual one, suggesting a negative shock on West Germany
after reunification. Figure SA-1(b) adds a 95% conservative prediction interval that takes into
account the in-sample uncertainty due to the estimated SC weights, and we add the uncertainty
associated with the out-of-sample error er in Figures SA-1(c)-(e). The constructed Pls for the
counterfactual outcome of West Germany are not always separated from the observed sequence.
To further assess the robustness of the result, we present the sensitivity analysis of the effect in
1993 in Figure SA-1(f). The constructed PIs cover the observed per capita GDP of West Germany,
unless we shrink the estimated (conditional) standard deviation of er by a factor of 0.25.

Then, we apply our methods to the (log) GDP growth rate time series. The raw data are
transformed by taking the (log) difference operator. Figure SA-2(a) shows that the growth rate
of per capita GDP of the synthetic West Germany is above that of the actual West Germany
after 1990, suggesting a negative economic shock on West Germany after reunification. The Pls
in Figures SA-2(c)-(e) cover the observed sequence for most post-treatment periods, which do not
support statistically significant (negative) effects of reunification on West Germany. Figure SA-2(f)
shows the sensitivity analysis of the effect in 1993. We can see that, though the PI constructed
based on approach 1 in Figure SA-2(c) appears to suggest a significant effect, this result is not very
robust. The corresponding PI covers the observed GDP growth rate of West Germany if we inflate

the estimated (conditional) standard deviation of ep by a factor of 1.5.
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Table SA-1: Simulation, Misspecification Error, Constant Regression Methods

M1 M1-S M2 M3 PERM CONF
CP AL CP AL CP AL CP AL CP AL CP AL
p=0
Cond. 1 0965 2211 0.995  2.939 0.987  2.654 0.987  2.654 0.299  0.646 0.864  1.646
2 0962 2155 0.994 2.883 0.986  2.598 0.986  2.598 0.270  0.763 0.854  1.642
3 0961  2.165 0.994  2.893 0.985  2.608 0.985  2.608 0.230  0.891 0.842  1.643
4 0969 2.260 0.996  2.989 0.988  2.704 0.988  2.704 0.195 1.026 0.830  1.651
5 0975 2410 0.997  3.139 0.991 2.853 0.991 2.853 0.162  1.166 0.819  1.665
Uncond. 0.971 2434 0.995 3.164 0.988  2.881 0.988  2.881 0.411  0.829 0.886  1.687
p=0.5
Cond. 1 0.980 2.493 0.996 3.221 0.993 2934 0.993 2934 0.224  0.930 0.854  1.680
2 0983 2562 0.997  3.290 0.993  3.003 0.993  3.003 0.270  0.792 0.865  1.691
3 098  2.655 0.998  3.383 0.995  3.095 0.995  3.095 0.317  0.678 0.875  1.706
4 0989 2.768 0.999  3.496 0.995  3.208 0.995  3.208 0.363  0.596 0.887  1.729
5 0991 2.898 0.999  3.626 0.998  3.338 0.998  3.338 0.408  0.548 0.896  1.756
Uncond. 0.975 2471 0.996  3.207 0.989  2.920 0.989  2.920 0.467  1.015 0.882  1.695
p=1
Cond. 1 0.990  5.049 1.000 6.474 1.000  6.166 1.000  6.166 1.000  11.253 0.896  3.403
2 1.000 4.842 1.000  6.267 1.000  5.959 1.000  5.959 0.869  11.283 0.985  3.369
3 0.849  4.687 0.989  6.112 0.958  5.804 0.958  5.804 0.004  11.488 0.170  3.345
4 0.041  4.583 0.332  6.008 0.172  5.699 0.172  5.699 0.000 11.934 0.000  3.333
5 0.000 4.545 0.001  5.970 0.000  5.661 0.000  5.661 0.000  12.575 0.000  3.336
Uncond. 0.989  5.632 0.999  7.083 0.995 6.512 0.995 6.512 0.922 17.377 0.895  3.443

Notes. Conditional mean, variance and quantiles of u; are estimated based on constant regression methods. CP =
coverage probability, AL = average length. “M1”: prediction interval for Y17 (0) based on the Gaussian concentration
inequality with 90% nominal coverage probability; “M1-S”: the same as “M1”, but the estimated standard deviation
is doubled in the construction; “M2”: prediction interval for Yi7(0) based on the location-scale model with 90%
nominal coverage probability; “M3”: prediction interval for Y17(0) based on quantile regression with 90% nominal
coverage probability; “PERM”: prediction interval for Y17(0) based on the permutation method proposed in Abadie,
Diamond and Hainmueller (2010) with 90% nominal coverage probability; “CONF” prediction interval for Yi7(0)
based on the conformal method developed in Chernozhukov, Wiithrich and Zhu (2021) with 90% nominal coverage
probability.
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Table SA-2: Simulation, Misspecification Error, Quadratic Regression Methods

M1 M1-S M2 M3 PERM CONF
CP AL CP AL CP AL CP AL CP AL CP AL
p=0
Cond. 1 0929 2.141 0.975  2.866 0.963  2.600 0.951  2.588 0.299  0.646 0.864  1.646
2 0.909  2.083 0.967  2.806 0.947  2.541 0.929  2.495 0.270  0.763 0.854  1.642
3 0.889 2.084 0.956  2.805 0.934  2.542 0.899  2.426 0.230  0.891 0.842  1.643
4 0.881 2175 0.941  2.899 0.925  2.637 0.863  2.398 0.195 1.026 0.830  1.651
5 0876 2342 0.931  3.082 0914  2.818 0.804  2.384 0.162  1.166 0.819  1.665
Uncond.  0.947  2.350 0.979  3.082 0.971  2.814 0.955  2.728 0.411  0.829 0.886  1.687
p=0.5
Cond. 1 0.926  2.347 0.974  3.054 0.964  2.792 0.942  2.741 0.224  0.930 0.854  1.680
2 0.941 2402 0.978  3.106 0.968  2.845 0.948  2.789 0.270  0.792 0.865  1.691
3 0.945 2488 0.980  3.195 0.970  2.934 0.941 2.824 0.317  0.678 0.875  1.706
4 0947 2613 0976  3.331 0.967  3.068 0.918  2.844 0.363  0.596 0.887  1.729
5 0942 2.788 0.969  3.536 0.961  3.266 0.871  2.845 0.408  0.548 0.896  1.756
Uncond. 0.944  2.356 0.980  3.083 0.968  2.822 0.947  2.760 0.467 1.015 0.882  1.695
p=1
Cond. 1 0914 3.071 0.946  4.033 0.937  3.685 0.716  2.608 1.000  11.253 0.896  3.403
2 0.950 2875 0976  3.791 0.969  3.453 0.900  3.028 0.869  11.283 0.985  3.369
3 0.880 3.284 0.923 4444 0.907  4.038 0.742  2.891 0.004  11.488 0.170  3.345
4 0717  6.925 0.768  9.935 0.751  9.157 0.507  2.199 0.000  11.934 0.000  3.333
5 0.581  256.704 0.614  384.612 0.603  392.478 0.374  0.962 0.000  12.575 0.000  3.336
Uncond.  0.962  2.940 0.986  3.713 0.979  3.433 0.959  3.372 0.922  17.377 0.895  3.443

Notes. Conditional mean, variance and quantiles of u; are estimated based on quadratic regression methods. CP =
coverage probability, AL = average length. “M1”: prediction interval for Y17 (0) based on the Gaussian concentration
inequality with 90% nominal coverage probability; “M1-S”: the same as “M1”, but the estimated standard deviation
is doubled in the construction; “M2”: prediction interval for Yi7(0) based on the location-scale model with 90%
nominal coverage probability; “M3”: prediction interval for Y17(0) based on quantile regression with 90% nominal
coverage probability; “PERM”: prediction interval for Y17(0) based on the permutation method proposed in Abadie,
Diamond and Hainmueller (2010) with 90% nominal coverage probability; “CONF” prediction interval for Yi7(0)
based on the conformal method developed in Chernozhukov, Wiithrich and Zhu (2021) with 90% nominal coverage
probability.
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Figure SA-1: 1990 German Reunification: GDP Per Capita.
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Notes. Panel (a): GDP per capita of West Germany and synthetic West Germany. Panel (b): Prediction interval for synthetic
West Germany with at least 95% coverage probability. Panels (c)-(e): Prediction intervals for the counterfactual of West Ger-
many with at least 90% coverage probability based on three methods described in Section 5, respectively. Panel (f): Prediction
intervals for the counterfactual West Germany based on approach 1, corresponding to ¢ X o, where ¢ = 0.25,0.5,1,1.5,2.
The horizontal solid line represents the observed outcome for the treated.
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Figure SA-2: 1990 German Reunification: GDP Growth Rate.
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Notes. Panel (a): GDP growth rate of West Germany and synthetic West Germany. Panel (b): Prediction interval for
synthetic West Germany with at least 95% coverage probability. Panels (c)-(e): Prediction intervals for the counterfactual
of West Germany with at least 90% coverage probability based on three methods described in Section 5, respectively. Panel
(f): Prediction intervals for the counterfactual West Germany based on approach 1, corresponding to ¢ X o, where ¢ =
0.25,0.5,1,1.5,2. The horizontal solid line represents the observed outcome for the treated.
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