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S.1. INTRODUCTION

THIS SUPPLEMENT TO CALONICO, CATTANEO, AND TITIUNIK (2014c, CCT
hereafter) contains mathematical proofs of our main theorems, other method-
ological and technical results, additional simulation evidence, and an empirical
illustration employing household data from Progresa/Oportunidades.

Section S.2 presents several results for local polynomial estimators, some of
which may be of independent interest while others are well known in the liter-
ature. For a review on local polynomials, see Fan and Gijbels (1996), and for
related theoretical results regarding nonparametric bias correction, see also
Calonico, Cattaneo, and Farrell (2014) and references therein. This section in-
cludes proofs of Lemmas A.1–A.2 and Theorems A.1–A.2 in CCT, some gen-
eralizations, and consistency of the nearest-neighbor-based standard error es-
timators introduced in Section 5 of CCT. Section S.2 also includes a discussion
of consistent bandwidth selection for sharp RD designs, and further details on
Remarks 3 and 7 in CCT and generalizations thereof.

Section S.3 describes the details of our simulation study, including a com-
plete discussion of the data generating processes employed and an outline of
how the estimators were implemented. The results reported in this section also
include other estimators and bandwidth selector procedures, including ad hoc
undersmoothing, which were omitted in CCT to conserve space.

Section S.4 complements the numerical evidence on the performance of the
results presented in CCT with an empirical application that studies the effects
of Progresa/Oportunidades, a large-scale anti-poverty conditional cash transfer
program in Mexico, on households’ consumption outcomes. We explore the
performance of our proposed confidence intervals, as well as several of the
conventional alternatives. The empirical results show that in some, but not all,
cases, the conclusions drawn from conventional methods are not supported
when our robust inference procedures are employed.

S.1.1. Setup and Notation

Let | · | denote the Euclidean matrix norm, that is, |A|2 = trace(A′A) for
scalar, vector, or matrix A. Let an � bn denote an ≤ Cbn for positive constant
C not depending on n, and an � bn denote C1bn ≤ an ≤ C2bn for positive con-
stants C1 and C2 not depending on n. Recall that ν�p�q ∈ Z+ with ν ≤ p < q
unless explicitly noted otherwise.

S.1.1.1. Local Polynomial Estimators

Let W and Z denote two random variables. All objects are defined us-
ing the reference outcome variable; this extra generality is used in the fuzzy
RD designs. Whenever there is no confusion, we will drop this subindex. We
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have

τ̂Z�ν�p(hn)= μ̂(ν)
Z+�p(hn)− μ̂(ν)

Z−�p(hn)�

μ̂(ν)
Z+�p(hn)= e′

νβ̂Z+�p(hn)� μ̂(ν)
Z−�p(hn)= e′

νβ̂Z−�p(hn)�

β̂Z+�p(hn)= arg min
β∈Rp

n∑
i=1

1(Xi ≥ 0)
(
Zi − rp(Xi)

′β
)2
Khn(Xi)�

β̂Z−�p(hn)= arg min
β∈Rp

n∑
i=1

1(Xi < 0)
(
Zi − rp(Xi)

′β
)2
Khn(Xi)�

where rp(x) = (1�x� � � � � xp)′, eν is the conformable (ν + 1)th unit vector (e.g.,
e1 = (0�1�0)′ if p = 2), Kh(u) = K(u/h)/h with K(·) a kernel function, and
hn is a positive bandwidth sequence.

We set Y = [Y1� � � � �Yn]′, T = [T1� � � � �Tn]′, Xn = [X1� � � � �Xn]′, εZ =
[εZ�1� � � � � εZ�n]′ with εZ�i = Zi − μZ(Xi), μZ(X) = E[Z|X], and ΣWZ =
E[εW ε

′
Z|Xn] = diag(σ2

WZ(X1)� � � � �σ
2
WZ(Xn)) with σ2

WZ(X) = Cov[W�Z|X],
where diag(a1� � � � � an) denotes the (n× n) diagonal matrix with diagonal ele-
ments a1� � � � � an. We also set

Xp(h)= [rp(X1/h)� � � � � rp(Xn/h)
]′
�

Sp(h)= [(X1/h)
p� � � � � (Xn/h)

p
]′
�

W+(h)= diag
(
1(X1 ≥ 0)Kh(X1)� � � � �1(Xn ≥ 0)Kh(Xn)

)
�

W−(h)= diag
(
1(X1 < 0)Kh(X1)� � � � �1(Xn < 0)Kh(Xn)

)
�

In addition, we define the following (scaled) matrices:

Γ+�p(h)= Xp(h)
′W+(h)Xp(h)/n�

Γ−�p(h)= Xp(h)
′W−(h)Xp(h)/n�

ϑ+�p�q(h)= Xp(h)
′W+(h)Sq(h)/n�

ϑ−�p�q(h)= Xp(h)
′W−(h)Sq(h)/n�

ΨWZ+�p�q(h�b)=Xp(h)
′W+(h)ΣWZW+(b)Xq(b)/n�

ΨWZ−�p�q(h�b)=Xp(h)
′W−(h)ΣWZW−(b)Xq(b)/n�

ΨWZ+�p(h)= ΨWZ+�p�p(h�h)=Xp(h)
′W+(h)ΣWZW+(h)Xp(h)/n�

ΨWZ−�p(h)= ΨWZ−�p�p(h�h)=Xp(h)
′W−(h)ΣWZW−(h)Xp(h)/n�

Letting Hp(h)= diag(1�h−1� � � � �h−p), it follows that

β̂Y+�p(hn)= Hp(hn)Γ
−1

+�p(hn)Xp(hn)
′W+(hn)Y/n�

β̂Y−�p(hn)= Hp(hn)Γ
−1

−�p(hn)Xp(hn)
′W−(hn)Y/n�
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Finally, recall that

βZ+�p = [μZ+�μ
(1)
Z+�μ

(2)
Z+/2� � � � �μ(p)

Z+/p!]′�
βZ−�p = [μ−�μ

(1)
Z−�μ

(2)
Z−/2� � � � �μ(p)

Z−/p!]′�
Γp =

∫ ∞

0
K(u)rp(u)rp(u)

′ du�

ϑp�q =
∫ ∞

0
K(u)uqrp(u)du�

Ψp =
∫ ∞

0
K(u)2rp(u)rp(u)

′ du�

S.1.1.2. Sharp RD Designs

Recall the notation introduced in the paper. The estimand and estimators
are

τν = μ(ν)
+ −μ(ν)

− � μ(ν)
+ = ν!e′

νβ+�p� μ(ν)
− = ν!e′

νβ−�p�

τ̂ν�p(hn)= μ̂(ν)
+�p(hn)− μ̂(ν)

−�p(hn)�

μ̂(ν)
+�p(hn)= ν!e′

νβ̂+�p(hn)� μ̂(ν)
−�p(hn)= ν!e′

νβ̂−�p(hn)�

where, for any random variables W and Z, and s ∈ N,

μ(s)
Z+ = lim

x→0+
∂s

∂xs μZ(x)� μ(s)
Z− = lim

x→0−
∂s

∂xs μZ(x)�

μZ(x)= E[Z|X = x]�
σ2

Z+ = lim
x→0+ σ

2
Z(x)� σ2

Z− = lim
x→0− σ

2
Z(x)�

σ2
Z(x)=V[Z|X = x]�

σ2
WZ+ = lim

x→0+ σ
2
WZ(x)� σ2

WZ− = lim
x→0− σ

2
WZ(x)�

σ2
WZ(x)= C[W�Z|X = x]�

In this setting, Yi = Yi(0) · 1(Xi < 0)+Yi(1) · 1(Xi ≥ 0).

S.1.1.3. Fuzzy RD Designs

In this case, the treatment status Ti is no longer a deterministic function of
the forcing variable, but P[Ti = 1|Xi = x] changes discontinuously at the RD
threshold level x̄ = 0. Here

Yi = Yi(0) · (1 − Ti)+Yi(1) · Ti�

Ti = Ti(0) · 1(Xi < 0)+ Ti(1) · 1(Xi ≥ 0)�
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The estimand of interest is

ςν =
dν

dxνE[Y(1)|Xi = x]
∣∣∣∣
x=x̄

− dν

dxνE[Y(0)|Xi = x]
∣∣∣∣
x=x̄

dν

dxνE[T(1)|Xi = x]
∣∣∣∣
x=x̄

− dν

dxνE[T(0)|Xi = x]
∣∣∣∣
x=x̄

=
lim
x→0+ μ

(ν)
Y (x)− lim

x→0− μ
(ν)
Y (x)

lim
x→0+ μ

(ν)
T (x)− lim

x→0− μ
(ν)
T (x)

�

Thus,

ςν = τY�ν

τT�ν
� τY�ν = μ(ν)

Y+ −μ(ν)
Y−� τT�ν = μ(ν)

T+ −μ(ν)
T−�

The plug-in local polynomial estimator is

ς̂ν�p(hn)= τ̂Y�ν�p(hn)

τ̂T�ν�p(hn)
�

τ̂Y�ν�p(hn)= μ̂(ν)
Y+�p(hn)− μ̂(ν)

Y−�p(hn)�

τ̂T�ν�p(hn)= μ̂(ν)
T+�p(hn)− μ̂(ν)

T−�p(hn)�

μ̂(ν)
Y+�p(hn)= ν!e′

νβ̂Y+�p(hn)� μ̂(ν)
Y−�p(hn)= ν!e′

νβ̂Y−�p(hn)�

μ̂(ν)
T+�p(hn)= ν!e′

νβ̂T+�p(hn)� μ̂(ν)
T−�p(hn)= ν!e′

νβ̂T−�p(hn)�

S.2. DERIVATIONS, PROOFS AND FURTHER RESULTS

In the following results, we drop the notation for the dependent variable
(Y ) for simplicity. All the results also apply to the dependent variable T (fuzzy
design) under Assumption 3.

S.2.1. Preliminary Lemmas

The following lemma establishes convergence in probability of the sample
matrices Γ−�p(hn)�ϑ−�p�q(hn)�Ψ−�p(hn) and Γ+�p(hn)�ϑ+�p�q(hn)�Ψ+�p(hn) to
their expectation counterparts, and characterizes those limits.

LEMMA S.A.1: Suppose Assumptions 1–2 hold, and nhn → ∞.
(a) If κhn < κ0, then:

(a.1) Γ+�p(hn) = Γ̃p(hn) + op(1) with Γ̃+�p(hn) = ∫ ∞
0 K(u)rp(u)rp(u)

′ ×
f (uhn)du� Γp,

(a.2) Γ−�p(hn)=Hp(−1)Γ̃p(hn)Hp(−1)+op(1) with Γ̃−�p(hn)= ∫ ∞
0 K(u)×

rp(u)rp(u)
′f (−uhn)du� Γp,
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(a.3) ϑ+�p�q(hn) = ϑ̃+�p�q(hn) + op(1) with ϑ̃+�p�q(hn) = ∫ ∞
0 K(u)rp(u)u

q ×
f (uhn)du�ϑp�q,

(a.4) ϑ−�p�q(hn) = (−1)qHp(−1)ϑ̃−�p�q(hn) + op(1) with ϑ̃−�p�q(hn) =∫ ∞
0 K(u)rp(u)u

qf (−uhn)du�ϑp�q,
(a.5) hnΨ+�p(hn) = Ψ̃+�p(hn) + op(1) with Ψ̃+�p(hn) = ∫ ∞

0 K(u)2rp(u) ×
rp(u)

′σ2
+(uhn)f (uhn)du�Ψp,

(a.6) hnΨ−�p(hn) = Hp(−1)Ψ̃−�p(hn)Hp(−1) + op(1) with Ψ̃−�p(hn) =∫ ∞
0 K(u)2rp(u)rp(u)

′σ2
−(−uhn)f (−uhn)du�Ψp.

(b) If hn → 0, then
(b.1) Γ̃+�p(hn) = fΓp + o(1) and Γ̃−�p(hn) = fΓp + o(1),
(b.2) ϑ̃+�p�q(hn) = fϑp�q + o(1) and ϑ̃−�p�q(hn) = fϑp�q + o(1),
(b.3) Ψ̃+�p(hn)= σ2

+fΨp + o(1) and Ψ̃−�p(hn)= σ2
−fΨp + o(1).

PROOF: First, for Γ+�p(hn), change of variables implies

E
[
Γ+�p(hn)

]= E

[
1

nhn

n∑
i=1

1(Xi ≥ 0)K
(
Xi

hn

)
rp

(
Xi

hn

)
rp

(
Xi

hn

)′]

= 1
hn

∫ ∞

0
K

(
x

hn

)
rp

(
x

hn

)
rp

(
x

hn

)′
f (x)dx

=
∫ ∞

0
K(u)rp(u)rp(u)

′f (uhn)du= Γ̃p(hn)�

and, provided κhn < κ0,

E
[∣∣Γ+�p(hn)−E

[
Γ+�p(hn)

]∣∣2]
� 1

h2
n

E

[∣∣∣∣1(Xi ≥ 0)K
(
Xi

hn

)
rp

(
Xi

hn

)
rp

(
Xi

hn

)′∣∣∣∣
2]

= 1
hn

∫ ∞

0
K(u)2

∣∣rp(u)∣∣4f (uhn)du= O
(
n−1h−1

n

)= o(1)�

Thus, using Markov Inequality, Γ+�p(hn) = Γ̃+�p(hn) + op(1). If κhn < κ0,
Γ̃+�p(hn) � Γp because the density is bounded and bounded away from zero,
which verifies part (a.1). The proof of part (a.2) is similar, but note that

E
[
Γ−�p(hn)

]= E

[
1

nhn

n∑
i=1

1(Xi < 0)K
(
Xi

hn

)
rp

(
Xi

hn

)
rp

(
Xi

hn

)′]

= 1
hn

∫ 0

−∞
K

(
x

hn

)
rp

(
x

hn

)
rp

(
x

hn

)′
f (x)dx
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=
∫ ∞

0
K(−u)rp(−u)rp(−u)′f (−uhn)du

= Hp(−1)
∫ ∞

0
K(u)rp(u)rp(u)

′f (−uhn)duHp(−1)

= Hp(−1)Γ̃−�p(hn)Hp(−1)�

because K(−u) = K(u) and rp(−u) = Hp(−1)rp(u). Also, note that
Γ̃+�p(hn) = fΓp + o(1) and Γ̃−�p(hn) = fΓp + o(1) if hn → 0, by continuity
of f (x), which proves part (b.1).

For ϑ+�p�q(hn), we have

E
[
ϑ+�p�q(hn)

]= 1
hn

∫ ∞

0
K

(
x

hn

)
rp

(
x

hn

)(
x

hn

)q

f (x)dx

=
∫ ∞

0
K(u)rp(u)u

qf (uhn)du= ϑ̃+�p�q(hn)�

and, provided κhn < κ0,

E
[∣∣ϑ+�p�q(hn)−E

[
ϑ+�p�q(hn)

]∣∣2]
= 1

nhn

∫ ∞

0
K(u)2

∣∣rp(u)∣∣2|u|2qf (uhn)du=O
(
n−1h−1

n

)= o(1)�

Thus, part (a.3) is verified. Similarly, as above,

E
[
ϑ−�p�q(hn)

]= 1
hn

∫ 0

−∞
K

(
x

hn

)
rp

(
x

hn

)(
x

hn

)q

f (x)dx

=
∫ ∞

0
K(−u)rp(−u)(−u)qf (−uhn)du

= (−1)qHp(−1)ϑ̃+�p�q(hn)�

and ϑ̃+�p�q(hn)= fϑp�q +o(1) and ϑ̃−�p�q(hn)= fϑp�q +o(1), which gives parts
(a.4) and (b.2).

Finally, for part (a.5), as above,

E
[
hnΨ+�p(hn)

]=
∫ ∞

0
K(u)2rp(u)rp(u)

′σ2
+(uhn)f (uhn)du

= Ψ̃+�p(hn)�
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and h2
nE[|Ψ+�p(hn) − E[Ψ+�p(hn)]|2] = n−1h−1

n

∫ ∞
0 K(u)4|rp(u)|4f (uhn)du =

O(n−1h−1
n ), provided κhn < κ0. For part (a.6),

E
[
hnΨ−�p(hn)

]= h−1
n

∫ 0

−∞
K(u/hn)

2rp(u/hn)rp(u/hn)
′σ2

−(u)f (u)du

= Hp(−1)Ψ̃−�p(hn)Hp(−1)�

and the rest is proven as above. Part (b.6) is also verified by continuity of σ2
+(u),

σ2
−(u) and f (u). Q.E.D.

The next lemma establishes convergence in probability of the sample matrix
Ψ+�p�q(hn�bn) to its population counterpart, and characterizes this limit.

LEMMA S.A.2: Suppose Assumptions 1–2 hold. Let mn = min{hn�bn}. If
mn → 0 and nmn → ∞, then

hnbn

mn

Ψ+�p�q(hn�bn) = Ψ̃+�p�q(hn�bn)+ op(1)�

Ψ̃+�p�q(hn�bn)=
∫ ∞

0
K

(
mnu

hn

)
K

(
mnu

bn

)

× rp

(
mnu

hn

)
rq

(
mnu

bn

)′
σ2(umn)f (umn)du�

and

hnbn

mn

Ψ−�p�q(hn�bn) = Ψ̃−�p�q(hn�bn)+ op(1)�

Ψ̃−�p�q(hn�bn)=
∫ 0

−∞
K

(
mnu

hn

)
K

(
mnu

bn

)

× rp

(
mnu

hn

)
rq

(
mnu

bn

)′
σ2(umn)f (umn)du�

PROOF: First, change of variables gives

E

[
hnbn

mn

Ψ+�p�q(hn�bn)

]

= 1
mn

∫ ∞

0
K

(
x

hn

)
K

(
x

bn

)
rp

(
x

hn

)
rq

(
x

bn

)′
σ2(x)f (x)dx
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=
∫ ∞

0
K
(
h−1
n mnu

)
K
(
b−1
n mnu

)
× rp

(
h−1
n mnu

)
rq
(
b−1
n mnu

)′
σ2(umn)f (umn)du

= Ψ̃+�p�q(hn�bn)�

which gives the second conclusion. Next, we also have

E

[∣∣∣∣hnbn

mn

Ψ+�p�q(hn�bn)−E

[
hnbn

mn

Ψ+�p�q(hn�bn)

]∣∣∣∣
2]

= 1
nmn

∫ ∞

0
K
(
h−1
n mnu

)2
K
(
b−1
n mnu

)2

× ∣∣rp(h−1
n mnu

)∣∣2∣∣rq(b−1
n mnu

)∣∣2σ2(umn)f (umn)dx

=O

(
1

nmn

)
= o(1)�

and the first result follows by Markov Inequality.
The proof of Ψ−�p�q(hn�bn) is analogous. Q.E.D.

Let s� � ∈ N with s ≤ �. The following lemma gives the asymptotic bias, vari-
ance, and distribution for the �th-order local polynomial estimator of μ(s)

+ and
μ(s)

− :

μ̂(s)
+��(hn)= s!e′

sβ̂+��(hn)�

β̂+��(hn)=H�(hn)Γ
−1

+��(hn)X�(hn)
′W+(hn)Y/n�

μ̂(s)
−��(hn)= s!e′

sβ̂−��(hn)�

β̂−��(hn)=H�(hn)Γ
−1

−��(hn)X�(hn)
′W−(hn)Y/n�

LEMMA S.A.3: Suppose Assumptions 1–2 hold with S ≥ �+2, and nhn → ∞.
(B) If hn → 0, then

E
[
μ̂(s)

+��(hn)|Xn

]= s!e′
sβ+�� + h1+�−s

n

μ(�+1)
+

(�+ 1)!B+�s����+1(hn)

+ h2+�−s
n

μ(�+2)
+

(�+ 2)!B+�s����+2(hn)+ op

(
h2+�−s
n

)
�

B+�s���r(hn)= s!e′
sΓ

−1
+��(hn)ϑ+���r(hn) = s!e′

sΓ
−1
� ϑ��r + op(1)�
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and

E
[
μ̂(s)

−��(hn)|Xn

]= s!e′
sβ−�� + h1+�−s

n

μ(�+1)
−

(�+ 1)!B−�s����+1(hn)

+ h2+�−s
n

μ(�+2)
−

(�+ 2)!B−�s����+2(hn)+ op

(
h2+�−s
n

)
�

B−�s���r(hn)= s!e′
sΓ

−1
−��(hn)ϑ−���r(hn)= (−1)s+rs!e′

sΓ
−1
� ϑ��r + op(1)�

(V) If hn → 0, then V[μ̂(s)
+��(hn)|Xn] = V+�s��(hn) with

V+�s��(hn) = 1
nh2s

n

s!2e′
sΓ

−1
+��(hn)Ψ+��(hn)Γ

−1
+��(hn)es

= 1
nh1+2s

n

σ2
+
f
s!2e′

sΓ
−1
� Ψ�Γ

−1
� es

[
1 + op(1)

]
�

and V[μ̂(s)
−��(hn)|Xn] = V−�s��(hn) with

V−�s��(hn) = 1
nh2s

n

s!2e′
sΓ

−1
−��(hn)Ψ−��(hn)Γ

−1
−��(hn)es

= 1
nh1+2s

n

σ2
−
f
s!2e′

sΓ
−1
� Ψ�Γ

−1
� es

[
1 + op(1)

]
�

(D) If nh2�+5
n → 0, then

μ̂(s)
+��(hn)−μ(s)

+ − h1+�−s
n

μ(�+1)
+

(�+ 1)!B+�s����+1(hn)√
V+�s��(hn)

→d N (0�1)

and

μ̂(s)
−��(hn)−μ(s)

− − h1+�−s
n

μ(�+1)
−

(�+ 1)!B−�s����+1(hn)√
V−�s��(hn)

→d N (0�1)�

PROOF: For part (B), a Taylor series expansion gives

E
[
s!β̂+��(hn)|Xn

]
= s!β+�� + h�+1

n H�(hn)Γ
−1

+��(hn)X�(hn)W+(hn)S�+1(hn)s! μ(�+1)
+

(�+ 1)!
+ h�+2

n H�(hn)Γ
−1

+��(hn)X�(hn)W+(hn)S�+2(hn)s! μ(�+2)
+

(�+ 2)!
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+H�(hn)op

(
h�+2
n

)
= s!β+�� + h�+1

n H�(hn)s! μ(�+1)
+

(�+ 1)!Γ
−1

+��(hn)ϑ+����+1(hn)

+ h�+2
n H�(hn)s! μ(�+2)

+
(�+ 2)!Γ

−1
+��(hn)ϑ+����+2(hn)

+H�(hn)op

(
h�+2
n

)
�

and the result for E[μ̂(s)
+��(hn)|Xn] follows by e′

sH�(hn)= h−s
n and Lemma S.A.1.

Next, for E[μ̂(s)
−��(hn)|Xn] the same calculations apply, with only a modification

for B−�s���r(hn) because, by Lemma S.A.1,

B−�s���r(hn) = s!e′
sΓ

−1
−��(hn)ϑ−���r(hn)

= s!e′
s

[
H�(−1)Γ̃ −1

−��(hn)H�(−1)
][
(−1)rH�(−1)ϑ−���r(hn)

]
+ op(1)

= (−1)s+rs!e′
sΓ̃

−1
−��(hn)ϑ−���r(hn)+ op(1)�

because e′
sH�(−1)= (−1)s and H�(−1)H�(−1)= I�+1.

For part (V), simply note that

V
[
s!e′

sβ̂+��(hn)|Xn

]= s!2e′
sH�(hn)Γ

−1
+��(hn)X�(hn)W+(hn)Σ

×W+(hn)X�(hn)Γ
−1

+��(hn)H�(hn)es/n

= h−2s
n s!2e′

sΓ
−1

+��(hn)X�(hn)W+(hn)Σ

×W+(hn)X�(hn)Γ
−1

+��(hn)es/n

= n−1h−2s
n s!2e′

sΓ
−1

+��(hn)Ψ+��(hn)Γ
−1

+��(hn)es

= V+���s(hn)�

and the result follows by Lemma S.A.1. The proof of V[s!e′
sβ̂−��(hn)|Xn] is anal-

ogous.
For part (D), using the previous results, we have

μ̂(s)
+��(hn)−μ(s)

+ − h1+�−s
n

μ(�+1)
+

(�+ 1)!B+�s����+1(hn)√
V+�s��(hn)

=
s!e′

sβ̂+��(hn)− s!e′
sβ+�� − h1+�−s

n

μ(�+1)
+

(�+ 1)!B+�s����+1(hn)√
V+�s��(hn)
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= ξ1�n + ξ2�n

= ξ1�n + op(1)�

where

ξ1�n = (V+�s��(hn)
)−1/2

s!e′
s

(
β̂+��(hn)−E

[
β̂+��(hn)|Xn

])
= (V+�s��(hn)

)−1/2
s!e′

sH�(hn)Γ
−1

+��(hn)X�(hn)W+(hn)ε/n�

ξ2�n = (V+�s��(hn)
)−1/2

× (E[s!e′
sβ̂+��(hn)|Xn

]− s!e′
sβ+�� − h1+�−s

n μ(�)
+ B+�s����+1(hn)/�!

)
= Op

(√
nh1+2s

n

)
Op

(
h2+�−s
n

)= Op

(√
nh5+2�

n

)
= op(1)�

under the conditions imposed. Next, note that by Lemma S.A.1, ξ1�n = ξ̃1�n +
op(1) with

ξ̃1�n =
n∑

i=1

ωn�iεi�

ωn�i =
(

1
nh1+2s

n

e′
sΓ

−1
+��Ψ+��Γ

−1
+��es

)−1/2

h−s
n e′

sΓ
−1

+��Khn(Xi)r�(Xi/hn)/n�

where {ωn�iεi : 1 ≤ i ≤ n} is a triangular array of independent random variables
with E[ξ̃1�n] = 0 and V[ξ̃1�n] → 1. Thus, ξ̃1�n →d N (0�1) by the Linderberg–
Feller central limit theorem for triangular arrays because

n∑
i=1

E
[|ωn�iεi|4

]
� n2h2+4s

n h−4s
n

n∑
i=1

E
[∣∣e′

sΓ
−1

+��Khn(Xi)r�(Xi/hn)
∣∣4]/n4

� n−1h−2
n

∫ ∞

0

∣∣K(x/hn)e
′
sΓ

−1
+��r�(x/hn)

∣∣4f (x)dx

= O

(
1

nhn

)
= o(1)�

The result for μ̂(s)
−��(hn) can be established the same way. This concludes the

proof. Q.E.D.

Let ν�p�q ∈ N with ν ≤ p< q. The final preliminary lemma gives the asymp-
totic bias, variance, and distribution for the pth-order local polynomial esti-
mator of μ(ν)

+ and μ(ν)
− with bias correction constructed using a qth-order local
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polynomial:

μ̂(ν)bc
+�p�q(hn�bn)= ν!e′

νβ̂+�p(hn)− hp+1−ν
n

(
e′
p+1β̂+�q(bn)

)
B+�ν�p�p+1(hn)�

μ̂(ν)bc
−�p�q(hn�bn)= ν!e′

νβ̂−�p(hn)− hp+1−ν
n

(
e′
p+1β̂−�q(bn)

)
B−�ν�p�p+1(hn)�

LEMMA S.A.4: Suppose Assumptions 1–2 hold with S ≥ q + 1, and
nmin{hn�bn} → ∞.

(B) If max{hn�bn} → 0, then

E
[
μ̂(ν)bc

+�p�q(hn�bn)|Xn

]
= ν!e′

νβ+�p + h2+p−ν
n

μ
(p+2)
+

(p+ 2)!B+�ν�p�p+2(hn)
{
1 + op(1)

}

− hp+1−ν
n bq−p

n

μ
(q+1)
+

(q+ 1)!B+�p+1�q�q+1(bn)
B+�ν�p�p+1(hn)

(p+ 1)!
{
1 + op(1)

}
and

E
[
μ̂(ν)bc

−�p�q(hn�bn)|Xn

]
= ν!e′

νβ−�p + h2+p−ν
n

μ
(p+2)
−

(p+ 2)!B−�ν�p�p+2(hn)
{
1 + op(1)

}

− hp+1−ν
n bq−p

n

μ
(q+1)
−

(q+ 1)!B−�p+1�q�q+1(bn)
B−�ν�p�p+1(hn)

(p+ 1)!
{
1 + op(1)

}
�

(V) If nmin{hn�bn} → ∞, then V[μ̂(ν)bc
+�p�q(hn�bn)|Xn] = Vbc

+�ν�p�q(hn�bn), where

Vbc
+�ν�p�q(h�b)= V+�ν�p(h)+ h2(p+1−ν)

n V+�p+1�q(b)
B+�ν�p�p+1(h)

2

(p+ 1)!2

− 2hp+1−νC+�ν�p�q(h�b)
B+�ν�p�p+1(h)

(p+ 1)! �

C+�ν�p�q(h�b)= 1
nhνbp+1 ν!(p+ 1)!e′

νΓ
−1

+�p(h)Ψ+�p�q(h�b)Γ
−1

+�q(b)ep�

and V[μ̂(ν)bc
−�p�q(hn�bn)|Xn] = Vbc

−�ν�p�q(hn�bn), where

Vbc
−�ν�p�q(h�b)= V−�ν�p(h)+ h2(p+1−ν)

n V−�p+1�q(b)
B−�ν�p�p+1(h)

2

(p+ 1)!2

− 2hp+1−νC−�ν�p�q(h�b)
B−�ν�p�p+1(h)

(p+ 1)! �
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C−�ν�p�q(h�b) = 1
nhνbp+1 ν!(p+ 1)!e′

νΓ
−1

−�p(h)Ψ−�p�q(h�b)Γ
−1

−�q(b)ep�

(D) If nmin{h2p+3
n � b2p+3

n }max{h2
n� b

2(q−p)
n } → 0, and κmax{hn�bn}< κ0, then

μ̂(ν)bc
+�p�q(hn�bn)− ν!e′

νβ+�p√
Vbc+�ν�p�q(hn�bn)

→d N (0�1)

and

μ̂(ν)bc
−�p�q(hn�bn)− ν!e′

νβ−�p√
Vbc−�ν�p�q(hn�bn)

→d N (0�1)�

PROOF: We only give the proof for the treatment group (subindex “+”) be-
cause the proof for the control group (subindex “−”) is analogous. For part
(B), first note that E[μ̂(ν)bc

+�p�q(hn�bn)|Xn] = B1 −B2 with B1 = E[ν!e′
νβ̂+�p(hn)|Xn]

and B2 = hp+1−ν
n E[e′

p+1β̂+�q(bn)|Xn]B+�ν�p(hn). By Lemma S.A.3, with s = ν and
�= p, we have

B1 = ν!e′
νβ+�p + h1+p−ν

n

μ
(p+1)
+

(p+ 1)!B+�ν�p�p+1(hn)

+ h2+p−ν
n

μ
(p+2)
+

(p+ 2)!B+�ν�p�p+2(hn)+ op

(
h2+p−ν
n

)
�

Similarly, by Lemma S.A.3, with s = p+ 1 and �= q, we have

E
[
(p+ 1)!e′

p+1β̂+�q(bn)|Xn

]
= (p+ 1)!e′

p+1β+�q + bq−p
n

μ
(q+1)
+

(q+ 1)!B+�p+1�q�q+1(bn)+ op

(
bq−p
n

)
�

and hence

B2 = hp+1−ν
n E

[
(p+ 1)!e′

p+1β̂+�q(bn)|Xn

]B+�ν�p�p+1(hn)

(p+ 1)!
= hp+1−ν

n

(
e′
p+1β+�q

)
B+�ν�p�p+1(hn)

+ hp+1−ν
n bq−p

n

μ
(q+1)
+

(q+ 1)!B+�p+1�q�q+1(bn)
B+�ν�p�p+1(hn)

(p+ 1)!
+ hp+1−ν

n op

(
bq−p
n

)
B+�ν�p�p+1(hn)�
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Collecting terms, the result in part (B) follows:

E
[
ν!e′

νβ̂
bc
+�p�q(hn�bn)|Xn

]
= ν!e′

νβ+�p + h2+p−ν
n

μ
(p+2)
+

(p+ 2)!B+�ν�p�p+2(hn)
{
1 + op(1)

}

− hp+1−ν
n bq−p

n

μ
(q+1)
+

(q+ 1)!B+�p+1�q�q+1(bn)
B+�ν�p(hn)

(p+ 1)!
{
1 + op(1)

}
�

For part (V), first note that V[μ̂(ν)bc
+�p�q(hn�bn)|Xn] = V1 + V2 − 2C12 where,

using Lemma S.A.3 with s = ν and �= p,

V1 =V
[
ν!e′

νβ̂+�p(hn)|Xn

]= V
[
μ̂(ν)

+�p(hn)|Xn

]= V+�ν�p(hn)�

and, using Lemma S.A.3 with s = p+ 1 and �= q,

V2 = V
[
hp+1−ν
n

(
e′
p+1β̂+�q(bn)

)
B+�ν�p�p+1(hn)|Xn

]
= h2(p+1−ν)

n V
[
(p+ 1)!e′

p+1β̂+�q(bn)|Xn

]B+�ν�p�p+1(hn)
2

(p+ 1)!2

= h2(p+1−ν)
n V+�p+1�q(bn)

B+�ν�p�p+1(hn)
2

(p+ 1)!2 �

and

C12 = C
[
ν!e′

νβ̂+�p(hn)�h
p+1−ν
n

(
e′
p+1β̂+�q(bn)

)
B+�ν�p�p+1(hn)|Xn

]
= hp+1−ν

n C
[
ν!e′

νβ̂+�p(hn)� (p+ 1)!e′
p+1β̂+�q(bn)|Xn

]B+�ν�p�p+1(hn)

(p+ 1)!
with

C
[
e′
νβ̂+�p(hn)� e

′
p+1β̂+�q(bn)|Xn

]
= h−ν

n e′
νΓ

−1
+�p(hn)Xp(hn)W+(hn)C[Y�Y |Xn]

×W+(bn)Xq(bn)Γ
−1

+�q(bn)ep+1b
−p−1
n /n2

= 1
nhν

nb
p+1
n

ν!(p+ 1)!e′
νΓ

−1
+��(hn)Ψ+�p�q(hn�bn)Γ

−1
+�q(bn)ep+1�

Thus, collecting terms, we obtain the result in part (V).
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Finally, to establish (D), we proceed as in the proof of Lemma S.A.3. First,
note that if nmin{hn�bn} → ∞ and κmax{hn�bn}< κ0, then

Vbc
+�ν�p�q(hn�bn)=Op

(
n−1h−1−2ν

n + n−1b−3−2p
n h2p+2−2ν

n

)
�

E
[
μ̂(ν)bc

+�p�q(hn�bn)|Xn

]− ν!e′
νβ+�p = Op

(
hp+2−ν
n + hp+1−ν

n bq−p
n

)
�

Next, observe that

μ̂(ν)bc
+�p�q(hn�bn)− ν!e′

νβ+�p√
Vbc+�ν�p�q(hn�bn)

= ξ1�n + ξ2�n�

where

ξ1�n = (Vbc
+�ν�p�q(hn�bn)

)−1/2(
μ̂(ν)bc

+�p�q(hn�bn)−E
[
μ̂(ν)bc

+�p�q(hn�bn)|Xn

])
and

ξ2�n = (Vbc
+�ν�p�q(hn�bn)

)−1/2(
E
[
μ̂(ν)bc

+�p�q(hn�bn)|Xn

]− ν!e′
νβ+�p

)
�

For the bias, note that ξ2�n = op(1) because

ξ2
2�n = Op

(
min

{
nh1+2ν

n �
nb3+2p

n

h2+2p−2ν
n

})

×Op

(
max

{
h2p+4−2ν
n �h2p+2−2ν

n b2(q−p)
n

})
= Op

(
nmin

{
h3+2p
n � b3+2p

n

}
max

{
h2
n� b

2(q−p)
n

})= op(1)�

provided that κmax{hn�bn} < κ0. Thus, it remains to show that ξ1�n →d

N (0�1). By Lemma S.A.1, ξ1�n = ξ̃1�n + op(1) with

ξ̃1�n =
n∑

i=1

ωn�iεi� ωn�i = ω1�n�i√
ω2�n

�

where

ω1�n�i = h−ν
n e′

νΓ̃+�p(hn)
−1Khn(Xi)rp(Xi/hn)/n

− hp+1−ν
n b−p−1

n

(
e′
νΓ̃+�p(hn)

−1ϑ̃+�p�p+1(hn)
)

× (e′
p+1Γ̃+�q(bn)

−1Kbn(Xi)rq(Xi/bn)
)
/n
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and

ω2�n =
n∑

i=1

E
[
ω2

1�n�iε
2
i

]

= 1
nh1+2ν

n

e′
νΓ̃+�p(hn)

−1Ψ̃+�p(hn)Γ̃+�p(hn)
−1eν

+ h2p+2−2ν
n

nb3+2p
n

(
e′
p+1Γ̃+�q(bn)

−1Ψ̃+�q(bn)Γ̃+�q(bn)
−1ep+1

)
× (e′

νΓ̃+�p(hn)
−1ϑ̃+�p�p+1(hn)

)2

− 2
ρp+1
n min{1�ρn}

nh1+2ν
n

(
e′
νΓ̃

−1
+��(hn)Ψ̃+�p�q(hn�bn)Γ̃

−1
+�q(bn)ep+1

)
× (e′

νΓ̃+�p(hn)
−1ϑ̃+�p�p+1(hn)

)
�

provided that κmax{hn�bn} < κ0 and nmin{hn�bn} → ∞. Note that {ωn�iεi : 1 ≤
i ≤ n} is a triangular array of independent random variables with E[ξ̃1�n] = 0
and V[ξ̃1�n] = 1. Therefore, ξ̃1�n →d N (0�1) by the Linderberg–Feller central
limit theorem for triangular arrays because

n∑
i=1

E
[|ωn�iεi|4

]
� min

{
n2h2+4ν

n �
n2b6+4p

n

h4+4p−4ν
n

}
h−4ν
n

×
n∑

i=1

E
[∣∣e′

νΓ̃+�p(hn)
−1Khn(Xi)rp(Xi/hn)

∣∣4]/n4

+ min
{
n2h2+4ν

n �
n2b6+4p

n

h4+4p−4ν
n

}
h4p+4−4ν
n

b4p+4
n

×
n∑

i=1

E
[∣∣e′

p+1Γ̃+�q(bn)
−1Kbn(Xi)rq(Xi/bn)

∣∣4]/n4

� n−1 min
{
h2
n�

b6+4p
n

h4+4p
n

}
h−3
n

+ n−1 min
{
h2+4ν
n �

b6+4p
n

h4+4p−4ν
n

}
h4p+4−4ν
n

b4p+4
n

b−3
n

= n−1h−1
n min

{
1�ρ−6−4p

n

}+ n−1b−1
n min

{
ρ6+4p
n �1

}→ 0�

provided that nmin{hn�bn} → ∞. This concludes the proof. Q.E.D.



18 S. CALONICO, M. D. CATTANEO, AND R. TITIUNIK

S.2.2. Proofs of Lemma A.1 and Theorem A.1

We first provide a proof of Lemma A.1, which we restate here in a less com-
pact way for completeness.

LEMMA A.1: Suppose Assumptions 1–2 hold with S ≥ p + 2, and nhn → ∞.
Let r ∈ N.

(B) If hn → 0, then

E
[
τ̂ν�p(hn)|Xn

]= τν + hp+1−ν
n Bν�p�p+1(hn)

+ hp+2−ν
n Bν�p�p+2(hn)+ op

(
hp+2−ν
n

)
�

where

Bν�p�r(hn)= μ(r)
+
r! B+�ν�p�r(hn)− μ(r)

−
r! B−�ν�p�r(hn)�

B+�ν�p�r(hn)= ν!e′
νΓ

−1
+�p(hn)ϑ+�p�r(hn)= ν!e′

νΓ
−1
p ϑp�r + op(1)�

B−�ν�p�r(hn)= ν!e′
νΓ

−1
−�p(hn)ϑ−�p�r(hn)= (−1)ν+rν!e′

νΓ
−1
p ϑp�r + op(1)�

(V) If hn → 0, then Vν�p(hn) = V[τ̂ν�p(hn)|Xn] = V+�ν�p(hn) + V−�ν�p(hn),
where

V+�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
+�p(hn)Ψ+�p(hn)Γ

−1
+�p(hn)eν

= 1
nh1+2ν

n

σ2
+
f
ν!2e′

νΓ
−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}
�

V−�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
−�p(hn)Ψ−�p(hn)Γ

−1
−�p(hn)eν

= 1
nh1+2ν

n

σ2
−
f
ν!2e′

νΓ
−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}
�

(D) If nh2p+5
n → 0, then

τ̂ν�p(hn)− τν − hp+1−ν
n Bν�p�p+1(hn)√

Vν�p(hn)
→d N (0�1)�

PROOF: Part (B) follows immediately from Lemma S.A.3(B), its analogue
for the left-side estimator (s!e′

sβ̂−��(hn)), and the linearity of conditional expec-
tations. Part (V) also follows immediately from Lemma S.A.3(V), its analogue
for the left-side estimator (s!e′

sβ̂−��(hn)), and the conditional independence of
observations at either side of the threshold (x = 0). Finally, part (D) follows
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by the same argument given in the proof of Lemma S.A.3(D), but now applied
to the estimator τ̂ν�p(hn) = μ̂(ν)

+�p(hn)− μ̂(ν)
−�p(hn)= ν!e′

νβ̂+�p(hn)− ν!e′
νβ̂−�p(hn).

This completes the proof. Q.E.D.

The proof of Theorem A.1, which we also restate here in a less compact way
for completeness, is discussed next. Recall that

τ̂bcν�p�q(hn�bn)= μ̂(ν)bc
+�p�q(hn�bn)− μ̂(ν)bc

−�p�q(hn�bn)�

μ̂(ν)bc
+�p�q(hn�bn)= ν!e′

νβ̂+�p(hn)− hp+1−ν
n

(
e′
p+1β̂+�q(bn)

)
B+�ν�p�p+1(hn)�

μ̂(ν)bc
−�p�q(hn�bn)= ν!e′

νβ̂−�p(hn)− hp+1−ν
n

(
e′
p+1β̂−�q(bn)

)
B−�ν�p�p+1(hn)�

THEOREM A.1: Suppose Assumptions 1–2 hold with S ≥ q + 1, and
nmin{hn�bn} → ∞.

(B) If max{hn�bn} → 0, then

E
[
τ̂bcν�p�q(hn�bn)|Xn

]= τν + hp+2−ν
n Bν�p�p+2(hn)

{
1 + op(1)

}
− hp+1−ν

n bq−p
n Bbc

ν�p�q(hn�bn)
{
1 + op(1)

}
�

where

Bbc
ν�p�q(h�b) = μ

(q+1)
+

(q+ 1)!B+�p+1�q�q+1(b)
B+�ν�p�p+1(h)

(p+ 1)!

− μ
(q+1)
−

(q+ 1)!B−�p+1�q�q+1(b)
B−�ν�p�p+1(h)

(p+ 1)! �

(V) Vbc
ν�p�q(hn�bn) = V[τ̂bcν�p�q(hn�bn)|Xn] = Vbc

+�ν�p�q(hn�bn) + Vbc
−�ν�p�q(hn�bn),

where

Vbc
+�ν�p�q(h�b) = V+�ν�p(h)− 2hp+1−νC+�ν�p�q(h�b)

B+�ν�p�p+1(h)

(p+ 1)!

+ h2(p+1−ν)V+�p+1�q(b)
B2

+�ν�p�p+1(h)

(p+ 1)!2 �

Vbc
−�ν�p�q(h�b) = V−�ν�p(h)− 2hp+1−νC−�ν�p�q(h�b)

B−�ν�p�p+1(h)

(p+ 1)!

+ h2(p+1−ν)V−�p+1�q(b)
B2

−�ν�p�p+1(h)

(p+ 1)!2 �

C+�ν�p�q(h�b) = 1
nhνbp+1 ν!(p+ 1)!e′

νΓ
−1

+�p(h)Ψ+�p�q(h�b)Γ
−1

+�q(b)ep+1�

C−�ν�p�q(h�b) = 1
nhνbp+1 ν!(p+ 1)!e′

νΓ
−1

−�p(h)Ψ−�p�q(h�b)Γ
−1

−�q(b)ep+1�
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(D) If nmin{h2p+3
n � b2p+3

n }max{h2
n� b

2(q−p)
n } → 0, and κmax{hn�bn}< κ0, then

T rbc
ν�p�q(hn�bn)= τ̂bcν�p�q(hn�bn)− τν√

Vbc
ν�p�q(hn�bn)

→d N (0�1)�

PROOF: As in the proof of Lemma A.1 (and its relationship to the proof
of Lemma S.A.3), the proof of this theorem proceeds as in the proof
of Lemma S.A.4 but now considering both estimators μ̂(ν)bc

+�p�q(hn�bn) and
μ̂(ν)bc

−�p�q(hn�bn) together. Q.E.D.

S.2.3. Proofs of Lemma A.2 and Theorem A.2

Recall that the νth fuzzy RD estimand (ν ≤ S) is ςν = τY�ν/τT�ν with τY�ν =
μ(ν)

Y+ − μ(ν)
Y− and τT�ν = μ(ν)

T+ − μ(ν)
T−. The corresponding estimator based on the

two pth-order local polynomial estimators (ν ≤ p) of the reduced-form equa-
tions is ς̂ν�p(hn)= τ̂Y�ν�p(hn)/τ̂T�ν�p(hn) with τ̂Y�ν�p(hn)= μ̂(ν)

Y+�p(hn)− μ̂(ν)
Y−�p(hn)

and τ̂T�ν�p(hn) = μ̂(ν)
T+�p(hn) − μ̂(ν)

T−�p(hn), where μ̂(ν)
Y+�p(hn) = ν!e′

νβ̂Y+�p(hn),
μ̂(ν)

Y−�p(hn) = ν!e′
νβ̂Y−�p(hn), μ̂(ν)

T+�p(hn) = ν!e′
νβ̂T+�p(hn), and μ̂(ν)

T−�p(hn) =
ν!e′

νβ̂T−�p(hn) with

β̂Y+��(hn)=H�(hn)Γ
−1

+��(hn)X�(hn)
′W+(hn)Y/n�

β̂Y−��(hn)=H�(hn)Γ
−1

−��(hn)X�(hn)
′W−(hn)Y/n�

β̂T+��(hn)=H�(hn)Γ
−1

+��(hn)X�(hn)
′W+(hn)T/n�

β̂T−��(hn)=H�(hn)Γ
−1

−��(hn)X�(hn)
′W−(hn)T/n�

Using the expansion

â

b̂
− a

b
= 1

b
(â− a)− a

b2 (b̂− b)+ a

b2b̂
(b̂− b)2 − 1

bb̂
(â− a)(b̂− b)�

we obtain ς̂ν�p(hn)− ςν = ς̃ν�p(hn)+Rn with

ς̃ν�p(hn)= 1
τT�ν

(
τ̂Y�ν�p(hn)− τY�ν

)− τY�ν

τ2
T�ν

(
τ̂T�ν�p(hn)− τT�ν

)
�

Rn = τY�ν

τ2
T�ντ̂T�ν�p(hn)

(
τ̂T�ν�p(hn)− τT�ν

)2

− 1
τT�ντ̂T�ν�p(hn)

(
τ̂Y�ν�p(hn)− τY�ν

)(
τ̂T�ν�p(hn)− τT�ν

)
�

We restate Lemma A.2 and discuss its proof next.
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LEMMA A.2: Suppose Assumptions 1–3 hold with S ≥ p + 2, and nhn → ∞.
Let r ∈ N.

(R) If hn → 0 and nh1+2ν
n → ∞, then

Rn =Op

(
1

nh1+2ν
n

+ h2(p+1−ν)
n

)
�

(B) If hn → 0, then

E
[
ς̃ν�p(hn)|Xn

]= hp+1−ν
n BF�ν�p�p+1(hn)

+ hp+2−ν
n BF�ν�p�p+2(hn)+ op

(
hp+2−ν
n

)
�

where

BF�ν�p�r(hn)= 1
τT�ν

BY�ν�p�r(hn)− τY�ν

τ2
T�ν

BT�ν�p�r(hn)�

with

BY�ν�p�r(hn)= μ(r)
Y+
r! B+�ν�p�r(hn)− μ(r)

Y−
r! B−�ν�p�r(hn)�

BT�ν�p�r(hn)= μ(r)
T+
r! B+�ν�p�r(hn)− μ(r)

T−
r! B−�ν�p�r(hn)�

(V) If hn → 0, then VF�ν�p(hn) = V[ς̃ν�p(hn)|Xn] = VF�+�ν�p(hn) + VF�−�ν�p(hn),
where

VF�+�ν�p(hn) = 1
τ2
T�ν

VYY+�ν�p(hn)− 2τY�ν
τ3
T�ν

VYT+�ν�p(hn)

+ τ2
Y�ν

τ4
T�ν

VTT+�ν�p(hn)�

with

VYY+�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
+�p(hn)ΨYY+�p(hn)Γ

−1
+�p(hn)eν

= 1
nh1+2ν

n

σ2
YY+
f

ν!2e′
νΓ

−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}
�

VYT+�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
+�p(hn)ΨYT+�p(hn)Γ

−1
+�p(hn)eν

= 1
nh1+2ν

n

σ2
YT+
f

ν!2e′
νΓ

−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}
�
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VTT+�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
+�p(hn)ΨTT+�p(hn)Γ

−1
+�p(hn)eν

= 1
nh1+2ν

n

σ2
TT+
f

ν!2e′
νΓ

−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}
�

and

VF�−�ν�p(hn) = 1
τ2
T�ν

VYY−�ν�p(hn)− 2τY�ν
τ3
T�ν

VYT−�ν�p(hn)

+ τ2
Y�ν

τ4
T�ν

VTT−�ν�p(hn)�

with

VYY−�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
−�p(hn)ΨYY−�p(hn)Γ

−1
−�p(hn)eν

= 1
nh1+2ν

n

σ2
YY−
f

ν!2e′
νΓ

−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}
�

VYT−�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
−�p(hn)ΨYT−�p(hn)Γ

−1
−�p(hn)eν

= 1
nh1+2ν

n

σ2
YT−
f

ν!2e′
νΓ

−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}
�

VTT−�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
−�p(hn)ΨTT−�p(hn)Γ

−1
−�p(hn)eν

= 1
nh1+2ν

n

σ2
TT−
f

ν!2e′
νΓ

−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}
�

(D) If nh2p+5
n → 0 and nh1+2ν

n → ∞, then

ς̂ν�p(hn)− ςν − hp+1−ν
n BF�ν�p�p+1(hn)√

VF�ν�p(hn)
→d N (0�1)�

PROOF: Lemma A.1 implies that

(
τ̂T�ν�p(hn)− τT�ν

)2 = Op

(
1

nh1+2ν
n

+ h2(p+1−ν)
n

)
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and (
τ̂Y�ν�p(hn)− τY�ν

)(
τ̂T�ν�p(hn)− τT�ν

)
=Op

(√
1

nh1+2ν
n

+ h
2(p+1−ν)
n

)
Op

(√
1

nh1+2ν
n

+ h
2(p+1−ν)
n

)
�

provided that hn → 0 and nhn → ∞. This gives part (R), provided that
τ̂T�ν�p(hn) →p τT�ν > 0, which follows by nh1+2ν

n → ∞ (and hn → 0). Parts (B)
and (V) follow directly from Lemma A.1 by computing the conditional mo-
ments of ς̃(ν)p (hn), which are (fixed) linear combinations of (τ̂Y�ν�p(hn) − τY�ν)

and (τ̂T�ν�p(hn)− τT�ν). Finally, for part (D), note first

ς̃ν�p(hn)− hp+1−ν
n BF�ν�p�p+1(hn)√

VF�ν�p(hn)
→d N (0�1)�

using Lemma A.1 and the Cramér–Wold device, and provided that nhn → ∞
and nh2p+5

n → 0. Thus, using part (R), we have

ς̂ν�p(hn)− ςν − hp+1−ν
n BF�ν�p�p+1(hn)√

VF�ν�p(hn)

= ς̃ν�p(hn)− hp+1−ν
n BF�ν�p�p+1(hn)√

VF�ν�p(hn)
+ Rn√

VF�ν�p(hn)
→d N (0�1)�

because

Rn√
VF�ν�p(hn)

= Op

(√
nh1+2ν

n

nh1+2ν
n

+
√
nh1+2ν

n h2(p+1−ν)
n

)

= Op

(
1√

nh1+2ν
n

+
√
nh

4p−2ν+5
n

)
= op(1)�

provided that nh1+2ν
n → ∞. Note that nh4p−2ν+5

n = nh2(p−ν)+2p+5
n → 0 for any

p ≥ ν. Q.E.D.

Next, for the proof of Theorem A.2, which gives an analogue of Theorem A.1
for the bias-corrected fuzzy RD estimator, recall that

ς̂bcν�p�q(hn�bn)= ς̂ν�p(hn)− hp+1−ν
n B̂F�ν�p�p+1�q(hn�bn)�
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with

B̂F�ν�p�q(hn�bn) = 1
τ̂T�ν�p(hn)

((
e′
p+1β̂Y+�q(bn)

)
B+�ν�p�p+1(hn)

− (e′
p+1β̂Y−�q(bn)

)
B−�ν�p�p+1(hn)

)
− τ̂Y�ν�p(hn)

τ̂T�ν�p(hn)
2

((
e′
p+1β̂T+�q(bn)

)
B+�ν�p�p+1(hn)

− (e′
p+1β̂T−�q(bn)

)
B−�ν�p�p+1(hn)

)
�

Linearizing the estimator, we obtain

ς̂bcν�p�q(hn�bn)− ςν

= ς̂ν�p(hn)− hp+1−ν
n B̂F�ν�p�q(hn�bn)− ςν

= ς̃ν�p(hn)+Rn − hp+1−ν
n B̂F�ν�p�q(hn�bn)

= ς̃bcν�p�q(hn�bn)+Rn − hp+1−ν
n

(
B̂F�ν�p�q(hn�bn)− B̌F�ν�p�q(hn�bn)

)
= ς̃bcν�p�q(hn�bn)+Rn −Rbc

n �

with

ς̃bcν�p�q(hn�bn)= 1
τT�ν

(
τ̂bcY�ν�p�q(hn�bn)− τY�ν

)
− τY�ν

τ2
T�ν

(
τ̂bcT�ν�p�q(hn�bn)− τT�ν

)
�

Rn = τY�ν

τ2
T�ντ̂T�ν�p(hn)

(
τ̂T�ν�p(hn)− τT�ν

)2

− 1
τT�ντ̂T�ν�p(hn)

(
τ̂Y�ν�p(hn)− τY�ν

)(
τ̂T�ν�p(hn)− τT�ν

)
�

B̌ν�p�q(hn�bn)= 1
τT�ν

((
e′
p+1β̂Y+�q(bn)

)
B+�ν�p�p+1(hn)

− (e′
p+1β̂Y−�q(bn)

)
B−�ν�p�p+1(hn)

)
− τY�ν

τ2
T�ν

((
e′
p+1β̂T+�q(bn)

)
B+�ν�p�p+1(hn)

− (e′
p+1β̂T−�q(bn)

)
B−�ν�p�p+1(hn)

)
�

Rbc
n = hp+1−ν

n

(
B̂F�ν�p�q(hn�bn)− B̌F�ν�p�q(hn�bn)

)
�

Next, we restate Theorem A.2 and discuss its proof.
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THEOREM A.2: Suppose Assumptions 1–3 hold with S ≥ p + 2, and
nmin{hn�bn} → ∞.

(Rbc) If hn → 0 and nh1+2ν
n → ∞, and provided that κbn < κ0, then

Rbc
n = Op

(
hp+1−ν
n√
nh1+2ν

n

+ h2(p+1−ν)
n

)
Op

(
1 + 1√

nb
3+2p
n

)
�

(B) If max{hn�bn} → 0, then

E
[
ς̃bcν�p�q(hn�bn)|Xn

]= hp+2−ν
n BF�ν�p�p+2(hn)

[
1 + op(1)

]
+ hp+1−ν

n bq−p
n Bbc

F�ν�p�q(hn�bn)
[
1 + op(1)

]
�

where

Bbc
F�ν�p�q(h�b)= 1

τT�ν
Bbc
Y�ν�p�q(hn�bn)− τY�ν

τ2
T�ν

Bbc
T�ν�p�q(hn�bn)�

with

Bbc
Y�ν�p�q(h�b)= μ

(q+1)
Y+

(q+ 1)!B+�p+1�q�q+1(b)
B+�ν�p�p+1(h)

(p+ 1)!

− μ
(q+1)
Y−

(q+ 1)!B−�p+1�q�q+1(b)
B−�ν�p�p+1(h)

(p+ 1)! �

Bbc
T�ν�p�q(h�b)= μ

(q+1)
T+

(q+ 1)!B+�p+1�q�q+1(b)
B+�ν�p�p+1(h)

(p+ 1)!

− μ
(q+1)
T−

(q+ 1)!B−�p+1�q�q+1(b)
B−�ν�p�p+1(h)

(p+ 1)! �

(V) Vbc
F�ν�p�q(hn�bn) = V[ς̃bcν�p�q(hn�bn)|Xn] = Vbc

F�+�ν�p�q(hn�bn) +
Vbc
F�−�ν�p�q(hn�bn), where

Vbc
F�+�ν�p�q(h�b)= VF�+�ν�p(h)− 2hp+1−νCF�+�ν�p�q(h�b)

B+�ν�p�p+1(h)

(p+ 1)!

+ h2p+2−2νVF�+�p+1�q(b)
B2

+�ν�p�p+1(h)

(p+ 1)!2 �

Vbc
F�−�ν�p�q(h�b)= VF�−�ν�p(h)− 2hp+1−νCF�−�ν�p�q(h�b)

B−�ν�p�p+1(h)

(p+ 1)!

+ h2p+2−2νVF�−�p+1�q(b)
B2

−�ν�p�p+1(h)

(p+ 1)!2 �
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CF�+�ν�p�q(h�b)= 1
τ2
T�ν

CYY+�ν�p�q(h�b)− 2τY�ν
τ3
T�ν

CYT+�ν�p�q(h�b)

+ τ2
Y�ν

τ4
T�ν

CTT+�ν�p�q(h�b)�

CF�−�ν�p�q(h�b)= 1
τ2
T�ν

CYY−�ν�p�q(h�b)− 2τY�ν
τ3
T�ν

CYT−�ν�p�q(h�b)

+ τ2
Y�ν

τ4
T�ν

CTT−�ν�p�q(h�b)�

where

CYY+�ν�p�q(h�b)= 1
nhνbp+1 ν!(p+ 1)!
× e′

νΓ
−1

+�p(h)ΨYY+�p�q(h�b)Γ
−1

+�q(b)ep+1�

CYT+�ν�p�q(h�b)= 1
nhνbp+1 ν!(p+ 1)!
× e′

νΓ
−1

+�p(h)ΨYT+�p�q(h�b)Γ
−1

+�q(b)ep+1�

CTT+�ν�p�q(h�b)= 1
nhνbp+1 ν!(p+ 1)!
× e′

νΓ
−1

+�p(h)ΨTT+�p�q(h�b)Γ
−1

+�q(b)ep+1�

CYY−�ν�p�q(h�b)= 1
nhνbp+1 ν!(p+ 1)!
× e′

νΓ
−1

−�p(h)ΨYY−�p�q(h�b)Γ
−1

−�q(b)ep+1�

CYT−�ν�p�q(h�b)= 1
nhνbp+1 ν!(p+ 1)!
× e′

νΓ
−1

−�p(h)ΨYT−�p�q(h�b)Γ
−1

−�q(b)ep+1�

CTT−�ν�p�q(h�b)= 1
nhνbp+1 ν!(p+ 1)!
× e′

νΓ
−1

−�p(h)ΨTT−�p�q(h�b)Γ
−1

−�q(b)ep+1�

(D) If nmin{h2p+3
n � b2p+3

n }max{h2
n� b

2(q−p)
n } → 0 and nmin{h1+2ν

n � bn} → ∞,
and provided that hn → 0 and κbn < κ0, then

T rbc
F�ν�p�q(hn�bn)= ς̂bcν�p�q(hn�bn)− ςν√

Vbc
F�ν�p�q(hn�bn)

→d N (0�1)�
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PROOF: For part (Rbc), note that

∣∣Rbc
n

∣∣� hp+1−ν
n

∣∣∣∣ 1
τT�ν

− 1
τ̂T�ν�p(hn)

∣∣∣∣(∣∣e′
p+1β̂Y+�q(bn)

∣∣+ ∣∣e′
p+1β̂Y−�q(bn)

∣∣)

+ hp+1−ν
n

∣∣∣∣τY�ντ2
T�ν

− τ̂Y�ν�p(hn)

τ̂T�ν�p(hn)
2

∣∣∣∣
× (∣∣e′

p+1β̂T+�q(bn)
∣∣+ ∣∣e′

p+1β̂T−�q(bn)
∣∣)

= hp+1−ν
n Op

(
1√

nh1+2ν
n

+ hp+1−ν
n

)
Op

(
1 + 1√

nb
3+2p
n

)
�

provided that τ̂T�ν�p(hn) →p τT�ν > 0, which follows by nh1+2ν
n → ∞ (and

hn → 0), and nbn → ∞ and κbn < κ0.
For part (B), first note that

E
[
ς̃bcν�p�q(hn�bn)|Xn

]= E

[
1

τT�ν

(
τ̂bcY�ν�p�q(hn�bn)− τ(ν)

y

)

− τY�ν

τ2
T�ν

(
τ̂bcT�ν�p�q(hn�bn)− τ(ν)

t

)∣∣∣Xn

]

= B1 − hp+1−ν
n B2�

with

B1 = E
[
ς̃ν�p(hn)− hp+1−ν

n BF�ν�p�p+1(hn)|Xn

]
= E

[
ς̃ν�p(hn)|Xn

]− hp+1−ν
n BF�ν�p�p+1(hn)�

B2 = E
[
B̌ν�p�q(hn�bn)− BF�ν�p�p+1(hn)|Xn

]
= hp+1−ν

n

(
E
[
B̌ν�p�q(hn�bn)|Xn

]− BF�ν�p�p+1(hn)
)
�

Using Lemma S.A.3 and Theorem A.1,

B1 = hp+2−ν
n BF�ν�p�p+2(hn)

[
1 + op(1)

]
and

B2 = E
[
B̌ν�p�q(hn�bn)− BF�ν�p�p+1(hn)|Xn

]
=
(

1
τT�ν

(
E
[
e′
p+1β̂Y+�q(bn)|Xn

]− e′
p+1βY+�q

)
B+�ν�p�p+1(hn)

− 1
τT�ν

(
E
[
e′
p+1β̂Y−�q(bn)|Xn

]− e′
p+1βY−�q

)
B−�ν�p�p+1(hn)

)
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−
(
τY�ν

τ2
T�ν

(
E
[
e′
p+1β̂T+�q(bn)|Xn

]− e′
p+1βT+�q

)
B+�ν�p�p+1(hn)

− τY�ν

τ2
T�ν

(
E
[
e′
p+1β̂T−�q(bn)|Xn

]− e′
p+1βT−�q

)
B−�ν�p�p+1(hn)

)

= Bbc
F�ν�p�p+1�q(hn�bn)

because

E
[
(p+ 1)!e′

p+1β̂Y+�q(bn)|Xn

]
= e′

p+1βY+�q + bq−p
n

μ
(q+1)
+

(q+ 1)!B+�p+1�q�q+1(bn)+ op

(
bq−p
n

)
�

and similarly for {Y−�T+�T−}. Collecting terms, the result in part (B) fol-
lows.

For part (V), first note that Vbc
F�ν�p�q(hn�bn) = V[ς̃bc+�ν�p�q(hn�bn)|Xn] +

V[ς̃bc−�ν�p�q(hn�bn)|Xn] with

ς̃bc+�ν�p�q(h�b) = ς̃+�ν�p(h)− hp+1−ν
n B̌F�+�ν�p�q(h�b)

= 1
τT�ν

(
μ̂(ν)

Y+�p(h)−μ(ν)
Y+
)− τY�ν

τ2
T�ν

(
μ̂(ν)

T+�p(h)−μ(ν)
T+
)

− hp+1−ν

(
1

τT�ν
e′
p+1β̂Y+�q(b)− τY�ν

τ2
T�ν

e′
p+1β̂T+�q(b)

)

×B+�ν�p�p+1(h)

and

ς̃bc−�ν�p�q(h�b) = ς̃−�ν�p(h)− hp+1−νB̌F�−�ν�p�q(h�b)

= 1
τT�ν

(
μ̂(ν)

Y−�p(h)−μ(ν)
Y−
)− τY�ν

τ2
T�ν

(
μ̂(ν)

T−�p(h)−μ(ν)
T−
)

− hp+1−ν

(
1

τT�ν
e′
p+1β̂Y−�q(b)− τY�ν

τ2
T�ν

e′
p+1β̂T−�q(b)

)

×B+�ν�p�p+1(h)�

This decomposition implies that

Vbc
F�+�ν�p�q(h�b)= V

[
ς̃bc+�ν�p�q(h�b)|Xn

]= V+1 + V+2 − 2C+12�
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with

V+1 = VF�+�ν�p(h)� V+2 = h2(p+1−ν)VF�+�p+1�q(b)
B2

+�ν�p�p+1(h)

(p+ 1)!2 �

and

C+12 = C

[
1

τT�ν
μ̂(ν)

Y+�p(h)− τY�ν

τ2
T�ν

μ̂(ν)
T+�p(h)�

hp+1−ν

(
1

τT�ν
e′
p+1β̂Y+�q(b)− τY�ν

τ2
T�ν

e′
p+1β̂T+�q(b)

)

×B+�ν�p�p+1(h)
∣∣∣Xn

]

= hp+1−ν[C+121 −C+122 +C+124]B+�ν�p�p+1(h)

(p+ 1)! �

with

C+121 =C

[
1

τT�ν
ν!e′

νβ̂Y+�p(h)�
1

τT�ν
(p+ 1)!e′

p+1β̂Y+�q(b)
∣∣∣Xn

]

= 1
τ2
T�ν

C
[
ν!e′

νβ̂Y+�p(h)� (p+ 1)!e′
p+1β̂Y+�q(b)|Xn

]

= 1
τ2
T�ν

CYY+�ν�p�q(h�b)�

C+122 = 2C
[

1
τT�ν

ν!e′
νβ̂Y+�p(h)�

τY�ν

τ2
T�ν

(p+ 1)!e′
p+1β̂T+�q(b)

∣∣∣Xn

]

= 2τY�ν
τ3
T�ν

C
[
ν!e′

νβ̂Y+�p(h)� (p+ 1)!e′
p+1β̂T+�q(b)|Xn

]

= 2τY�ν
τ3
T�ν

CYT+�ν�p�q(h�b)�

C+123 =C

[
τY�ν

τ2
T�ν

ν!e′
νβ̂T+�p(h)�

τY�ν

τ2
T�ν

(p+ 1)!e′
p+1β̂T+�q(b)

∣∣∣Xn

]

= τ2
Y�ν

τ4
T�ν

C
[
ν!e′

νβ̂T+�p(h)� (p+ 1)!e′
p+1β̂T+�q(b)|Xn

]

= τ2
Y�ν

τ4
T�ν

CTT+�ν�p�q(h�b)�
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because, for example,

C
[
ν!e′

νβ̂Y+�p(h)� (p+ 1)!e′
p+1β̂T+�q(b)|Xn

]
= h−νν!(p+ 1)!e′

νΓ
−1

+�p(h)Xp(h)W+(h)C[Y�T |Xn]
×W+(b)Xq(b)Γ

−1
+�q(b)ep+1b

−p−1/n2

= 1
nhνbp+1 ν!(p+ 1)!e′

νΓ
−1

+��(h)ΨYT+�p�q(h�b)Γ
−1

+�q(b)ep+1�

and similarly for the other two covariances. Thus,

Vbc
F�+�ν�p�q(h�b) = VF�+�ν�p(h)+ h2(p+1−ν)VF�+�p+1�q(b)

B2
+�ν�p�p+1(h)

(p+ 1)!2

− 2hp+1−νCF�+�ν�p�q(h�b)
B+�ν�p�p+1(h)

(p+ 1)! �

where

CF�+�ν�p�q(h�b) = 1
τ2
T�ν

CYY+�ν�p�q(h�b)− 2τY�ν
τ3
T�ν

CYT+�ν�p�q(h�b)

+ τ2
Y�ν

τ4
T�ν

CTT+�ν�p�q(h�b)�

The term Vbc
F�−�ν�p�q(h�b) is derived analogously. This completes the derivation

of part (V).
Finally, consider part (D). First we show that R2

n = op(VF�ν�p(hn)) and
(Rbc

n )2 = op(VF�ν�p(hn)). Recall that

VF�ν�p(hn)= Op

(
1

nh1+2ν + h2(p+1−ν)
n

nb3+2p
n

)
�

Thus, we have

R2
n

VF�ν�p(hn)
= Op

(
min

{
nh1+2ν

n �
nb3+2p

n

h2(p+1−ν)
n

})

×Op

(
1

n2h2+4ν
n

+ h4(p+1−ν)
n

)

= Op

(
min

{
1

nh1+2ν
n

�
b3+2p
n

nh2p+4+2ν
n

})

+Op

(
min

{
nh4p+5−2ν

n � nb3+2p
n h2(p+1−ν)

n

})
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= Op

(
1

nh1+2ν
n

min
{

1�
1

ρ3+2p
n

})

+Op

(
nh2(p+1−ν)

n min
{
h3+2p
n � b3+2p

n

})
= op(1)�

because nh1+2ν
n → ∞ and nmin{h3+2p

n � b3+2p
n }h2(p+1−ν)

n = o(nmin{h3+2p
n � b3+2p

n }×
h2
n)→ 0 for any p ≥ ν. Also, we have

(Rbc
n )2

VF�ν�p(hn)
= Op

(
min

{
nh1+2ν

n �
nb3+2p

n

h2(p+1−ν)
n

})

×Op

(
h2p+3
n

nh2+4ν
n

+ h4(p+1−ν)
n

)
Op

(
1 + 1

nb3+2p
n

)

= Op

(
h2p+3
n

nh1+2ν
n

min
{

1�
1

ρ3+2p
n

}

+ nh2(p+1−ν)
n min

{
h3+2p
n � b3+2p

n

})

+Op

(
h2p+3
n

nh1+2ν
n

min
{

1�
1

ρ3+2p
n

}

+ nh2(p+1−ν)
n min

{
h3+2p
n � b3+2p

n

})
Op

(
1

nb3+2p
n

)

= op(1)+Op

(
1

nh1+2ν
n

1
n

min
{
ρ3+2p
n �1

}

+ h2(p+1−ν)
n min

{
ρ3+2p
n �1

})
= op(1)�

using the previous calculations. These results imply

ς̂bcν�p�q(hn�bn)− ςν√
VF�ν�p(hn)

= ς̃bcν�p(hn�bn)√
VF�ν�p(hn)

+ Rn +Rbc
n√

VF�ν�p(hn)

= ς̃bcν�p(hn�bn)√
VF�ν�p(hn)

+ op(1)�

provided that nmin{h2p+3
n � b2p+3

n }max{h2
n� b

2(q−p)
n } → 0 and nmin{h1+2ν

n � bn} →
∞.
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Now, proceeding as in Lemma S.A.4 and using the Cramér–Wold device, it
can be shown that

ς̃bcν�p(hn�bn)√
VF�ν�p(hn)

= ς̃bcν�p(hn�bn)√
V[ς̃bcν�p(hn�bn)|Xn]

→d N (0�1)�

from which the result in part (D) follows, provided that nmin{h2p+3
n � b2p+3

n } ×
max{h2

n� b
2(q−p)
n } → 0 and nmin{hn�bn} → ∞. Q.E.D.

S.2.4. Consistent Standard Error Estimators

As explained in Section 5 of CCT, consistent standard errors may be con-
structed by replacing the matrices

ΨUV +�p�q(hn�bn)= 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× rp(Xi/hn)rq(Xi/bn)
′σ2

UV +(Xi)�

ΨUV −�p�q(hn�bn)= 1
n

n∑
i=1

1(Xi < 0)Khn(Xi)Kbn(Xi)

× rp(Xi/hn)rq(Xi/bn)
′σ2

UV −(Xi)�

with appropriate consistent estimators thereof, where σ2
UV +(x) = Cov[U(1)�

V (1)|X = x] and σ2
UV −(x) = Cov[U(0)�V (0)|X = x], and U and V are place-

holders for either Y or T . A natural choice is to employ estimated residuals,
leading to

Ψ̌UV +�p�q(hn�bn)= 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× rp(Xi/hn)rq(Xi/bn)
′ε̌U+�iε̌V +�i�

Ψ̌UV −�p�q(hn�bn)= 1
n

n∑
i=1

1(Xi < 0)Khn(Xi)Kbn(Xi)

× rp(Xi/hn)rq(Xi/bn)
′ε̌U−�iε̌V −�i�

where ε̌U+�i, ε̌V +�i, ε̌U−�i, and ε̌V −�i are consistent residual estimators of their
population counterparts, with U and V placeholders for either Y or T . This
type of approach can be used to construct standard error estimators using
conventional nonparametric techniques. For example, in Theorem A.1, a con-
sistent estimator of Vν�p(hn) using this approach is V̌ν�p(hn) = V̌+�ν�p(hn) +
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V̌−�ν�p(hn), where

V̌+�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
+�p(hn)Ψ̌YY+�p�q(hn�hn)Γ

−1
+�p(hn)eν

and

V̌−�ν�p(hn)= 1
nh2ν

n

ν!2e′
νΓ

−1
−�p(hn)Ψ̌YY−�p�q(hn�hn)Γ

−1
−�p(hn)eν�

where

Ψ̌YY+�p�q(hn�hn)= 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Khn(Xi)

× rp(Xi/hn)rq(Xi/hn)
′ε̌2

+�i�

Ψ̌YY−�p�q(hn�hn)= 1
n

n∑
i=1

1(Xi < 0)Khn(Xi)Khn(Xi)

× rp(Xi/hn)rq(Xi/hn)
′ε̌2

−�i�

where ε̌+�i = Yi − μ̂+�p(hn) and ε̌−�i = Yi − μ̂−�p(hn). In this case, the matrices
C+�ν�p�q(h�b), C−�ν�p�q(h�b), V+�p+1�q(b), and V−�p+1�q(b) are estimated using the
same logic. This approach leads to a consistent estimator of Vbc

ν�p�q(hn�bn) =
V[τ̂bcν�p�q(hn�bn)|Xn] based on plug-in estimated residuals, which is the common
way of constructing consistent standard errors in nonparametrics in general,
and in RD applications in particular. This approach can be implemented di-
rectly by using general purpose software for linear regression estimation. It is
easy to verify that the resulting standard error estimators are consistent un-
der both conventional asymptotics and our asymptotics, with and without bias
correction.

We propose an alternative standard error estimator based on ideas in Abadie
and Imbens (2006). Specifically, we consider

Ψ̂UV +�p�q(hn�bn)= 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× rp(Xi/hn)rq(Xi/bn)
′σ̂2

UV +(Xi)�

Ψ̂UV −�p�q(hn�bn)= 1
n

n∑
i=1

1(Xi < 0)Khn(Xi)Kbn(Xi)

× rp(Xi/hn)rq(Xi/bn)
′σ̂2

UV −(Xi)�
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with

σ̂2
UV +(Xi)= 1(Xi ≥ 0)

J

J + 1

×
(
Ui −

J∑
j=1

U�+�j (i)/J

)(
Vi −

J∑
j=1

V�+�j (i)/J

)
�

σ̂2
UV −(Xi)= 1(Xi < 0)

J

J + 1

×
(
Ui −

J∑
j=1

U�−�j (i)/J

)(
Vi −

J∑
j=1

V�−�j (i)/J

)
�

where, again, U and V are placeholders for either Y or T . The construction
of the standard error estimator is exactly as explained above, and is justified by
the following theorem.

THEOREM A.3—Fixed NN-Based Standard Error Estimators:
(Sharp RD) Suppose the conditions in Theorem A.1(D) hold. If, in addition,

σ2
+(x) and σ2

−(x) are Lipschitz continuous on (−κ0�κ0), then

Ψ̂YY+�p�q(hn�bn)= ΨYY+�p�q(hn�bn)+ op

(
min

{
h−1
n � b−1

n

})
�

Ψ̂YY−�p�q(hn�bn)= ΨYY−�p�q(hn�bn)+ op

(
min

{
h−1
n � b−1

n

})
�

(Fuzzy RD) Suppose the conditions in Theorem A.2(D) hold. If, in addition,
σ2

UV +(x) and σ2
UV −(x) are Lipschitz continuous on (−κ0�κ0), then

Ψ̂UV +�p�q(hn�bn)=ΨUV +�p�q(hn�bn)+ op

(
min

{
h−1
n � b−1

n

})
�

Ψ̂UV −�p�q(hn�bn)=ΨUV −�p�q(hn�bn)+ op

(
min

{
h−1
n � b−1

n

})
for U = Y�T and V = Y�T .

PROOF: We only prove the result for Ψ̂YT+�p�q(hn�bn) because the proof of
the other cases is analogous. First note that, for all Xi ≥ 0,

σ̂2
YT+(Xi)

= J

J + 1

(
Yi − 1

J

J∑
j=1

Y�+�j (i)

)(
Ti − 1

J

J∑
j=1

T�+�j (i)

)
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= J

J + 1

(
εY�i − 1

J

J∑
j=1

εY��+j (i) + 1
J

J∑
j=1

(
μY+(Xi)−μY+(X�+j (i))

))

×
(
εT�i − 1

J

J∑
j=1

εT��+j (i) + 1
J

J∑
j=1

(
μT+(Xi)−μT+(X�+j (i))

))
�

and therefore

σ̂2
YT+(Xi) = εY�iεT�i + σ̂2

1�i + σ̂2
2�i + σ̂2

3�i

− σ̂2
4�i − σ̂2

5�i + σ̂2
6�i + σ̂2

7�i − σ̂2
8�i − σ̂2

9�i�

with

σ̂2
1�i =

1
J(J + 1)

J∑
j=1

(εY��+j (i)εT��+j (i) − εY�iεT�i)�

σ̂2
2�i =

2
J(J + 1)

∑
1≤j<k≤J

εY��+j (i)εT��+
k
(i)�

σ̂2
3�i =

1
J(J + 1)

(
J∑

j=1

(
μY+(Xi)−μY+(X�+j (i))

))

×
(

J∑
j=1

(
μT+(Xi)−μT+(X�+j (i))

))
�

σ̂2
4�i = εY�i

1
J + 1

J∑
j=1

εT��+j (i)� σ̂2
5�i = εT�i

1
J + 1

J∑
j=1

εY��+j (i)�

σ̂2
6�i = εY�i

1
J + 1

J∑
j=1

(
μT+(Xi)−μT+(X�+j (i))

)
�

σ̂2
7�i = εT�i

1
J + 1

J∑
j=1

(
μY+(Xi)−μY+(X�+j (i))

)
�

σ̂2
8�i =

1
J(J + 1)

J∑
j=1

εY��+j (i)

J∑
k=1

(
μT+(Xi)−μT+(X�+

k
(i))
)
�

σ̂2
9�i =

1
J(J + 1)

J∑
j=1

εT��+j (i)

J∑
k=1

(
μY+(Xi)−μY+(X�+

k
(i))
)
�
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Thus, using the expansion of σ̂2
+(Xi), we obtain

Ψ̂+�p�q(hn�bn) = Ψ+�p�q(hn�bn)

+η1�n +η2�n +η3�n −η4�n +η5�n −η6�n�

with

η1�n = 1
J(J + 1)

J∑
j=1

η1�n�j�

η1�n�j = 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× (εY��+j (i)εT��+j (i) − εY�iεT�i)rp(Xi/hn)rq(Xi/bn)
′�

η2�n = 2
J(J + 1)

∑
1≤j<k≤J

η2�n�j�k�

η2�n�j�k = 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× [εY��+j (i)εT��+
k
(i)]rp(Xi/hn)rq(Xi/bn)

′�

η3�n = 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× [σ̂2
3�i

]
rp(Xi/hn)rq(Xi/bn)

′�

η4�n = 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× [σ̂2
4�i + σ̂2

5�i

]
rp(Xi/hn)rq(Xi/bn)

′�

η5�n = 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× [σ̂2
6�i + σ̂2

7�i

]
rp(Xi/hn)rq(Xi/bn)

′�

η6�n = 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× [σ̂2
8�i + σ̂2

9�i

]
rp(Xi/hn)rq(Xi/bn)

′�

Therefore, it suffices to show that ηl�n = op(min{h−1
n � b−1

n }) for l = 1� � � � �6.
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The rest of the proof uses the following result in Abadie and Imbens (2006):
for any (fixed) J ∈ N+,

max
1≤j≤J

max
1≤i≤n:Xi≥0

|X�+�j (i) −Xi| = op(1)�

For the first reminder, if nmin{hn�bn} → ∞ and κmax{hn�bn}< κ0,

E[η1�n|Xn]

= 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× 1
J(J + 1)

J∑
j=1

(
E[εY��+j (i)εT��+j (i) − εY�iεT�i|Xn]

)
× rp(Xi/hn)rq(Xi/bn)

′

= 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× 1
J(J + 1)

J∑
j=1

(
σ2

YT (X�+�j (i))− σ2
YT (Xi)

)
× rp(Xi/hn)rq(Xi/bn)

′

= op

(
min

{
h−1
n � b−1

n

})
�

because, by Lemma S.A.2,∣∣E[η1�n|Xn]
∣∣� max

1≤j≤J
max

1≤i≤n:Xi≥0
|X�+�j (i) −Xi|

× 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)

× ∣∣rp(Xi/hn)
∣∣∣∣rq(Xi/bn)

∣∣
= op(1)Op

(
min{hn�bn}

hnbn

)
= op

(
min

{
h−1
n � b−1

n

})
�

Thus, η1�n = op(min{h−1
n � b−1

n }) because, by Lemma S.A.2,

E
[∣∣η1�n −E[η1�n|Xn]

∣∣2]
� n−1

∫ ∞

0
K2

hn
(x)K2

bn
(x)
∣∣rp(x)∣∣2∣∣rq(x)∣∣2f (x)du
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= n−1O

(
min{hn�bn}

h2
nb

2
n

)
=O

(
min{h−2

n � b−2
n }

nmin{hn�bn}
)

= o
(
min

{
h−2
n � b−2

n

})
�

provided nmin{hn�bn} → ∞ and κmax{hn�bn} < κ0.
Similarly, E[η2�n|Xn] = 0 and, proceeding as above, V[η2�n|Xn] =

op(min{h−1
n � b−1

n }). Therefore, η2�n = op(min{h−1
n � b−1

n }).
Next, for η3�n, simply note that

|η3�n| � max
1≤j≤J

max
1≤i≤n:Xi≥0

|X�+�j (i) −Xi|2

× 1
n

n∑
i=1

1(Xi ≥ 0)Khn(Xi)Kbn(Xi)
∣∣rp(Xi/hn)

∣∣∣∣rq(Xi/bn)
∣∣

≤ op(1)Op

(
min

{
h−1
n � b−1

n

})= op

(
min

{
h−1
n � b−1

n

})
�

The last three (cross-product) terms can be analyzed analogously. Q.E.D.

S.2.5. Proofs of Lemma 1 and Lemma 2

First we prove Lemma 1, which we restate next. Recall the definition

MSEν�p�s(hn) = E
[((

μ̂(ν)
+�p(hn)− (−1)sμ̂(ν)

−�p(hn)
)

− (μ(ν)
+ − (−1)sμ(ν)

−
))2|Xn

]
�

where hn is a bandwidth sequence. Also,

Bν�p�r�s = μ(r)
+ − (−1)ν+r+sμ(r)

−
r! ν!e′

νΓ
−1
p ϑp�r�

Vν�p = σ2
− + σ2

+
f

ν!2e′
νΓ

−1
p ΨpΓ

−1
p eν�

LEMMA 1: Suppose Assumptions 1–2 hold with S ≥ p+ 1, and ν ≤ p. If hn →
0 and nhn → ∞, then

MSEν�p�s(hn)= h2(p+1−ν)
n

[
B2
ν�p�p+1�s + op(1)

]+ 1
nh1+2ν

n

[
Vν�p + op(1)

]
�

If, in addition, Bν�p�p+1�s 
= 0, then the (asymptotic) MSE-optimal bandwidth is

hMSE�ν�p�s = C1/(2p+3)
MSE�ν�p�sn

−1/(2p+3)� CMSE�ν�p�s = (1 + 2ν)Vν�p

2(p+ 1 − ν)B2
ν�p�p+1�s

�
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PROOF: We have

MSEν�p�s(hn) = E
[(
ν!e′

ν

(
β̂+�p(hn)− (−1)sβ̂−�p(hn)

)
− ν!e′

ν

(
β+�p − (−1)sβ−�p

))2|Xn

]
= ν!2

V
[
e′
ν

(
β̂+�p(hn)− (−1)sβ̂−�p(hn)

)|Xn

]
+ ν!2(E[e′

ν

(
β̂+�p(hn)− (−1)sβ̂−�p(hn)

)
− e′

ν

(
β+�p − (−1)sβ−�p

)|Xn

])2
�

where, by Lemma S.A.3, we verify

V
[
e′
ν

(
β̂+�p(hn)− (−1)sβ̂−�p(hn)

)|Xn

]
=V

[
e′
νβ̂+�p(hn)|Xn

]+V
[
β̂−�p(hn)|Xn

]
= 1

nh1+2ν
n

σ2
− + σ2

+
f

e′
νΓ

−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}

and

E
[
e′
ν

(
β̂+�p(hn)− (−1)sβ̂−�p(hn)

)− e′
ν

(
β+�p − (−1)sβ−�p

)|Xn

]
= E

[
e′
ν

(
β̂+�p(hn)−β+�p

)|Xn

]− (−1)sE
[
e′
ν

(
β̂−�p(hn)−β−�p

)|Xn

]
= hp+1−ν

n

μ
(p+1)
+ − (−1)ν+p+sμ

(p+1)
−

(p+ 1)! e′
νΓ

−1
p ϑp�p+1

{
1 + op(1)

}
�

This completes the derivation. Q.E.D.

Next, we consider Lemma 2. Recall that MSEν�p(hn) = E[(ς̃ν�p(hn))
2|Xn],

with

ς̃ν�p(hn)= 1
τT�ν

(
τ̂Y�ν�p(hn)− τY�ν

)− τY�ν

τ2
T�ν

(
τ̂T�ν�p(hn)− τT�ν

)
�

LEMMA 2: Suppose Assumptions 1–3 hold with S ≥ p+ 1, and ν ≤ p. If hn →
0 and nhn → ∞, then

E
[(
ς̃ν�p(hn)

)2|Xn

]= h2(p+1−ν)
n

[
B2
F�ν�p�p+1 + op(1)

]
+ 1

nh1+2ν
n

[
VF�ν�p + op(1)

]
�
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where

BF�ν�p�r =
(

1
τT�ν

μ(r)
Y+ − (−1)ν+rμ(r)

Y−
r!

− τY�ν

τ2
T�ν

μ(r)
T+ − (−1)ν+rμ(r)

T−
r!

)
ν!e′

νΓ
−1
p ϑp�r�

VF�ν�p =
(

1
τT�ν

σ2
YY− + σ2

YY+
f

− 2τY�ν
τ3
T�ν

σ2
YT− + σ2

YT+
f

+ τ2
Y�ν

τ4
T�ν

σ2
TT− + σ2

TT+
f

)
ν!2e′

νΓ
−1
p ΨpΓ

−1
p eν�

If, in addition, BF�ν�p�p+1 
= 0, then the (asymptotic) MSE-optimal bandwidth is

hMSE�F�ν�p = C1/(2p+3)
MSE�F�ν�pn

−1/(2p+3)� CMSE�F�ν�p = (2ν + 1)VF�ν�p

2(p+ 1 − ν)B2
F�ν�p�p+1

�

PROOF: Observe that

MSEν�p(hn)= V
[
ς̃ν�p(hn)|Xn

]+ (E[ς̃ν�p(hn)|Xn

])2
�

Using Lemma A.2, we obtain

VF�ν�p = V
[
ς̃ν�p(hn)|Xn

]
= ν!2

nh1+2ν
n

(
1

τT�ν

σ2
YY− + σ2

YY+
f

− 2τY�ν
τ3
T�ν

σ2
YT− + σ2

YT+
f

+ τ2
Y�ν

τ4
T�ν

σ2
TT− + σ2

TT+
f

)
e′
νΓ

−1
p ΨpΓ

−1
p eν

{
1 + op(1)

}

and

BF�ν�p�p+1 = E
[
ς̃ν�p(hn)|Xn

]= hp+1−ν
n BF�ν�p�p+1(hn)

{
1 + op(1)

}
= hp+1−ν

n ν!
(

1
τT�ν

μ
(p+1)
Y+ − (−1)ν+p+1μ

(p+1)
Y−

(p+ 1)!

− τY�ν

τ2
T�ν

μ
(p+1)
T+ − (−1)ν+p+1μ

(p+1)
T−

(p+ 1)!
){

1 + op(1)
}
�

which completes the derivation. Q.E.D.
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S.2.6. Consistent Bandwidth Selection for Sharp RD Designs

We propose consistent, MSE-optimal bandwidth selectors for sharp RD
designs. Recall that ν ≤ p < q. As we explain in the main paper, we con-
struct both an MSE-optimal choice of bandwidth hn for the RD point es-
timator τ̂ν�p(hn) and an MSE-optimal choice of bandwidth bn for the lead-
ing bias of RD point estimator, which depends on the preliminary estimator
b̂ν�p�q(bn)= μ̂

(p+1)
+�q (bn)− (−1)ν+p+1μ̂

(p+1)
−�q (bn).

For any ν ≤ p, let V̂ν�p(hn)= V̂+�ν�p(hn)+ V̂−�ν�p(hn), with

V̂+�ν�p(hn)= ν!2e′
νΓ

−1
+�p(hn)Ψ̂YY+�p(hn)Γ

−1
+�p(hn)eν/nh

2ν
n �

V̂−�ν�p(hn)= ν!2e′
νΓ

−1
−�p(hn)Ψ̂YY−�p(hn)Γ

−1
−�p(hn)eν/nh

2ν
n �

where Ψ̂YY+�p(hn) and Ψ̂YY−�p(hn) are constructed using the nearest-neighbor
approach described in Section 5 of CCT and in Section S.2.4 above.

Plug-in Bandwidths Selectors

Fix ν�p�q ∈N with ν ≤ p< q. Let Bν�p = ν!e′
νΓ

−1
p ϑp�p+1.

Step 0: Initial bandwidths (vn, cn). (i) Suppose vn →p 0 and nvn →p ∞. In
particular, let

vn = 2�58 · min{SX� IQRX/1�349} · n−1/5�

where S2
X and IQRX denote, respectively, the sample variance and interquartile

range of {Xi : 1 ≤ i ≤ n}.
(ii) Suppose cn →p 0 and nc2q+3

n →p ∞. In particular, let

cn = Č1/(2q+5)
ν�p�q n−1/(2q+5)�

Čν�p�q = (2q+ 3)nv2q+3
n V̂q+1�q+1(vn)

2B2
q+1�q+1(e

′
q+2γ̂+�q+2 − (−1)ν+qe′

q+2γ̂−�q+2)
2 �

where γ̂+�m and γ̂−�m denote the estimated coefficients of an (m + 1)th-order
global polynomial fit at either side of the threshold:

γ̂+�m = arg min
γ∈Rm+1

n∑
i=1

1(Xi ≥ 0)
(
Yi − rm(Xi)

′γ
)2
�

γ̂−�m = arg min
γ∈Rm+1

n∑
i=1

1(Xi < 0)
(
Yi − rm(Xi)

′γ
)2
�

with rm(x) = (1�x�x2� � � � � xm)′.
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Step 1: Pilot bandwidth bn. We estimate bn = hMSE�p+1�q�ν+p+1. Compute

b̂ν�p�q = Ĉ1/(2q+3)
ν�p�q n−1/(2q+3)�

Ĉν�p�q = (2p+ 3)nv2p+3
n V̂p+1�q(vn)

/
(

2(q−p)

×B2
p+1�q

[(
e′
q+1β̂+�q+1(cn)− (−1)ν+q+1e′

q+1β̂−�q+1(cn)
)2

+ 3V̂q+1�q+1(cn)
])
�

Step 2: Main bandwidth hn. We estimate hn = hMSE�ν�p�0. Set bn = b̂ν�p�q, and
compute

ĥν�p = Ĉ1/(2p+3)
ν�p n−1/(2p+3)�

Ĉν�p = (2ν + 1)nv1+2ν
n V̂ν�p(vn)

/
(

2(p+ 1 − ν)

×B2
ν�p

[(
e′
p+1β̂+�p+1(bn)− (−1)ν+p+1e′

p+1β̂−�p+1(bn)
)2

+ 3V̂p+1�q(bn)
])
�

The first step (Step 0) constructs preliminary bandwidths (vn and cn) to es-
timate the asymptotic variance terms and preliminary bias term entering the
plug-in rules. The choice of constant in vn is a modified Silverman’s rule of
thumb: because we employ triangular kernels in our estimates, we modify the
constant in front accordingly. Specifically, recall that Silverman’s rule of thumb
is

hIMSE = σ

⎛
⎜⎜⎜⎝

8
√
π

∫
K(u)2 du

3
(∫

u2K(u)du
)2

1
n

⎞
⎟⎟⎟⎠

1/5

= σ

⎛
⎜⎜⎜⎝

8
√
π

∫
K(u)2 du

3
(∫

u2K(u)du
)2

⎞
⎟⎟⎟⎠

1/5

n−1/5�
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For K(u) = exp(−u2/2)/
√

2π, we have∫
K(u)2 du=

∫ ∞

−∞

(
exp

(−u2/2
)
/
√

2π
)2

du= 1
2
√
π
�

∫
u2K(u)du=

∫ ∞

−∞
u2 exp

(−u2/2
)
/
√

2π du= 1�

and hence hIMSE = 1�0592 · σ · n−1/5. For K(u)= 1(|u| ≤ 1), we have

∫
K(u)2 du=

∫ 1

−1
du= 2�

∫
u2K(u)du=

∫ 1

−1
u2 du= 2

3
�

and hence hIMSE = 1�8431 · σ · n−1/5. For K(u)= (1 − |u|)1(|u| ≤ 1), we obtain

∫
K(u)2 du=

∫ 1

−1

(
1 − |u|)2

du= 2
3
�

∫
u2K(u)du=

∫ 1

−1
u2
(
1 − |u|)du= 1

6
�

and hence hIMSE = 2�576 · σ · n−1/5. Step 0 also constructs a preliminary, pos-
sibly inconsistent bandwidth (cn) to estimate the bias term entering the rule
of thumb of bn. The bandwidth choices in Steps 1 and 2 follow directly from
Lemma 1 applied to the key component of the bias estimate (b̂ν�p�q(bn)) and the
main RD estimator (τ̂ν�p(hn)), respectively. Our proposed bandwidths include
regularization terms; see Imbens and Kalyanaraman (2012) and the discussion
on their implementation further below for more details.

The following theorem establishes consistency and MSE-optimality of these
bandwidth selectors.

THEOREM A.4—Consistency of Plug-in Bandwidth Selectors: Let ν ≤
p < q. Suppose Assumptions 1–2 hold with S ≥ q + 2. In addition, suppose
e′
q+2γ̂+�q+2 − (−1)ν+q+1e′

q+2γ̂−�q+2 →p c 
= 0.
Step 1. If Bp+1�q�q+1�ν+p+1 
= 0, then

b̂ν�p�q

hMSE�p+1�q�ν+p+1
→p 1 and

MSEp+1�q�ν+p+1(b̂ν�p�q)

MSEp+1�q�ν+p+1(hMSE�p+1�q�ν+p+1)
→p 1�

Step 2. If Bν�p�p+1�0 
= 0, then

ĥν�p

hMSE�ν�p�0
→p 1 and

MSEν�p�0(ĥν�p)

MSEν�p�0(hMSE�ν�p�0)
→p 1�
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PROOF: Recall that, if cn →p 0 and ncn →p ∞, Lemma S.A.3 and Theo-
rem A.3 imply

V̂s�p(cn)= 1
nc1+2s

n

Vs�p

{
1 + op(1)

}
for all s ≤ p�

with V̂s�p(cn) constructed using the NN-based estimators introduced in Sec-
tion 5 of the paper. This implies consistency of the numerators of Ĉν�p, Ĉν�p�q,
and Čν�p�q, for any ν ≤ p< q. In addition, for the regularization terms, we have

V̂q+2�q+2(vn) = 1
nv1+2q+4

n

Vq+2�q+2

{
1 + op(1)

}

= 1
n2q/5 Vq+2�q+2

{
1 + op(1)

}
because vn = 2�58 ·ω · n−1/5,

V̂q+1�q+1(cn) = 1
nc1+2q+2

n

Vq+1�q+1

{
1 + op(1)

}

= 1
n2/(2q+5) Vq+1�q+1

{
1 + op(1)

}

because cn = Ĉq+1�q+1n
−1/(2q+5), and

V̂p+1�q(bn) = 1
nb1+2p+2

n

Vp+1�q

{
1 + op(1)

}

= 1
n2(q−p)/(2q+3) Vp+1�q

{
1 + op(1)

}

because bn = Ĉp+1�qn
−1/(2q+3).

Next, by Lemma S.A.3, if nhn →p ∞ and hn →p 0, and μ
(p+1)
+ 
= μ

(p+1)
− ,

e′
sβ̂+�p(hn)± e′

sβ+�p = Op

(
h1+p−s
n + 1√

nh1+2s
n

)
for all s ≤ p�

Now we consider each step.
Step 0: Assuming e′

q+2γ̂+�q+2 − (−1)ν+q+1e′
q+2γ̂−�q+2 →p c 
= 0, we verify that

cn = Č1/(2q+5)
ν�p�q n−1/(2q+5) =Op

(
n−1/(2q+5)

)
�
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Step 1: We have cn = Op(n
−1/(2q+5)), and

e′
q+1β̂+�q+1(cn)= e′

q+1β+�q+1 +Op

(
cn + 1√

nc
2q+3
n

)

= e′
q+1β+�q+1 +Op

(
n−1/(2q+5)

)
�

e′
q+1β̂−�q+1(cn)= e′

q+1β−�q+1 +Op

(
cn + 1√

nc
2q+3
n

)

= e′
q+1β−�q+1 +Op

(
n−1/(2q+5)

)
�

Thus, if Bp+1�q�q+1�ν+p+1 
= 0, then, using previous results, we have

Ĉν�p�q

CMSE�p+1�q�ν+p+1
→p 1�

b̂ν�p�q

hMSE�p+1�q�ν+p+1
→p 1�

b̂ν�p�q = Op

(
n−1/(2q+3)

)
�

MSEp+1�q�ν+p+1(b̂ν�p�q)

MSEp+1�q�ν+p+1(hMSE�p+1�q�ν+p+1)
→p 1�

Step 2: We have bn = b̂ν�p�q = Op(n
−1/(2q+3)), and

e′
p+1β̂+�q(bn) = e′

p+1β+�q +Op

(
bq−p
n + 1√

nb
2p+3
n

)

= e′
p+1β+�q +Op

(
n−(q−p)/(2q+3)

)
�

e′
p+1β̂−�q(bn) = e′

p+1β−�q +Op

(
bq−p
n + 1√

nb
2p+3
n

)

= e′
p+1β−�q +Op

(
n−(q−p)/(2q+3)

)
�

and therefore

Ĉν�p

CMSE�ν�p�0
→p 1�

ĥν�p

hMSE�ν�p�0
→p 1�

ĥν�p = Op

(
n−1/(2p+3)

)
�

MSEν�p�0(ĥν�p)

MSEν�p�0(hMSE�ν�p�0)
→p 1�

This completes the proof. Q.E.D.
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S.2.7. Details on Remark 3 and Remark 7

Remark 3 in the paper generalizes as follows for sharp RD designs. Recall
that ν ≤ p< q.

REMARK S.A.3: Three main limiting cases are obtained depending on the
limit ρn → ρ ∈ [0�∞].

Case 1: ρ = 0. In this case, hn = o(bn) and

V
[
τ̂bcν�p�q(hn�bn)|Xn

]= V
[
τ̂ν�p(hn)|Xn

]{
1 + op(1)

}
= 1

nh1+2ν
n

σ2
+ + σ2

−
f

ν!2
(
e′
νΓ

−1
p ΨpΓ

−1
p eν

)
× {1 + op(1)

}
�

which is the classical approach to bias correction.
Case 2: ρ ∈ (0�∞). In this case, hn = ρbn and

V
[
τ̂bcν�p�q(hn�bn)|Xn

]
= ν!2

nh1+2ν
n

[
σ2

+ + σ2
−

f

(
e′
νΓ

−1
p ΨpΓ

−1
p eν

)

+ ρ2p+3σ
2
+ + σ2

−
f

(
e′
p+1Γ

−1
q ΨqΓ

−1
q ep+1

)(
e′
νΓ

−1
p ϑp�p+1

)2

− ρp+2

(
e′
νΓ

−1
p

(
σ2

+
f
Ψp�q(ρ)+ σ2

−
f
Ψp�q(−ρ)

)
Γ −1
q ep+1

)

× (e′
νΓ

−1
p ϑp+1

)]

× {1 + op(1)
}
�

with Ψp�q(ρ) = ∫ ∞
0 K(u)K(ρu)rp(u)rq(ρu)

′ du. For conventional choices of
kernel K(·), the limiting variance is increasing in ρ.

Case 3: ρ = ∞. In this case, bn = o(hn) and

V
[
τ̂bcν�p�q(hn�bn)|Xn

]
= h2(p+1−ν)

n V
[
B̂ν�p�q(hn�bn)|Xn

]{
1 + op(1)

}
= ρ2(p+1−ν)

n

nb1+2ν
n

σ2
+ + σ2

−
f

ν!2
(
e′
p+1Γ

−1
q ΨqΓ

−1
q ep+1

)(
e′
νΓ

−1
p ϑp�p+1

)2

× {1 + op(1)
}
�
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which implies that the bias estimate is first order while the actual estimator
τ̂p(hn) is of smaller order.

This remark is established by noting that

V
[
τ̂bcν�p�q(hn�bn)|Xn

]= V
[
τ̂ν�p(hn)|Xn

]+ h2(p+1−ν)
n V

[
B̂ν�p�q(hn�bn)|Xn

]
− 2hp+1−ν

n C
[
τ̂ν�p(hn)� B̂ν�p�q(hn�bn)|Xn

]
�

where these terms are given in Theorem A.1. The rest is obtained as follows.
Case 1: ρ= 0. In this case, hn = o(bn). Using the previous calculations,

V
[
τ̂bcν�p�q(hn�bn)|Xn

]
=V

[
τ̂ν�p(hn)|Xn

]+Op

(
ρp+2
n

nh1+2ν
n

+ ρ2p+3
n

nh1+2ν
n

)

= 1
nh1+2ν

n

σ2
+ + σ2

−
f

ν!2(e′
νΓ

−1
p ΨpΓ

−1
p eν

){
1 + op(1)

}
�

Case 2: ρ ∈ (0�∞). In this case, hn = ρbn. By previous calculations,

V
[
τ̂ν�p(hn)|Xn

]= 1
nh1+2ν

n

σ2
+ + σ2

−
f

ν!2
(
e′
νΓ

−1
p ΨpΓ

−1
p eν

){
1 + op(1)

}
�

hp+1−ν
n C

[
τ̂ν�p(hn)� B̂ν�p�q(hn�bn)|Xn

]
= ρp+2

nh1+2ν
n

ν!2

(
e′
νΓ

−1
p

(
σ2

+
f
Ψp�q(ρ)+ σ2

−
f
Ψp�q(−ρ)

)
Γ −1
q ep+1

)

× (e′
νΓ

−1
p ϑp+1

){
1 + op(1)

}
�

h2(p+1−ν)
n V

[
B̂ν�p�q(hn�bn)|Xn

]
= ρ2p+3

nh1+2ν
n

σ2
+ + σ2

−
f

ν!2(e′
p+1Γ

−1
q ΨqΓ

−1
q ep+1

)(
e′
νΓ

−1
p ϑp�p+1

)2

× {1 + op(1)
}
�

Case 3: ρ= ∞. In this case, bn = o(hn). By previous calculations,

V
[
τ̂bcν�p�q(hn�bn)|Xn

]
= h2(p+1−ν)

n V
[
B̂ν�p�p+1�q(hn�bn)|Xn

]+Op

(
1

nh1+2ν
n

+ ρp+2
n

nh1+2ν
n

)

= ρ2(p+1−ν)
n

nb1+2ν
n

σ2
+ + σ2

−
f

ν!2(e′
p+1Γ

−1
q ΨqΓ

−1
q ep+1

)(
e′
νΓ

−1
p ϑp�p+1

)2

× {1 + op(1)
}
�
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which implies that the bias estimate is first order while the actual estimator
τ̂ν�p(hn) is of smaller order.

Similar, but more cumbersome, expressions may be derived for fuzzy RD
designs.

Next, we have the following generalization of Remark 7.

REMARK S.A.7: If hn = bn (and the same kernel function K(·) is used), then

τ̂bcν�p�p+1(hn�hn)= τ̂ν�p+1(hn) and T rbc
ν�p�p+1(hn�hn)= Tν�p+1(hn)�

which gives a simple relationship between local polynomial estimators of order
p and p + 1, and their relation to manual bias correction. The result extends
to τ̂bcν�p�p+r(hn�hn)= τ̂ν�p+r(hn) and T rbc

ν�p�p+r(hn�hn)= Tν�p+r(hn), r ≥ 1, when the
natural generalization of the bias-correction estimate is used.

This equivalence follows by properties of linear models. Consider the right-
side estimators β̂+�p(hn) and β̂+�p+1(hn), and define

β̂+�p+1(h) = Hp+1(h)Γ
−1

+�p+1(h)Xp+1(h)
′W+(h)Y/n

= [
β̃+�p+1(h)

′� e′
p+1β̂+�p+1(h)

]′
�

where

β̃+�p+1(h)= [e′
0β̂+�p+1(h)� � � � � e

′
pβ̂+�p+1(h)

]′
�

The normal equations for the estimator β̂+�p+1(h) are

[
Xp(h)

′W+(h)Xp(h) Xp(h)
′W+(h)Sp+1(h)

Sp+1(h)
′W+(h)Xp(h) Xp(h)

′W+(h)Sp+1(h)

][
β̃+�p(h)

e′
p+1β̂+�p+1(h)

]

=Hp+1(h)

[
Xp(h)

′W+(h)Y
Sp+1(h)

′W+(h)Y

]
�

and therefore, after some algebra,

β̃+�p(h) = Hp+1(h)
[
Xp(h)

′W+(h)Xp(h)
]−1

Xp+1(h)
′W+(h)Y

−Hp+1(h)
[
Xp(h)

′W+(h)Xp(h)
]−1

×Xp(h)
′W+(h)Sp+1(h)

(
e′
p+1β̂+�p+1(h)

)
= Hp+1(h)Γ

−1
+�p(h)Xp(h)

′W+(h)Y/n

−Hp+1(h)Γ
−1

+�pϑ+�p�p+1(h)
(
e′
p+1β̂+�p+1(h)

)
= β̂+�p(h)−Hp+1(h)Γ

−1
+�pϑ+�p�p+1(h)

(
e′
p+1β̂+�p+1(h)

)
�
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This result immediately gives, for any ν ≤ p,

e′
νβ̂+�p+1(h) = e′

νβ̃+�p(h)

= e′
νβ̂+�p(h)− e′

νΓ
−1

+�pϑ+�p�p+1(h)
(
e′
p+1β̂+�p+1(h)

)
�

as claimed. It follows that τ̂bcν�p�p+1(hn�hn) = τ̂ν�p+1(hn), and T rbc
ν�p�p+1(hn�hn) =

Tν�p+1(hn).
To generalize this result to multiple levels of bias correction, note that the

same argument gives

β̃+�p(h) = β̂+�p(h)− Γ −1
+�pXp(h)

′W+(h)

× [Sp+1(h)�Sp+2(h)� � � � � Sp+r(h)
]
⎡
⎢⎢⎢⎢⎣
e′
p+1β̂+�p+r(h)

e′
p+2β̂+�p+r(h)

���

e′
p+r β̂+�p+r(h)

⎤
⎥⎥⎥⎥⎦ �

S.3. SIMULATIONS

We provide further details on each data generating process (DGP) employed
in our simulation study, and on the implementation of the alternative band-
width selectors described in the text. We also include further numerical results
not presented in the paper.

S.3.1. Data Generating Processes

All DGPs employ the same simulation setup, with the only exception of the
functional form of the regression function. Specifically, for each replication,
the data are generated as i.i.d. draws, i = 1�2� � � � � n with n = 500, as follows:

Yi = μj(Xi)+ εi� Xi ∼
(
2B(2�4)− 1

)
�

εi ∼N
(
0�σ2

ε

)
� j = 1�2�3�

where B(α�β) denotes a beta distribution with parameters α and β, εi ∼
N (0�σ2

ε) with σε = 0�1295, and μj(Xi) with j = 1�2�3 as discussed below. Up
to the regression function form, this setup coincides exactly with the one em-
ployed in Imbens and Kalyanaraman (2012).

S.3.1.1. Model 1: Lee (2008) Data

This model employs the regression function form described in Imbens and
Kalyanaraman (2012), which was generated using data from Lee (2008). Lee
studied the incumbency advantage in elections, and thus his identification
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strategy was based on the discontinuity generated by the rule that the party
with a majority vote share wins. The forcing variable is the difference in vote
share between the Democratic candidate and her strongest opponent in a given
election, with the threshold level set at c = 0. The outcome variable is the
Democratic vote share in the following election.

The regression function is obtained by fitting a fifth-order global polynomial
with different coefficients for Xi < 0 and Xi > 0. The resulting coefficients
estimated on the Lee (2008) data, after discarding observations with past vote
share differences greater than 0�99 and less than −0�99, leads to the following
functional form:

μ1(x) =

⎧⎪⎨
⎪⎩

0�48 + 1�27x+ 7�18x2

+ 20�21x3 + 21�54x4 + 7�33x5 if x < 0�
0�52 + 0�84x− 3�00x2

+ 7�99x3 − 9�01x4 + 3�56x5 if x ≥ 0�

S.3.1.2. Model 2: Ludwig and Miller (2007) Data

Ludwig and Miller (2007) studied the effect of Head Start funding to identify
the program’s effects on health and schooling. For each county, eligibility is
based on the county’s poverty rate, inducing a natural RD design. For each
county i = 1�2� � � � � n, the forcing variable is the county’s 1960 poverty rate
with treatment assignment given by Ti = 1(Xi ≥ x̄), where Xi represents the
county’s poverty rate in 1960 and x̄ is the fixed threshold level. The cutoff is set
to the poverty rate value of the 300th poorest county in 1960, which in this data
set is given by x̄= 59�198. We consider as outcome variable the mortality rates
per 100,000 for children between 5 and 9 years old, with Head Start-related
causes, for 1973–1983 (see Panel A, Figure IV in Ludwig and Miller (2007)).

As above, we estimate the regression function using a fifth-order polynomial,
with separate coefficients for Xi < 0 and Xi > 0 (after discarding observations
with differences greater than 0�99 and less than −0�99 of the rescaled running
variable), leading to

μ2(x) =

⎧⎪⎨
⎪⎩

3�71 + 2�30x+ 3�28x2

+ 1�45x3 + 0�23x4 + 0�03x5 if x < 0�
0�26 + 18�49x− 54�81x2

+ 74�30x3 − 45�02x4 + 9�83x5 if x ≥ 0�

S.3.1.3. Model 3: An Alternative DGP

We also explored other regression function specifications, and in all cases
we obtained qualitatively similar results to those reported in the main text.
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One such specification is given by

μ3(x) =

⎧⎪⎨
⎪⎩

0�48 + 1�27x− 0�5 · 7�18x2

+ 0�7 · 20�21x3 + 1�1 · 21�54x4 + 1�5 · 7�33x5 if x < 0�
0�52 + 0�84x− 0�1 · 3�00x2

− 0�3 · 7�99x3 − 0�1 · 9�01x4 + 3�56x5 if x≥ 0�

This specification was motivated by altering some of the coefficients in
Model 1 (in bold). Our goal was to increase the overall “curvature” of the
regression function while roughly preserving its monotonicity. Our main goal
was to generate a plausible model with substantial size distortion when the the-
oretical, MSE-optimal bandwidths were employed, an important feature not
present in the previous two models.

S.3.2. Bandwidths Selection

We consider the following choices of MSE-optimal bandwidths hn and bn:
(i) Imbens and Kalyanaraman (2012): denoted ĥIK and b̂IK.

(ii) DesJardins and McCall (2009): denoted ĥDM and b̂DM.
(iii) Ludwig and Miller (2007): denoted ĥCV.
(iv) Second generation approach (CCT): denoted ĥCCT and b̂CCT.
All the procedures are implemented for p = 1 and q = 2. For future refer-

ence, we define the constant:

Cν�p(K)= (2ν + 1)e′
νΓ

−1
p ΨpΓ

−1
p eν

2(p+ 1 − ν)(e′
νΓ

−1
p ϑp�p+1)

2 �

which depends on the kernel employed. We denote KU and KT the uniform
and triangular kernels, respectively.

S.3.2.1. Imbens and Kalyanaraman (2012)

We follow as closely as possible their implementation for hn. We also extend
their method to construct a plug-in, consistent estimator for bn. Note that their
preliminary estimates cannot be used as valid estimates of bMSE�p+1�q because
those estimates are not consistent.

Step 1: Estimation of density and conditional variances. We employ their mod-
ified Silverman rule of thumb to obtain a pilot bandwidth for calculating the
density and variances. That is, we use the formula ĥ1 = 1�84 · SX · n−1/5, where
S2
X is the sample variance of the forcing variable Xi, and the constant 1�84 cor-

responds to the uniform kernel (see CCT procedures below).
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We estimate the density at Xi = 0 and the conditional variances of Yi given
Xi = 0 from the left and from the right separately as follows (replacing h1 by
ĥ1):

f̂ (h1)= Nh1�− +Nh1�+
2nh1

�

σ̂2
−(h1)= 1

Nh1�− − 1

∑
i:−h1≤Xi<0

(Yi − Ȳh1�−)
2�

σ̂2
+(h1)= 1

Nh1�+ − 1

∑
i:0≤Xi≤h1

(Yi − Ȳh1�+)
2�

where the components are simply the number of units and the average out-
comes on either side of the threshold:

Nh�− =
n∑

i=1

1(−h ≤Xi ≤ 0)� Nh�+ =
n∑

i=1

1(0 ≤ Xi ≤ h)�

Ȳh�− = 1
Nh�−

∑
i:−h≤Xi<0

Yi� Ȳh�+ = 1
Nh�+

∑
i:0≤Xi≤h

Yi�

This step is common for both estimators ĥIK and b̂IK.
Step 2: Estimation of bandwidth hn. We first discuss how we estimate the main

bandwidth hn, following a procedure proposed by IK. We employ our notation
whenever possible to make clear how this procedure is extended to the case of
selecting bn. The IK bandwidth estimator is given by

ĥIK =
(
C0�1(KT)

(σ̂2
+(ĥ1)+ σ̂2

−(ĥ1))/f̂ (ĥ1)

((μ̂(2)
+ (ĥ2+)− μ̂(2)

− (ĥ2−))/2!)2 + (1/2!2)r̂h

)1/5

n−1/5�

where this procedure requires constructing the estimates ĥ2+, ĥ2−, μ̂(2)
+ (ĥ2+),

μ̂(2)
− (ĥ2−), and r̂h. Note that, as in IK, we have (C0�1(KT)2!2)1/5 ≈ 3�4375.
First, consider selecting the preliminary bandwidths ĥ2+ and ĥ2−. Following

closely IK, we use a possibly inconsistent estimator of the derivatives μ(3)
− (0)

and μ(3)
+ (0) to construct a plug-in rule for these preliminary bandwidths. Specif-

ically, employing only the 50% observations closest to the cutoff from either
side, we fit a global cubic polynomial to the data at either side of the threshold
separately, and then use the corresponding derivative estimates to construct
the plug-in bandwidth selector. We denote the models

Yi =�1(Xi ≥ 0)+ γ0 + γ1Xi + γ2X
2
i + γ3X

3
i + εi

for all i :X−�[1/2] ≤Xi <X+�[1/2]�
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where X−�[1/2] and X+�[1/2] denote, respectively, the median of the data for units
below and above the cutoff. We denote the associated least-squares estimates
by (�̂� γ̂0� γ̂1� γ̂2� γ̂3)

′. Thus, we implement

ĥ2− =
(
C2�2(KU)

σ̂2
−(ĥ1)/f̂ (ĥ1)

N−(μ̂(3)/3!)2

)1/7

� μ̂(3) = (3!)γ̂3�

ĥ2+ =
(
C2�2(KU)

σ̂2
+(ĥ1)/f̂ (ĥ1)

N+(μ̂(3)/3!)2

)1/7

� μ̂(3) = (3!)γ̂3�

and note that (C2�2(KU)3!2)1/7 ≈ 3�56, as in IK.
Second, using ĥ2− and ĥ2+, we construct consistent estimators μ̂(2)

+ (ĥ2+) and
μ̂(2)

− (ĥ2−) of, respectively, μ(2)
+ (0) and μ(2)

− (0). Specifically, we let μ̂(2)
+ (h2+) and

μ̂(2)
− (h2−) denote unweighted local-quadratic fits only employing the observa-

tions in 0 ≤ Xi ≤ h2+ and −h2− ≤ Xi < 0, respectively; that is, we estimate the
models

Y−�i = λ0�− + λ1�−X−�i + λ2�−X2
−�i + ε−�i for all i :−h2− ≤Xi < 0�

Y+�i = λ0�+ + λ1�+X+�i + λ2�+X2
+�i + ε+�i for all i : 0 ≤Xi ≤ h2+�

and denote the associated least-squares estimates by (λ̂0�−� λ̂1�−� λ̂2�−)′ and
(λ̂0�+� λ̂1�+� λ̂2�+)′, respectively. Therefore, the final estimates are given by

μ̂(2)
− (ĥ2−)= (2!)λ̂2�−� μ̂(2)

+ (ĥ2+)= (2!)λ̂2�+�

Finally, in IK implementation the regularization term is given by

r̂h = σ̂2
+(ĥ1)

2160

Nĥ2�+ĥ
4
2�+

+ σ̂2
−(ĥ1)

2160

Nĥ2�−ĥ
4
2�−

�

Step 3: Estimation of bandwidth bn. We follow the logic described in Step 2 to
construct a consistent plug-in estimate for the pilot bandwidth bn that follows
the approach of IK. The resulting estimator is

b̂IK =
(
C2�2(KT)

(σ̂2
+(ĥ1)+ σ̂2

−(ĥ1))/f̂ (ĥ1)

((μ̂(3)
+ (b̂3+)+ μ̂(3)

− (b̂3−))/3!)2 + (1/3!2)r̂b

)1/7

n−1/7�

where this procedure now requires constructing the estimates b̂3+, b̂3−,
μ̂(3)

+ (b̂3+), μ̂
(3)
− (b̂3−), and r̂b.

As before, we first select the preliminary bandwidths b̂3+ and b̂3−, for which
we use a possibly inconsistent estimator of the derivatives μ(4)

− (0) and μ(4)
+ (0)

to construct a plug-in rule. We now fit a global fourth-order polynomial to
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the data, and then use the corresponding derivative estimates to construct the
plug-in bandwidth selector. The model is

Yi =�1(Xi ≥ 0)+ γ0 + γ1Xi + γ2X
2
i + γ3X

3
i + γ4X

4
i + εi

for all i :X−�[1/2] ≤Xi <X+�[1/2]�

where X−�[1/2] and X+�[1/2] denote, respectively, the median of the data for units
below and above the cutoff. We denote the associated least-squares estimates
by (�̂� γ̂0� γ̂1� γ̂2� γ̂3� γ̂4)

′. Thus, we implement

b̂3− =
(
C3�3(KU)

σ̂2
−(ĥ1)/f̂ (ĥ1)

N−(μ̂(4)
− /4!)2

)1/9

� μ̂(4)
− = (4!)γ̂4�−�

b̂3+ =
(
C3�3(KU)

σ̂2
+(ĥ1)/f̂ (ĥ1)

N+(μ̂(4)
+ /4!)2

)1/9

� μ̂(4)
+ = (4!)γ̂4�+�

Next, using b̂3− and b̂3+, and proceeding as before, we construct consistent
estimators μ̂(3)

+ (b̂3+) and μ̂(3)
− (b̂3−) of μ(3)

+ (0) and μ(3)
− (0), respectively, by fitting

an unweighted local-quadratic polynomial regression employing the observa-
tions in 0 ≤ Xi ≤ h2�+ and −h2�− ≤ Xi < 0 separately: we estimate the models

Y−�i = λ0�− + λ1�−X−�i + λ2�−X2
−�i + λ3�−X3

−�i + ε−�i

for all i :−b̂3− ≤ Xi < 0�

Y+�i = λ0�+ + λ1�+X+�i + λ2�+X2
+�i + λ3�+X3

+�i + ε+�i

for all i : 0 ≤Xi ≤ b̂3+�

and denote the associated least-squares estimates by (λ̂0�−� λ̂1�−� λ̂2�−� λ̂3�−)′ and
(λ̂0�+� λ̂1�+� λ̂2�+� λ̂3�+)′, respectively. Therefore, the final estimates are given by

μ̂(3)
− (b̂3−)= (3!)λ̂3�−� μ̂(3)

+ (b̂3+) = (3!)λ̂3�+�

Finally, for the corresponding regularization term, we employ

r̂h = σ̂2
+(ĥ1)

3!2 · 3 · 2800

Nb̂3+�+b̂
6
3+

+ σ̂2
−(ĥ1)

3!2 · 3 · 2800

Nb̂3−�−b̂
6
3−

�

Details on Regularization Terms. As discussed in IK, the regularization terms
are introduced to account for cases where the denominators may be small in
finite samples (e.g., because of the lack of curvature of the underlying regres-
sion function). The regularization term is derived by first linearizing the de-
nominator and then computing its expectation. Specifically, under appropriate
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regularity conditions and using

1
â

− 1
a

= − â− a

a2 + (â− a)2

a3 − 1
â

(â− a)3

a3 �

we have (let â = (e′
νβ̂+�p(hn) − (−1)ν+p+1e′

νβ̂−�p(hn))
2 and a = (e′

νβ+�p −
(−1)ν+p+1e′

νβ−�p)
2):

1

(e′
νβ̂+�p(hn)− (−1)ν+p+1e′

νβ̂−�p(hn))
2

− 1
(e′

νβ+�p − (−1)ν+p+1e′
νβ−�p)

2

= 3 ·
(
e′
ν

(
β̂+�p(hn)− (−1)ν+p+1β+�p

)
− e′

ν

(
β̂−�p(hn)− (−1)ν+p+1β−�p

))2

/
(
e′
νβ+�p − (−1)ν+p+1e′

νβ−�p

)4

+ op(1)�

Therefore, the regularization term can be shown to be equal to

3 · [V[e′
νβ̂+�p(hn)

]+V
[
e′
νβ̂−�p(hn)

]]
for any ν and any p with ν ≤ p.

IK proposed an approximation based on the simplified formula for the vari-
ances for the particular case of homoskedasticity with a uniform kernel:

V
[
e′
νβ̂+�p(hn)

]= σ2
+
(
X ′

+X+
)−1

and

V
[
e′
νβ̂−�p(hn)

]= σ2
−
(
X ′

−X−
)−1

�

which they further approximated (for small hn). This gives the asymptotic for-
mulas

V
[
e′

2β̂+�2(hn)
]≈ σ2

+
180

Nhn�+h
4
n

� V
[
e′

2β̂−�2(hn)
]≈ σ2

−
180

Nhn�−h
4
n

�

V
[
e′

3β̂+�3(hn)
]≈ σ2

+
2800

Nhn�+h
6
n

� V
[
e′

3β̂−�3(hn)
]≈ σ2

−
2800

Nhn�−h
6
n

�

which are then used above to construct the regularization terms.
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An alternative approach employs the pre-asymptotic approximation to these
variance terms, thus avoiding several approximations. This approach leads to
the alternative regularization terms that we employ for our bandwidth selectors
discussed further below:

V
[
e′
νβ̂+�p(hn)

]= 1
nh2ν

n

e′
νΓ

−1
+�p(hn)Ψ+�p(hn)Γ

−1
+�p(hn)eν�

V
[
e′
νβ̂−�p(hn)

]= 1
nh2ν

n

e′
νΓ

−1
−�p(hn)Ψ−�p(hn)Γ

−1
−�p(hn)eν

for any appropriate values of ν and p.

S.3.2.2. DesJardins and McCall (2009)

DesJardins and McCall (2009) used an alternative bandwidth choice method,
which minimizes an objective criterion based on the sum of squared differ-
ences. This leads to the optimal choice

hDM =
(
Cν�p(K)

σ2
+/f + σ2

−/f

(μ
(p+1)
+ /(p+ 1)!)2 + (μ

(p+1)
− /(p+ 1)!)2

)1/(2p+3)

× n−1/(2p+3)� p= 1� ν = 0�

and

bDM =
(
Cν�q(K)

σ2
+/f + σ2

−/f

(μ
(q+1)
+ /(q+ 1)!)2 + (μ

(q+1)
− /(q+ 1)!)2

)1/(2q+3)

× n−1/(2q+3)� q = 2� ν = 2

for a choice of kernel function K(·).
Thus, we implement these bandwidth selectors exactly the same way as dis-

cussed above. Observe that this implementation does not include regulariza-
tion, although in some cases such correction may be appropriate (e.g., see
Models 1 and 2 in our simulation results).

S.3.2.3. Ludwig and Miller (2007)

Ludwig and Miller (2007) proposed a cross-validation approach to select
the main bandwidth hn, specifically aimed at the regression discontinuity set-
ting, which we denote as ĥCV. Following Imbens and Kalyanaraman (2012, Sec-
tion 4.5), we construct this bandwidth estimate as follows: bandwidth choice
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ĥCV employs the cross-validation criterion of the form

ĥCV = arg min
h>0

CVδ(h)�

CVδ(h)=
n∑

i=1

1(X−�[δ] ≤Xi ≤ X+�[δ])
(
Yi − μ̂(Xi;h)

)2
�

where

μ̂(x;h) =
{
e′

0β̂+�p(x�h) if x≥ 0�
e′

0β̂−�p(x�h) if x < 0�

β̂+�p(x�hn)= arg min
β∈Rp

n∑
i=1

1(Xi ≥ x)
(
Yi − rp(Xi − x)′β

)2
Khn(Xi − x)�

β̂−�p(x�hn)= arg min
β∈Rp

n∑
i=1

1(Xi < x)
(
Yi − rp(Xi − x)′β

)2
Khn(Xi − x)�

and, for δ ∈ (0�1), X−�[δ] and X+�[δ] denote the δth quantile of {Xi :Xi < 0} and
{Xi :Xi ≥ 0}, respectively. In our implementation we use δ = 0�5.

S.3.2.4. CCT Procedures

We employ the general construction given in Section 2.6. Here we provide
more details on our proposed bandwidth selectors used in the simulations. Re-
call that, in this case, (ν�p�q)= (0�1�2).

Step 0: Initial bandwidths (vn, cn). First, we construct a preliminary bandwidth
to estimate the asymptotic variance terms, denoted v̂n:

v̂n = 2�58 ·ω · n−1/5� ω = min
{
SX�

IQRX

1�349

}
�

where S2
X and IQRX denote, respectively, the sample variance and interquartile

range of {Xi : 1 ≤ i ≤ n}.
Second, we construct a preliminary, possibly inconsistent bandwidth to esti-

mate the bias term, denoted ĉn:

ĉn = Č1/9
ν�p�qn

−1/9� Č0�1�2 = 7nv̂7
nV̂3�3(v̂n)

2B2
3�3(e

′
4γ̂+�4 − e′

4γ̂−�4)
2 �

where γ̂+�4 and γ̂−�4 denote the estimated coefficients of a (p + 1)th-order
global polynomial fit at either side of the threshold.
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Step 1: Pilot bandwidth b̂CCT. We compute the pilot bandwidth b̂CCT = b̂0�1�2:

b̂CCT = Ĉ1/7
0�1�2n

−1/7�

Ĉ0�1�2 = 5nv̂5
nV̂2�2(v̂n)

2B2
2�2{(e′

3β̂+�3(ĉn)+ e′
3β̂−�3(ĉn))

2 + 3V̂3�3(ĉn)}
�

Step 2: Main bandwidth ĥCCT. We compute the main bandwidth ĥCCT = ĥ0�1:

ĥCCT = Ĉ1/5
0�1�0n

−1/5�

Ĉ0�1�0 = nv̂nV̂0�1(v̂n)

4B2
0�1{(e′

2β̂+�2(b̂CCT)− e′
2β̂−�2(b̂CCT))

2 + 3V̂2�2(b̂CCT)}
�

S.3.3. Additional Simulation Results

Tables S.A.I through S.A.VIII present additional simulation results not re-
ported in CCT. Using the same Monte Carlo simulation setup, each table now
also includes the empirical coverage and average length for IbcSRD(hn�bn), the
confidence interval obtained using the bias-corrected statistic T bc

SRD(hn�bn). We
also report results using the alternative bandwidth selection procedure pro-
posed in DesJardins and McCall (2009), denoted hDM, as discussed above.

Table S.A.I employs the infeasible standard errors based on VSRD(hn) and
Vbc
SRD(hn�bn), while Tables S.A.II and S.A.III use the fully data-driven stan-

dard errors V̂SRD(hn) and V̂bc
SRD(hn�bn) with J = 3 and J = 1, respectively. The

simulation results across these tables are qualitatively very similar, with the
feasible versions of the confidence intervals showing slightly more empirical
coverage distortion and longer intervals on average. In Table S.A.IV, we also
report results employing the traditional standard error estimators constructed
using plug-in estimated residuals, which lead to even more undercoverage in
our simulations. Overall, the robust standard error estimators lead to impor-
tant improvements in empirical coverage with only moderate increments in the
average empirical length of the resulting confidence intervals.

Finally, Tables S.A.V through S.A.VIII present the same set of results, but
now using an ad hoc undersmoothing approach that implements each of the
methods considered using the corresponding bandwidth divided by 2 (i.e., re-
placing hn and bn by hn/2 and bn/2, respectively). This undersmoothing ap-
proach led to some numerical instability in the case of Model 2, but otherwise
performed reasonably well in our simulation study. The improvements in cov-
erage rates in this case are associated with longer confidence intervals, which
suggests that, in our simulation setup, the undersmoothing approach performs
in general on par with our robust bias-correction approach. This numerical ev-
idence, however, may be dependent on the particular data generating process
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TABLE S.A.I

EMPIRICAL COVERAGE AND AVERAGE INTERVAL LENGTH OF DIFFERENT 95% CONFIDENCE INTERVALS USING
INFEASIBLE ASYMPTOTIC VARIANCEa

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 1
ISRD(hMSE) 93.5 0.225 IbcSRD(hMSE� bMSE) 88.8 0.225 IrbcSRD (hMSE� bMSE) 94.5 0.273 0.166 0.251

ISRD(hDM) 93.2 0.213 IbcSRD(hDM� bDM) 88.4 0.213 IrbcSRD (hDM� bDM) 94.3 0.262 0.184 0.271
ISRD(ĥIK) 83.4 0.153 IbcSRD(ĥIK� b̂IK) 70.9 0.153 IrbcSRD (ĥIK� b̂IK) 92.4 0.270 0.375 0.350
ISRD(ĥDM) 78.5 0.136 IbcSRD(ĥDM� b̂DM) 61.6 0.136 IrbcSRD (ĥDM� b̂DM) 88.9 0.269 0.501 0.429
ISRD(ĥCV) 80.8 0.145 IbcSRD(ĥCV� ĥCV) 76.0 0.145 IrbcSRD (ĥCV� ĥCV) 91.8 0.213 0.428 0.428
ISRD(ĥCCT) 90.7 0.206 IbcSRD(ĥCCT� b̂CCT) 87.6 0.206 IrbcSRD (ĥCCT� b̂CCT) 92.7 0.243 0.204 0.332

IbcSRD(hMSE�hMSE) 81.0 0.225 IrbcSRD (hMSE�hMSE) 94.7 0.339 0.166 0.166

IbcSRD(hDM�hDM) 81.0 0.213 IrbcSRD (hDM�hDM) 94.8 0.319 0.184 0.184
IbcSRD(ĥIK� ĥIK) 78.5 0.153 IrbcSRD (ĥIK� ĥIK) 92.8 0.226 0.375 0.375
IbcSRD(ĥDM� ĥDM) 71.5 0.136 IrbcSRD (ĥDM� ĥDM) 89.4 0.198 0.501 0.501
IbcSRD(ĥCCT� ĥCCT) 81.3 0.206 IrbcSRD (ĥCCT� ĥCCT) 94.8 0.308 0.204 0.204

Model 2
ISRD(hMSE) 92.7 0.327 IbcSRD(hMSE� bMSE) 92.7 0.327 IrbcSRD (hMSE� bMSE) 94.8 0.355 0.082 0.189

ISRD(hDM) 92.4 0.323 IbcSRD(hDM� bDM) 92.6 0.323 IrbcSRD (hDM� bDM) 94.8 0.352 0.084 0.190
ISRD(ĥIK) 27.2 0.214 IbcSRD(ĥIK� b̂IK) 83.4 0.214 IrbcSRD (ĥIK� b̂IK) 89.3 0.247 0.184 0.325
ISRD(ĥDM) 14.3 0.206 IbcSRD(ĥDM� b̂DM) 80.7 0.206 IrbcSRD (ĥDM� b̂DM) 86.9 0.238 0.198 0.347
ISRD(ĥCV) 76.8 0.264 IbcSRD(ĥCV� ĥCV) 80.2 0.264 IrbcSRD (ĥCV� ĥCV) 94.6 0.401 0.124 0.124
ISRD(ĥCCT) 87.4 0.300 IbcSRD(ĥCCT� b̂CCT) 91.7 0.300 IrbcSRD (ĥCCT� b̂CCT) 94.1 0.326 0.097 0.223

IbcSRD(hMSE�hMSE) 79.5 0.327 IrbcSRD (hMSE�hMSE) 95.2 0.513 0.082 0.082

IbcSRD(hDM�hDM) 79.7 0.323 IrbcSRD (hDM�hDM) 95.2 0.506 0.084 0.084
IbcSRD(ĥIK� ĥIK) 80.3 0.214 IrbcSRD (ĥIK� ĥIK) 94.1 0.320 0.184 0.184
IbcSRD(ĥDM� ĥDM) 80.4 0.206 IrbcSRD (ĥDM� ĥDM) 94.3 0.308 0.198 0.198
IbcSRD(ĥCCT� ĥCCT) 80.0 0.300 IrbcSRD (ĥCCT� ĥCCT) 94.7 0.465 0.097 0.097

(Continues)
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TABLE S.A.I—Continued

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 3
ISRD(hMSE) 85.8 0.179 IbcSRD(hMSE� bMSE) 86.2 0.179 IrbcSRD (hMSE� bMSE) 94.7 0.235 0.260 0.322

ISRD(hDM) 87.3 0.182 IbcSRD(hDM� bDM) 85.8 0.182 IrbcSRD (hDM� bDM) 94.7 0.242 0.251 0.305
ISRD(ĥIK) 85.7 0.187 IbcSRD(ĥIK� b̂IK) 87.7 0.187 IrbcSRD (ĥIK� b̂IK) 94.8 0.234 0.241 0.352
ISRD(ĥDM) 90.7 0.197 IbcSRD(ĥDM� b̂DM) 90.8 0.197 IrbcSRD (ĥDM� b̂DM) 94.7 0.223 0.215 0.437
ISRD(ĥCV) 93.1 0.219 IbcSRD(ĥCV� ĥCV) 81.2 0.219 IrbcSRD (ĥCV� ĥCV) 94.9 0.329 0.177 0.177
ISRD(ĥCCT) 91.4 0.216 IbcSRD(ĥCCT� b̂CCT) 90.9 0.216 IrbcSRD (ĥCCT� b̂CCT) 95.0 0.249 0.183 0.329

IbcSRD(hMSE�hMSE) 81.3 0.179 IrbcSRD (hMSE�hMSE) 94.9 0.266 0.260 0.260

IbcSRD(hDM�hDM) 81.3 0.182 IrbcSRD (hDM�hDM) 94.9 0.271 0.251 0.251
IbcSRD(ĥIK� ĥIK) 81.0 0.187 IrbcSRD (ĥIK� ĥIK) 94.9 0.278 0.241 0.241
IbcSRD(ĥDM� ĥDM) 81.1 0.197 IrbcSRD (ĥDM� ĥDM) 94.8 0.295 0.215 0.215
IbcSRD(ĥCCT� ĥCCT) 82.0 0.216 IrbcSRD (ĥCCT� ĥCCT) 95.4 0.324 0.183 0.183

aNotes: (i) EC = Empirical Coverage in percentage points, (ii) IL = Average Interval Length, (iii) columns under “Bandwidths” report the population and average estimated
bandwidths choices, as appropriate, for main bandwidth hn and pilot bandwidth bn .
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TABLE S.A.II

EMPIRICAL COVERAGE AND AVERAGE INTERVAL LENGTH OF DIFFERENT 95% CONFIDENCE INTERVALS USING
ESTIMATED ASYMPTOTIC VARIANCE WITH J = 3 NEAREST-NEIGHBORSa

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 1
ISRD(hMSE) 92.0 0.223 IbcSRD(hMSE� bMSE) 87.4 0.223 IrbcSRD (hMSE� bMSE) 93.0 0.270 0.166 0.251

ISRD(hDM) 91.7 0.211 IbcSRD(hDM� bDM) 86.8 0.211 IrbcSRD (hDM� bDM) 93.1 0.259 0.184 0.271
ISRD(ĥIK) 82.3 0.152 IbcSRD(ĥIK� b̂IK) 70.0 0.152 IrbcSRD (ĥIK� b̂IK) 91.4 0.267 0.375 0.350
ISRD(ĥDM) 78.0 0.135 IbcSRD(ĥDM� b̂DM) 61.1 0.135 IrbcSRD (ĥDM� b̂DM) 87.6 0.266 0.501 0.429
ISRD(ĥCV) 79.7 0.144 IbcSRD(ĥCV� ĥCV) 75.2 0.144 IrbcSRD (ĥCV� ĥCV) 90.5 0.211 0.428 0.428
ISRD(ĥCCT) 89.4 0.203 IbcSRD(ĥCCT� b̂CCT) 86.1 0.203 IrbcSRD (ĥCCT� b̂CCT) 91.6 0.239 0.204 0.332

IbcSRD(hMSE�hMSE) 79.7 0.223 IrbcSRD (hMSE�hMSE) 92.4 0.332 0.166 0.166

IbcSRD(hDM�hDM) 79.7 0.211 IrbcSRD (hDM�hDM) 92.6 0.313 0.184 0.184
IbcSRD(ĥIK� ĥIK) 77.5 0.152 IrbcSRD (ĥIK� ĥIK) 91.5 0.223 0.375 0.375
IbcSRD(ĥDM� ĥDM) 71.0 0.135 IrbcSRD (ĥDM� ĥDM) 88.4 0.197 0.501 0.501
IbcSRD(ĥCCT� ĥCCT) 79.8 0.203 IrbcSRD (ĥCCT� ĥCCT) 92.8 0.300 0.204 0.204

Model 2
ISRD(hMSE) 91.3 0.355 IbcSRD(hMSE� bMSE) 91.5 0.355 IrbcSRD (hMSE� bMSE) 93.6 0.386 0.082 0.189

ISRD(hDM) 91.2 0.350 IbcSRD(hDM� bDM) 91.5 0.350 IrbcSRD (hDM� bDM) 93.7 0.382 0.084 0.190
ISRD(ĥIK) 30.3 0.225 IbcSRD(ĥIK� b̂IK) 84.0 0.225 IrbcSRD (ĥIK� b̂IK) 89.5 0.261 0.184 0.325
ISRD(ĥDM) 16.9 0.216 IbcSRD(ĥDM� b̂DM) 81.3 0.216 IrbcSRD (ĥDM� b̂DM) 87.5 0.251 0.198 0.347
ISRD(ĥCV) 77.3 0.281 IbcSRD(ĥCV� ĥCV) 81.0 0.281 IrbcSRD (ĥCV� ĥCV) 93.5 0.439 0.124 0.124
ISRD(ĥCCT) 87.3 0.319 IbcSRD(ĥCCT� b̂CCT) 91.2 0.319 IrbcSRD (ĥCCT� b̂CCT) 93.2 0.347 0.097 0.223

IbcSRD(hMSE�hMSE) 80.5 0.355 IrbcSRD (hMSE�hMSE) 93.3 0.569 0.082 0.082

IbcSRD(hDM�hDM) 80.6 0.350 IrbcSRD (hDM�hDM) 93.2 0.561 0.084 0.084
IbcSRD(ĥIK� ĥIK) 81.0 0.225 IrbcSRD (ĥIK� ĥIK) 93.6 0.345 0.184 0.184
IbcSRD(ĥDM� ĥDM) 81.3 0.216 IrbcSRD (ĥDM� ĥDM) 93.9 0.331 0.198 0.198
IbcSRD(ĥCCT� ĥCCT) 80.8 0.319 IrbcSRD (ĥCCT� ĥCCT) 93.2 0.508 0.097 0.097

(Continues)
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TABLE S.A.II—Continued

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 3
ISRD(hMSE) 84.6 0.178 IbcSRD(hMSE� bMSE) 85.0 0.178 IrbcSRD (hMSE� bMSE) 93.5 0.233 0.260 0.322

ISRD(hDM) 86.0 0.181 IbcSRD(hDM� bDM) 84.6 0.181 IrbcSRD (hDM� bDM) 93.4 0.239 0.251 0.305
ISRD(ĥIK) 84.2 0.185 IbcSRD(ĥIK� b̂IK) 86.7 0.185 IrbcSRD (ĥIK� b̂IK) 93.6 0.231 0.241 0.352
ISRD(ĥDM) 89.4 0.195 IbcSRD(ĥDM� b̂DM) 89.7 0.195 IrbcSRD (ĥDM� b̂DM) 93.4 0.221 0.215 0.437
ISRD(ĥCV) 91.6 0.217 IbcSRD(ĥCV� ĥCV) 80.0 0.217 IrbcSRD (ĥCV� ĥCV) 92.6 0.322 0.177 0.177
ISRD(ĥCCT) 89.8 0.213 IbcSRD(ĥCCT� b̂CCT) 89.4 0.213 IrbcSRD (ĥCCT� b̂CCT) 93.3 0.245 0.183 0.329

IbcSRD(hMSE�hMSE) 79.8 0.178 IrbcSRD (hMSE�hMSE) 93.2 0.262 0.260 0.260

IbcSRD(hDM�hDM) 79.8 0.181 IrbcSRD (hDM�hDM) 93.2 0.267 0.251 0.251
IbcSRD(ĥIK� ĥIK) 79.8 0.185 IrbcSRD (ĥIK� ĥIK) 93.2 0.274 0.241 0.241
IbcSRD(ĥDM� ĥDM) 79.9 0.195 IrbcSRD (ĥDM� ĥDM) 93.0 0.290 0.215 0.215
IbcSRD(ĥCCT� ĥCCT) 80.3 0.213 IrbcSRD (ĥCCT� ĥCCT) 93.1 0.316 0.183 0.183

a(i) EC = Empirical Coverage in percentage points, (ii) IL = Average Interval Length, (iii) columns under “Bandwidths” report the population and average estimated
bandwidths choices, as appropriate, for main bandwidth hn and pilot bandwidth bn .



R
O

B
U

ST
N

O
N

PA
R

A
M

E
T

R
IC

C
O

N
F

ID
E

N
C

E
IN

T
E

R
V

A
L

S
63

TABLE S.A.III

EMPIRICAL COVERAGE AND AVERAGE INTERVAL LENGTH OF DIFFERENT 95% CONFIDENCE INTERVALS USING
ESTIMATED ASYMPTOTIC VARIANCE WITH J = 1 NEAREST-NEIGHBORSa

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 1
ISRD(hMSE) 91.4 0.221 IbcSRD(hMSE� bMSE) 86.9 0.221 IrbcSRD (hMSE� bMSE) 92.5 0.268 0.166 0.251

ISRD(hDM) 91.1 0.209 IbcSRD(hDM� bDM) 86.2 0.209 IrbcSRD (hDM� bDM) 92.4 0.257 0.184 0.271
ISRD(ĥIK) 82.0 0.152 IbcSRD(ĥIK� b̂IK) 69.5 0.152 IrbcSRD (ĥIK� b̂IK) 90.6 0.265 0.375 0.350
ISRD(ĥDM) 77.5 0.135 IbcSRD(ĥDM� b̂DM) 60.8 0.135 IrbcSRD (ĥDM� b̂DM) 87.2 0.265 0.501 0.429
ISRD(ĥCV) 79.6 0.144 IbcSRD(ĥCV� ĥCV) 74.9 0.144 IrbcSRD (ĥCV� ĥCV) 90.0 0.209 0.428 0.428
ISRD(ĥCCT) 88.8 0.201 IbcSRD(ĥCCT� b̂CCT) 85.6 0.201 IrbcSRD (ĥCCT� b̂CCT) 90.8 0.237 0.204 0.332

IbcSRD(hMSE�hMSE) 78.9 0.221 IrbcSRD (hMSE�hMSE) 91.5 0.328 0.166 0.166

IbcSRD(hDM�hDM) 79.2 0.209 IrbcSRD (hDM�hDM) 91.7 0.310 0.184 0.184
IbcSRD(ĥIK� ĥIK) 77.3 0.152 IrbcSRD (ĥIK� ĥIK) 91.1 0.222 0.375 0.375
IbcSRD(ĥDM� ĥDM) 70.6 0.135 IrbcSRD (ĥDM� ĥDM) 87.9 0.196 0.501 0.501
IbcSRD(ĥCCT� ĥCCT) 79.5 0.201 IrbcSRD (ĥCCT� ĥCCT) 91.8 0.297 0.204 0.204

Model 2
ISRD(hMSE) 88.9 0.328 IbcSRD(hMSE� bMSE) 89.2 0.328 IrbcSRD (hMSE� bMSE) 91.7 0.356 0.082 0.189

ISRD(hDM) 88.8 0.324 IbcSRD(hDM� bDM) 89.3 0.324 IrbcSRD (hDM� bDM) 91.7 0.353 0.084 0.190
ISRD(ĥIK) 28.3 0.215 IbcSRD(ĥIK� b̂IK) 81.8 0.215 IrbcSRD (ĥIK� b̂IK) 87.6 0.249 0.184 0.325
ISRD(ĥDM) 15.7 0.207 IbcSRD(ĥDM� b̂DM) 79.0 0.207 IrbcSRD (ĥDM� b̂DM) 85.6 0.240 0.198 0.347
ISRD(ĥCV) 74.8 0.264 IbcSRD(ĥCV� ĥCV) 78.8 0.264 IrbcSRD (ĥCV� ĥCV) 91.0 0.401 0.124 0.124
ISRD(ĥCCT) 84.9 0.300 IbcSRD(ĥCCT� b̂CCT) 88.9 0.300 IrbcSRD (ĥCCT� b̂CCT) 91.2 0.326 0.095 0.220

IbcSRD(hMSE�hMSE) 77.0 0.328 IrbcSRD (hMSE�hMSE) 90.1 0.510 0.082 0.082

IbcSRD(hDM�hDM) 77.1 0.324 IrbcSRD (hDM�hDM) 90.1 0.503 0.084 0.084
IbcSRD(ĥIK� ĥIK) 78.9 0.215 IrbcSRD (ĥIK� ĥIK) 91.9 0.322 0.184 0.184
IbcSRD(ĥDM� ĥDM) 79.4 0.207 IrbcSRD (ĥDM� ĥDM) 92.1 0.309 0.198 0.198
IbcSRD(ĥCCT� ĥCCT) 77.8 0.300 IrbcSRD (ĥCCT� ĥCCT) 90.4 0.463 0.095 0.095

(Continues)
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TABLE S.A.III—Continued

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 3
ISRD(hMSE) 84.0 0.177 IbcSRD(hMSE� bMSE) 84.7 0.177 IrbcSRD (hMSE� bMSE) 93.0 0.231 0.260 0.322

ISRD(hDM) 85.8 0.180 IbcSRD(hDM� bDM) 84.3 0.180 IrbcSRD (hDM� bDM) 92.8 0.237 0.251 0.305
ISRD(ĥIK) 83.9 0.184 IbcSRD(ĥIK� b̂IK) 86.0 0.184 IrbcSRD (ĥIK� b̂IK) 93.1 0.230 0.241 0.352
ISRD(ĥDM) 89.2 0.194 IbcSRD(ĥDM� b̂DM) 89.2 0.194 IrbcSRD (ĥDM� b̂DM) 92.9 0.219 0.215 0.437
ISRD(ĥCV) 91.1 0.215 IbcSRD(ĥCV� ĥCV) 79.1 0.215 IrbcSRD (ĥCV� ĥCV) 91.8 0.319 0.177 0.177
ISRD(ĥCCT) 89.4 0.211 IbcSRD(ĥCCT� b̂CCT) 88.7 0.211 IrbcSRD (ĥCCT� b̂CCT) 92.7 0.243 0.182 0.328

IbcSRD(hMSE�hMSE) 79.4 0.177 IrbcSRD (hMSE�hMSE) 92.7 0.260 0.260 0.260

IbcSRD(hDM�hDM) 79.5 0.180 IrbcSRD (hDM�hDM) 92.6 0.265 0.251 0.251
IbcSRD(ĥIK� ĥIK) 79.1 0.184 IrbcSRD (ĥIK� ĥIK) 92.4 0.272 0.241 0.241
IbcSRD(ĥDM� ĥDM) 79.3 0.194 IrbcSRD (ĥDM� ĥDM) 92.1 0.287 0.215 0.215
IbcSRD(ĥCCT� ĥCCT) 79.7 0.211 IrbcSRD (ĥCCT� ĥCCT) 92.2 0.312 0.182 0.182

a(i) EC = Empirical Coverage in percentage points, (ii) IL = Average Interval Length, (iii) columns under “Bandwidths” report the population and average estimated
bandwidths choices, as appropriate, for main bandwidth hn and pilot bandwidth bn .
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TABLE S.A.IV

EMPIRICAL COVERAGE AND AVERAGE INTERVAL LENGTH OF DIFFERENT 95% CONFIDENCE INTERVALS USING
ESTIMATED ASYMPTOTIC VARIANCE WITH PLUG-IN RESIDUALS ESTIMATESa

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 1
ISRD(hMSE) 91.0 0.213 IbcSRD(hMSE� bMSE) 86.0 0.213 IrbcSRD (hMSE� bMSE) 92.2 0.258 0.166 0.251

ISRD(hDM) 90.7 0.203 IbcSRD(hDM� bDM) 85.6 0.203 IrbcSRD (hDM� bDM) 92.2 0.248 0.184 0.271
ISRD(ĥIK) 81.5 0.149 IbcSRD(ĥIK� b̂IK) 69.1 0.149 IrbcSRD (ĥIK� b̂IK) 91.1 0.262 0.375 0.350
ISRD(ĥDM) 77.0 0.133 IbcSRD(ĥDM� b̂DM) 60.2 0.133 IrbcSRD (ĥDM� b̂DM) 87.5 0.263 0.501 0.429
ISRD(ĥCV) 79.0 0.141 IbcSRD(ĥCV� ĥCV) 74.5 0.141 IrbcSRD (ĥCV� ĥCV) 90.0 0.206 0.428 0.428
ISRD(ĥCCT) 88.4 0.195 IbcSRD(ĥCCT� b̂CCT) 84.7 0.195 IrbcSRD (ĥCCT� b̂CCT) 90.7 0.231 0.203 0.332

IbcSRD(hMSE�hMSE) 78.4 0.213 IrbcSRD (hMSE�hMSE) 92.0 0.315 0.166 0.166

IbcSRD(hDM�hDM) 78.4 0.203 IrbcSRD (hDM�hDM) 92.2 0.299 0.184 0.184
IbcSRD(ĥIK� ĥIK) 76.8 0.149 IrbcSRD (ĥIK� ĥIK) 91.2 0.219 0.375 0.375
IbcSRD(ĥDM� ĥDM) 70.1 0.133 IrbcSRD (ĥDM� ĥDM) 87.6 0.193 0.501 0.501
IbcSRD(ĥCCT� ĥCCT) 79.0 0.195 IrbcSRD (ĥCCT� ĥCCT) 92.4 0.288 0.203 0.203

Model 2
ISRD(hMSE) 86.4 0.290 IbcSRD(hMSE� bMSE) 87.1 0.290 IrbcSRD (hMSE� bMSE) 89.9 0.315 0.082 0.189

ISRD(hDM) 86.3 0.287 IbcSRD(hDM� bDM) 87.1 0.287 IrbcSRD (hDM� bDM) 90.0 0.314 0.084 0.190
ISRD(ĥIK) 30.1 0.223 IbcSRD(ĥIK� b̂IK) 84.2 0.223 IrbcSRD (ĥIK� b̂IK) 90.1 0.262 0.184 0.325
ISRD(ĥDM) 18.1 0.221 IbcSRD(ĥDM� b̂DM) 82.6 0.221 IrbcSRD (ĥDM� b̂DM) 88.8 0.260 0.198 0.347
ISRD(ĥCV) 72.8 0.249 IbcSRD(ĥCV� ĥCV) 77.2 0.249 IrbcSRD (ĥCV� ĥCV) 91.6 0.376 0.124 0.124
ISRD(ĥCCT) 80.8 0.265 IbcSRD(ĥCCT� b̂CCT) 87.7 0.265 IrbcSRD (ĥCCT� b̂CCT) 90.5 0.289 0.104 0.237

IbcSRD(hMSE�hMSE) 73.4 0.290 IrbcSRD (hMSE�hMSE) 89.3 0.441 0.082 0.082

IbcSRD(hDM�hDM) 73.7 0.287 IrbcSRD (hDM�hDM) 89.4 0.437 0.084 0.084
IbcSRD(ĥIK� ĥIK) 81.3 0.223 IrbcSRD (ĥIK� ĥIK) 94.4 0.344 0.184 0.184
IbcSRD(ĥDM� ĥDM) 82.7 0.221 IrbcSRD (ĥDM� ĥDM) 95.2 0.342 0.198 0.198
IbcSRD(ĥCCT� ĥCCT) 75.9 0.265 IrbcSRD (ĥCCT� ĥCCT) 90.5 0.399 0.104 0.104

(Continues)
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TABLE S.A.IV—Continued

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 3
ISRD(hMSE) 84.0 0.175 IbcSRD(hMSE� bMSE) 84.6 0.175 IrbcSRD (hMSE� bMSE) 93.6 0.229 0.260 0.322

ISRD(hDM) 85.6 0.177 IbcSRD(hDM� bDM) 84.2 0.177 IrbcSRD (hDM� bDM) 93.4 0.234 0.251 0.305
ISRD(ĥIK) 83.6 0.181 IbcSRD(ĥIK� b̂IK) 86.1 0.181 IrbcSRD (ĥIK� b̂IK) 93.5 0.227 0.241 0.352
ISRD(ĥDM) 88.8 0.190 IbcSRD(ĥDM� b̂DM) 89.0 0.190 IrbcSRD (ĥDM� b̂DM) 92.9 0.214 0.215 0.437
ISRD(ĥCV) 90.8 0.207 IbcSRD(ĥCV� ĥCV) 78.5 0.207 IrbcSRD (ĥCV� ĥCV) 92.2 0.307 0.177 0.177
ISRD(ĥCCT) 89.1 0.205 IbcSRD(ĥCCT� b̂CCT) 88.4 0.205 IrbcSRD (ĥCCT� b̂CCT) 92.6 0.236 0.182 0.328

IbcSRD(hMSE�hMSE) 79.7 0.175 IrbcSRD (hMSE�hMSE) 93.4 0.258 0.260 0.260

IbcSRD(hDM�hDM) 79.5 0.177 IrbcSRD (hDM�hDM) 93.2 0.262 0.251 0.251
IbcSRD(ĥIK� ĥIK) 79.1 0.181 IrbcSRD (ĥIK� ĥIK) 93.2 0.268 0.241 0.241
IbcSRD(ĥDM� ĥDM) 79.1 0.190 IrbcSRD (ĥDM� ĥDM) 92.9 0.280 0.215 0.215
IbcSRD(ĥCCT� ĥCCT) 79.1 0.205 IrbcSRD (ĥCCT� ĥCCT) 92.5 0.302 0.182 0.182

a(i) EC = Empirical Coverage in percentage points, (ii) IL = Average Interval Length, (iii) columns under “Bandwidths” report the population and average estimated
bandwidths choices, as appropriate, for main bandwidth hn and pilot bandwidth bn .
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TABLE S.A.V

EMPIRICAL COVERAGE AND AVERAGE INTERVAL LENGTH OF DIFFERENT 95% CONFIDENCE INTERVALS USING INFEASIBLE ASYMPTOTIC
VARIANCE AND AD-HOC “UNDERSMOOTHING” (ALL BANDWIDTHS DIVIDED BY 2)a

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 1
ISRD(hMSE) 94.9 0.326 IbcSRD(hMSE� bMSE) 89.0 0.326 IrbcSRD (hMSE� bMSE) 94.7 0.401 0.083 0.126

ISRD(hDM) 94.9 0.308 IbcSRD(hDM� bDM) 88.5 0.308 IrbcSRD (hDM� bDM) 94.9 0.382 0.092 0.135
ISRD(ĥIK) 93.0 0.216 IbcSRD(ĥIK� b̂IK) 74.3 0.216 IrbcSRD (ĥIK� b̂IK) 95.2 0.397 0.187 0.175
ISRD(ĥDM) 90.4 0.188 IbcSRD(ĥDM� b̂DM) 69.5 0.188 IrbcSRD (ĥDM� b̂DM) 94.6 0.408 0.250 0.215
ISRD(ĥCV) 91.8 0.203 IbcSRD(ĥCV� ĥCV) 81.6 0.203 IrbcSRD (ĥCV� ĥCV) 94.8 0.303 0.214 0.214
ISRD(ĥCCT) 95.0 0.297 IbcSRD(ĥCCT� b̂CCT) 90.7 0.297 IrbcSRD (ĥCCT� b̂CCT) 95.2 0.353 0.102 0.166

IbcSRD(hMSE�hMSE) 79.5 0.326 IrbcSRD (hMSE�hMSE) 95.2 0.512 0.083 0.083

IbcSRD(hDM�hDM) 80.2 0.308 IrbcSRD (hDM�hDM) 95.1 0.478 0.092 0.092
IbcSRD(ĥIK� ĥIK) 81.0 0.216 IrbcSRD (ĥIK� ĥIK) 94.8 0.325 0.187 0.187
IbcSRD(ĥDM� ĥDM) 81.7 0.188 IrbcSRD (ĥDM� ĥDM) 95.0 0.281 0.250 0.250
IbcSRD(ĥCCT� ĥCCT) 81.1 0.297 IrbcSRD (ĥCCT� ĥCCT) 95.5 0.460 0.102 0.102

Model 2
ISRD(hMSE) NA NA IbcSRD(hMSE� bMSE) NA NA IrbcSRD (hMSE� bMSE) NA NA 0.041 0.095

ISRD(hDM) NA NA IbcSRD(hDM� bDM) NA NA IrbcSRD (hDM� bDM) NA NA 0.042 0.095
ISRD(ĥIK) 90.4 0.309 IbcSRD(ĥIK� b̂IK) 90.6 0.309 IrbcSRD (ĥIK� b̂IK) 94.7 0.359 0.092 0.162
ISRD(ĥDM) NA NA IbcSRD(ĥDM� b̂DM) NA NA IrbcSRD (ĥDM� b̂DM) NA NA 0.099 0.173
ISRD(ĥCV) 93.7 0.387 IbcSRD(ĥCV� ĥCV) 78.5 0.387 IrbcSRD (ĥCV� ĥCV) 95.2 0.636 0.062 0.062
ISRD(ĥCCT) 94.3 0.449 IbcSRD(ĥCCT� b̂CCT) 92.6 0.449 IrbcSRD (ĥCCT� b̂CCT) 94.9 0.490 0.048 0.111

IbcSRD(hMSE�hMSE) NA NA IrbcSRD (hMSE�hMSE) NA NA 0.041 0.041

IbcSRD(hDM�hDM) NA NA IrbcSRD (hDM�hDM) NA NA 0.042 0.042
IbcSRD(ĥIK� ĥIK) 79.9 0.309 IrbcSRD (ĥIK� ĥIK) 94.9 0.480 0.092 0.092
IbcSRD(ĥDM� ĥDM) NA NA IrbcSRD (ĥDM� ĥDM) NA NA 0.099 0.099
IbcSRD(ĥCCT� ĥCCT) 76.9 0.449 IrbcSRD (ĥCCT� ĥCCT) 95.5 0.793 0.048 0.048

(Continues)
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TABLE S.A.V—Continued

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 3
ISRD(hMSE) 94.8 0.256 IbcSRD(hMSE� bMSE) 86.2 0.256 IrbcSRD (hMSE� bMSE) 94.7 0.339 0.130 0.161

ISRD(hDM) 94.8 0.261 IbcSRD(hDM� bDM) 85.7 0.261 IrbcSRD (hDM� bDM) 94.9 0.350 0.125 0.152
ISRD(ĥIK) 94.5 0.268 IbcSRD(ĥIK� b̂IK) 88.5 0.268 IrbcSRD (ĥIK� b̂IK) 94.9 0.338 0.120 0.176
ISRD(ĥDM) 94.8 0.284 IbcSRD(ĥDM� b̂DM) 91.8 0.284 IrbcSRD (ĥDM� b̂DM) 94.9 0.320 0.108 0.218
ISRD(ĥCV) 95.0 0.317 IbcSRD(ĥCV� ĥCV) 79.8 0.317 IrbcSRD (ĥCV� ĥCV) 95.2 0.495 0.088 0.088
ISRD(ĥCCT) 94.9 0.312 IbcSRD(ĥCCT� b̂CCT) 91.5 0.312 IrbcSRD (ĥCCT� b̂CCT) 95.1 0.362 0.091 0.164

IbcSRD(hMSE�hMSE) 81.0 0.256 IrbcSRD (hMSE�hMSE) 94.9 0.388 0.130 0.130

IbcSRD(hDM�hDM) 80.8 0.261 IrbcSRD (hDM�hDM) 95.0 0.396 0.125 0.125
IbcSRD(ĥIK� ĥIK) 80.5 0.268 IrbcSRD (ĥIK� ĥIK) 94.7 0.409 0.120 0.120
IbcSRD(ĥDM� ĥDM) 80.5 0.284 IrbcSRD (ĥDM� ĥDM) 95.0 0.436 0.108 0.108
IbcSRD(ĥCCT� ĥCCT) 80.4 0.312 IrbcSRD (ĥCCT� ĥCCT) 95.5 0.487 0.091 0.091

a(i) EC = Empirical Coverage in percentage points, (ii) IL = Average Interval Length, (iii) columns under “Bandwidths” report the population and average estimated
bandwidths choices, as appropriate, for main bandwidth hn and pilot bandwidth bn (all divided by 2 to perform ad hoc “undersmoothing”), (iv) NA = not available due to
numerical instability.
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TABLE S.A.VI

EMPIRICAL COVERAGE AND AVERAGE INTERVAL LENGTH OF DIFFERENT 95% CONFIDENCE INTERVALS USING ESTIMATED ASYMPTOTIC
VARIANCE WITH J = 3 NEAREST-NEIGHBORS AND AD-HOC “UNDERSMOOTHING” (ALL BANDWIDTHS DIVIDED BY 2)a

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 1
ISRD(hMSE) 91.9 0.319 IbcSRD(hMSE� bMSE) 85.9 0.319 IrbcSRD (hMSE� bMSE) 92.2 0.391 0.083 0.126

ISRD(hDM) 92.2 0.301 IbcSRD(hDM� bDM) 85.8 0.301 IrbcSRD (hDM� bDM) 92.3 0.373 0.092 0.135
ISRD(ĥIK) 91.4 0.214 IbcSRD(ĥIK� b̂IK) 72.6 0.214 IrbcSRD (ĥIK� b̂IK) 92.8 0.389 0.187 0.175
ISRD(ĥDM) 89.0 0.186 IbcSRD(ĥDM� b̂DM) 68.5 0.186 IrbcSRD (ĥDM� b̂DM) 92.6 0.401 0.250 0.215
ISRD(ĥCV) 90.4 0.201 IbcSRD(ĥCV� ĥCV) 80.1 0.201 IrbcSRD (ĥCV� ĥCV) 92.9 0.298 0.214 0.214
ISRD(ĥCCT) 92.1 0.288 IbcSRD(ĥCCT� b̂CCT) 87.7 0.288 IrbcSRD (ĥCCT� b̂CCT) 92.6 0.343 0.102 0.166

IbcSRD(hMSE�hMSE) 77.2 0.319 IrbcSRD (hMSE�hMSE) 91.4 0.492 0.083 0.083

IbcSRD(hDM�hDM) 77.9 0.301 IrbcSRD (hDM�hDM) 91.3 0.460 0.092 0.092
IbcSRD(ĥIK� ĥIK) 79.7 0.214 IrbcSRD (ĥIK� ĥIK) 92.7 0.318 0.187 0.187
IbcSRD(ĥDM� ĥDM) 80.5 0.186 IrbcSRD (ĥDM� ĥDM) 93.0 0.276 0.250 0.250
IbcSRD(ĥCCT� ĥCCT) 78.7 0.288 IrbcSRD (ĥCCT� ĥCCT) 92.1 0.440 0.102 0.102

Model 2
ISRD(hMSE) NA NA IbcSRD(hMSE� bMSE) NA NA IrbcSRD (hMSE� bMSE) NA NA 0.041 0.095

ISRD(hDM) NA NA IbcSRD(hDM� bDM) NA NA IrbcSRD (hDM� bDM) NA NA 0.042 0.095
ISRD(ĥIK) 89.4 0.334 IbcSRD(ĥIK� b̂IK) 90.0 0.334 IrbcSRD (ĥIK� b̂IK) 93.8 0.390 0.092 0.162
ISRD(ĥDM) NA NA IbcSRD(ĥDM� b̂DM) NA NA IrbcSRD (ĥDM� b̂DM) NA NA 0.099 0.173
ISRD(ĥCV) 91.9 0.425 IbcSRD(ĥCV� ĥCV) 79.0 0.425 IrbcSRD (ĥCV� ĥCV) 93.4 0.704 0.062 0.062
ISRD(ĥCCT) 92.7 0.492 IbcSRD(ĥCCT� b̂CCT) 91.3 0.492 IrbcSRD (ĥCCT� b̂CCT) 93.4 0.537 0.048 0.111

IbcSRD(hMSE�hMSE) NA NA IrbcSRD (hMSE�hMSE) NA NA 0.041 0.041

IbcSRD(hDM�hDM) NA NA IrbcSRD (hDM�hDM) NA NA 0.042 0.042
IbcSRD(ĥIK� ĥIK) 80.8 0.334 IrbcSRD (ĥIK� ĥIK) 93.2 0.531 0.092 0.092
IbcSRD(ĥDM� ĥDM) NA NA IrbcSRD (ĥDM� ĥDM) NA NA 0.099 0.099
IbcSRD(ĥCCT� ĥCCT) 77.6 0.492 IrbcSRD (ĥCCT� ĥCCT) 93.4 0.862 0.048 0.048

(Continues)
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TABLE S.A.VI—Continued

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 3
ISRD(hMSE) 92.9 0.252 IbcSRD(hMSE� bMSE) 84.2 0.252 IrbcSRD (hMSE� bMSE) 92.5 0.333 0.130 0.161

ISRD(hDM) 92.7 0.257 IbcSRD(hDM� bDM) 83.7 0.257 IrbcSRD (hDM� bDM) 92.5 0.343 0.125 0.152
ISRD(ĥIK) 92.6 0.263 IbcSRD(ĥIK� b̂IK) 86.2 0.263 IrbcSRD (ĥIK� b̂IK) 93.0 0.331 0.120 0.176
ISRD(ĥDM) 92.5 0.278 IbcSRD(ĥDM� b̂DM) 89.3 0.278 IrbcSRD (ĥDM� b̂DM) 92.8 0.314 0.108 0.218
ISRD(ĥCV) 92.3 0.310 IbcSRD(ĥCV� ĥCV) 77.5 0.310 IrbcSRD (ĥCV� ĥCV) 91.7 0.476 0.088 0.088
ISRD(ĥCCT) 92.2 0.303 IbcSRD(ĥCCT� b̂CCT) 88.8 0.303 IrbcSRD (ĥCCT� b̂CCT) 92.7 0.351 0.091 0.164

IbcSRD(hMSE�hMSE) 79.1 0.252 IrbcSRD (hMSE�hMSE) 92.2 0.378 0.130 0.130

IbcSRD(hDM�hDM) 79.2 0.257 IrbcSRD (hDM�hDM) 92.1 0.386 0.125 0.125
IbcSRD(ĥIK� ĥIK) 78.8 0.263 IrbcSRD (ĥIK� ĥIK) 91.8 0.397 0.120 0.120
IbcSRD(ĥDM� ĥDM) 78.3 0.278 IrbcSRD (ĥDM� ĥDM) 91.6 0.422 0.108 0.108
IbcSRD(ĥCCT� ĥCCT) 77.8 0.303 IrbcSRD (ĥCCT� ĥCCT) 91.6 0.466 0.091 0.091

a(i) EC = Empirical Coverage in percentage points, (ii) IL = Average Interval Length, (iii) columns under “Bandwidths” report the population and average estimated
bandwidths choices, as appropriate, for main bandwidth hn and pilot bandwidth bn (all divided by 2 to perform ad hoc “undersmoothing”), (iv) NA = not available due to
numerical instability.
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TABLE S.A.VII

EMPIRICAL COVERAGE AND AVERAGE INTERVAL LENGTH OF DIFFERENT 95% CONFIDENCE INTERVALS USING ESTIMATED ASYMPTOTIC
VARIANCE WITH J = 1 NEAREST-NEIGHBORS AND AD-HOC “UNDERSMOOTHING” (ALL BANDWIDTHS DIVIDED BY 2)a

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 1
ISRD(hMSE) 91.0 0.315 IbcSRD(hMSE� bMSE) 85.1 0.315 IrbcSRD (hMSE� bMSE) 91.0 0.386 0.083 0.126

ISRD(hDM) 91.3 0.298 IbcSRD(hDM� bDM) 84.9 0.298 IrbcSRD (hDM� bDM) 91.3 0.369 0.092 0.135
ISRD(ĥIK) 90.7 0.212 IbcSRD(ĥIK� b̂IK) 72.3 0.212 IrbcSRD (ĥIK� b̂IK) 91.8 0.385 0.187 0.175
ISRD(ĥDM) 88.4 0.185 IbcSRD(ĥDM� b̂DM) 68.3 0.185 IrbcSRD (ĥDM� b̂DM) 92.0 0.397 0.250 0.215
ISRD(ĥCV) 89.8 0.200 IbcSRD(ĥCV� ĥCV) 79.5 0.200 IrbcSRD (ĥCV� ĥCV) 92.1 0.295 0.214 0.214
ISRD(ĥCCT) 91.0 0.284 IbcSRD(ĥCCT� b̂CCT) 86.9 0.284 IrbcSRD (ĥCCT� b̂CCT) 91.6 0.338 0.102 0.166

IbcSRD(hMSE�hMSE) 75.9 0.315 IrbcSRD (hMSE�hMSE) 89.1 0.484 0.083 0.083

IbcSRD(hDM�hDM) 76.6 0.298 IrbcSRD (hDM�hDM) 89.4 0.453 0.092 0.092
IbcSRD(ĥIK� ĥIK) 79.0 0.212 IrbcSRD (ĥIK� ĥIK) 91.8 0.315 0.187 0.187
IbcSRD(ĥDM� ĥDM) 80.4 0.185 IrbcSRD (ĥDM� ĥDM) 92.3 0.274 0.250 0.250
IbcSRD(ĥCCT� ĥCCT) 77.4 0.284 IrbcSRD (ĥCCT� ĥCCT) 90.1 0.433 0.102 0.102

Model 2
ISRD(hMSE) NA NA IbcSRD(hMSE� bMSE) NA NA IrbcSRD (hMSE� bMSE) NA NA 0.041 0.095

ISRD(hDM) NA NA IbcSRD(hDM� bDM) NA NA IrbcSRD (hDM� bDM) NA NA 0.042 0.095
ISRD(ĥIK) 87.2 0.310 IbcSRD(ĥIK� b̂IK) 87.7 0.310 IrbcSRD (ĥIK� b̂IK) 92.0 0.361 0.092 0.162
ISRD(ĥDM) NA NA IbcSRD(ĥDM� b̂DM) NA NA IrbcSRD (ĥDM� b̂DM) NA NA 0.099 0.173
ISRD(ĥCV) 89.3 0.386 IbcSRD(ĥCV� ĥCV) 74.6 0.386 IrbcSRD (ĥCV� ĥCV) 89.5 0.627 0.062 0.062
ISRD(ĥCCT) 89.2 0.444 IbcSRD(ĥCCT� b̂CCT) 87.7 0.444 IrbcSRD (ĥCCT� b̂CCT) 89.9 0.485 0.048 0.110

IbcSRD(hMSE�hMSE) NA NA IrbcSRD (hMSE�hMSE) NA NA 0.041 0.041

IbcSRD(hDM�hDM) NA NA IrbcSRD (hDM�hDM) NA NA 0.042 0.042
IbcSRD(ĥIK� ĥIK) 77.7 0.310 IrbcSRD (ĥIK� ĥIK) 90.4 0.478 0.092 0.092
IbcSRD(ĥDM� ĥDM) NA NA IrbcSRD (ĥDM� ĥDM) NA NA 0.099 0.099
IbcSRD(ĥCCT� ĥCCT) 72.0 0.444 IrbcSRD (ĥCCT� ĥCCT) 88.9 0.778 0.048 0.048

(Continues)
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TABLE S.A.VII—Continued

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 3
ISRD(hMSE) 92.2 0.250 IbcSRD(hMSE� bMSE) 83.4 0.250 IrbcSRD (hMSE� bMSE) 91.8 0.329 0.130 0.161

ISRD(hDM) 92.1 0.254 IbcSRD(hDM� bDM) 82.9 0.254 IrbcSRD (hDM� bDM) 91.6 0.339 0.125 0.152
ISRD(ĥIK) 92.0 0.261 IbcSRD(ĥIK� b̂IK) 85.1 0.261 IrbcSRD (ĥIK� b̂IK) 92.1 0.327 0.120 0.176
ISRD(ĥDM) 91.8 0.275 IbcSRD(ĥDM� b̂DM) 88.5 0.275 IrbcSRD (ĥDM� b̂DM) 92.1 0.311 0.108 0.218
ISRD(ĥCV) 91.3 0.306 IbcSRD(ĥCV� ĥCV) 76.4 0.306 IrbcSRD (ĥCV� ĥCV) 89.6 0.468 0.088 0.088
ISRD(ĥCCT) 91.2 0.299 IbcSRD(ĥCCT� b̂CCT) 87.6 0.299 IrbcSRD (ĥCCT� b̂CCT) 91.8 0.346 0.091 0.164

IbcSRD(hMSE�hMSE) 78.3 0.250 IrbcSRD (hMSE�hMSE) 90.8 0.373 0.130 0.130

IbcSRD(hDM�hDM) 78.0 0.254 IrbcSRD (hDM�hDM) 90.8 0.381 0.125 0.125
IbcSRD(ĥIK� ĥIK) 77.8 0.261 IrbcSRD (ĥIK� ĥIK) 90.4 0.391 0.120 0.120
IbcSRD(ĥDM� ĥDM) 77.4 0.275 IrbcSRD (ĥDM� ĥDM) 90.0 0.415 0.108 0.108
IbcSRD(ĥCCT� ĥCCT) 76.5 0.299 IrbcSRD (ĥCCT� ĥCCT) 89.6 0.458 0.091 0.091

a(i) EC = Empirical Coverage in percentage points, (ii) IL = Average Interval Length, (iii) columns under “Bandwidths” report the population and average estimated
bandwidths choices, as appropriate, for main bandwidth hn and pilot bandwidth bn (all divided by 2 to perform ad hoc “undersmoothing”), (iv) NA = not available due to
numerical instability.
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TABLE S.A.VIII

EMPIRICAL COVERAGE AND AVERAGE INTERVAL LENGTH OF DIFFERENT 95% CONFIDENCE INTERVALS USING ESTIMATED ASYMPTOTIC
VARIANCE WITH PLUG-IN RESIDUALS ESTIMATES AND AD-HOC “UNDERSMOOTHING” (ALL BANDWIDTHS DIVIDED BY 2)a

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 1
ISRD(hMSE) 89.5 0.287 IbcSRD(hMSE� bMSE) 82.7 0.287 IrbcSRD (hMSE� bMSE) 89.6 0.352 0.083 0.126

ISRD(hDM) 90.3 0.275 IbcSRD(hDM� bDM) 82.9 0.275 IrbcSRD (hDM� bDM) 90.2 0.340 0.092 0.135
ISRD(ĥIK) 90.4 0.205 IbcSRD(ĥIK� b̂IK) 71.1 0.205 IrbcSRD (ĥIK� b̂IK) 92.5 0.371 0.187 0.175
ISRD(ĥDM) 88.1 0.181 IbcSRD(ĥDM� b̂DM) 67.4 0.181 IrbcSRD (ĥDM� b̂DM) 92.6 0.387 0.250 0.215
ISRD(ĥCV) 89.6 0.193 IbcSRD(ĥCV� ĥCV) 78.8 0.193 IrbcSRD (ĥCV� ĥCV) 92.6 0.285 0.214 0.214
ISRD(ĥCCT) 90.2 0.265 IbcSRD(ĥCCT� b̂CCT) 85.3 0.265 IrbcSRD (ĥCCT� b̂CCT) 90.6 0.315 0.102 0.166

IbcSRD(hMSE�hMSE) 73.1 0.287 IrbcSRD (hMSE�hMSE) 89.0 0.436 0.083 0.083

IbcSRD(hDM�hDM) 74.4 0.275 IrbcSRD (hDM�hDM) 89.7 0.413 0.092 0.092
IbcSRD(ĥIK� ĥIK) 78.3 0.205 IrbcSRD (ĥIK� ĥIK) 92.3 0.303 0.187 0.187
IbcSRD(ĥDM� ĥDM) 79.6 0.181 IrbcSRD (ĥDM� ĥDM) 93.0 0.266 0.250 0.250
IbcSRD(ĥCCT� ĥCCT) 75.6 0.265 IrbcSRD (ĥCCT� ĥCCT) 90.1 0.399 0.102 0.102

Model 2
ISRD(hMSE) NA NA IbcSRD(hMSE� bMSE) NA NA IrbcSRD (hMSE� bMSE) NA NA 0.041 0.095

ISRD(hDM) NA NA IbcSRD(hDM� bDM) NA NA IrbcSRD (hDM� bDM) NA NA 0.042 0.095
ISRD(ĥIK) 84.7 0.279 IbcSRD(ĥIK� b̂IK) 85.5 0.279 IrbcSRD (ĥIK� b̂IK) 90.5 0.325 0.092 0.162
ISRD(ĥDM) NA NA IbcSRD(ĥDM� b̂DM) NA NA IrbcSRD (ĥDM� b̂DM) NA NA 0.099 0.173
ISRD(ĥCV) 85.8 0.322 IbcSRD(ĥCV� ĥCV) 69.2 0.322 IrbcSRD (ĥCV� ĥCV) 86.9 0.511 0.062 0.062
ISRD(ĥCCT) 85.0 0.341 IbcSRD(ĥCCT� b̂CCT) 82.9 0.341 IrbcSRD (ĥCCT� b̂CCT) 85.9 0.375 0.052 0.119

IbcSRD(hMSE�hMSE) NA NA IrbcSRD (hMSE�hMSE) NA NA 0.041 0.041

IbcSRD(hDM�hDM) NA NA IrbcSRD (hDM�hDM) NA NA 0.042 0.042
IbcSRD(ĥIK� ĥIK) 74.2 0.279 IrbcSRD (ĥIK� ĥIK) 89.7 0.421 0.092 0.092
IbcSRD(ĥDM� ĥDM) NA NA IrbcSRD (ĥDM� ĥDM) NA NA 0.099 0.099
IbcSRD(ĥCCT� ĥCCT) 65.8 0.341 IrbcSRD (ĥCCT� ĥCCT) 85.7 0.562 0.052 0.052

(Continues)
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TABLE S.A.VIII—Continued

Conventional Bias-Corrected Robust Approach Bandwidths

EC (%) IL EC (%) IL EC (%) IL hn bn

Model 3
ISRD(hMSE) 91.6 0.237 IbcSRD(hMSE� bMSE) 82.2 0.237 IrbcSRD (hMSE� bMSE) 91.5 0.312 0.130 0.161

ISRD(hDM) 91.4 0.241 IbcSRD(hDM� bDM) 81.6 0.241 IrbcSRD (hDM� bDM) 91.3 0.320 0.125 0.152
ISRD(ĥIK) 91.1 0.246 IbcSRD(ĥIK� b̂IK) 84.1 0.246 IrbcSRD (ĥIK� b̂IK) 91.6 0.308 0.120 0.176
ISRD(ĥDM) 90.8 0.258 IbcSRD(ĥDM� b̂DM) 87.4 0.258 IrbcSRD (ĥDM� b̂DM) 91.3 0.291 0.108 0.218
ISRD(ĥCV) 90.1 0.280 IbcSRD(ĥCV� ĥCV) 73.4 0.280 IrbcSRD (ĥCV� ĥCV) 89.4 0.424 0.088 0.088
ISRD(ĥCCT) 90.2 0.276 IbcSRD(ĥCCT� b̂CCT) 86.1 0.276 IrbcSRD (ĥCCT� b̂CCT) 90.7 0.320 0.091 0.164

IbcSRD(hMSE�hMSE) 77.1 0.237 IrbcSRD (hMSE�hMSE) 91.1 0.352 0.130 0.130

IbcSRD(hDM�hDM) 76.7 0.241 IrbcSRD (hDM�hDM) 90.9 0.358 0.125 0.125
IbcSRD(ĥIK� ĥIK) 76.5 0.246 IrbcSRD (ĥIK� ĥIK) 90.6 0.366 0.120 0.120
IbcSRD(ĥDM� ĥDM) 75.4 0.258 IrbcSRD (ĥDM� ĥDM) 90.2 0.385 0.108 0.108
IbcSRD(ĥCCT� ĥCCT) 74.3 0.276 IrbcSRD (ĥCCT� ĥCCT) 89.5 0.418 0.091 0.091

a(i) EC = Empirical Coverage in percentage points, (ii) IL = Average Interval Length, (iii) columns under “Bandwidths” report the population and average estimated
bandwidths choices, as appropriate, for main bandwidth hn and pilot bandwidth bn (all divided by 2 to perform ad hoc “undersmoothing”), (iv) NA = not available due to
numerical instability.
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used: because shrinking the bandwidth reduces the effective sample size, the
Gaussian approximation may fail if a non-Gaussian data generating processes
is used (notice that here, εi ∼N (0�σ2

ε) in all cases). In any case, our simulation
evidence indicates that our approach performs as well as, if not better than, the
conventional one in all cases considered. In particular, the conventional and
robust confidence intervals exhibit similar coverage rates and interval lengths
when the bandwidth is “small” and, in addition, our robust confidence intervals
continue to perform well when the bandwidth is “large”.

S.4. EMPIRICAL ILLUSTRATION

In this section, we illustrate the performance of our methods and compare
them to other conventional alternatives employing household data from Opor-
tunidades (formerly known as Progresa), a well-known large-scale anti-poverty
conditional cash transfer program in Mexico. Our goal is to show how the dif-
ferent methods perform in a substantive, realistic empirical application: the
impact of the program on household consumption. All estimates and figures
were constructed using the STATA package described in Calonico, Cattaneo,
and Titiunik (2014b). See Calonico, Cattaneo, and Titiunik (2014d) for a com-
panion R package.

S.4.1. The Program

Oportunidades is a conditional cash transfer program that targets poor
households in rural and urban areas in Mexico. The program started in 1998
under the name of Progresa in rural areas. The most important elements of
the program are the nutrition, health, and education components. The nutri-
tion component consists of a cash grant for all treated households and an ad-
ditional supplement for households with young children and pregnant or lac-
tating mothers. The educational grant is linked to regular attendance in school
and starts on the third grade of primary school and continues until the last
grade of secondary school. The transfer constituted a significant contribution
to the income of eligible families.

This social program is best known for its experimental design: treatment was
initially randomly assigned at the locality level in rural areas. Indeed, its ex-
perimental features have spiked a huge body of work focusing on a variety
of economic, health, and related outcomes.2 It was successfully implemented
with a take-up rate of around 97%. Progresa was expanded to urban areas in
2003. Unlike the rural program, the allocation across treatment and control

2Recent examples include Attanasio, Meghir, and Santiago (2011), Behrman, Gallardo-
García, Parker, Todd, and Vélez-Grajales (2012), Djebbari and Smith (2008), Dubois, de Janvry,
and Sadoulet (2012), Fernald, Gertler, and Neufeld (2009), among many others. These papers
also include references to early reviews and research work.
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areas was not random. Instead, it was first offered in blocks with the high-
est density of poor households.3 Still, in order to accurately target the pro-
gram to poor households, in both rural and urban areas Mexican officials con-
structed a pre-intervention (at baseline) household poverty-index that deter-
mined each household’s eligibility. In rural communities, seven distinct poverty
cutoffs were used depending on the geographic area, while one common cut-
off was used in all urban localities. Thus, Progresa/Oportunidades’ eligibility
assignment rule naturally leads to eight sharp (intention-to-treat) regression-
discontinuity designs.4 Intention-to-treat is a useful policy parameter because
it measures the average program effect on the households who are offered the
treatment, that is, regardless of whether they participate in the program or
not. By ignoring the determinants of participation, it requires less restrictive
assumptions than other common parameters such as the average treatment on
the treated. Angelucci, Attanasio, and Di Maro (2012) discussed this issue in
more detail, and compared different estimates of the impact of Oportunidades
on household consumption, savings, and transfers.

We first illustrate our methods employing data from the urban and one of the
seven rural RD designs (the one corresponding to the median household popu-
lation size, Region 3, Sierra-Negra-Zongolica-Mazateca).5 We do not pool the
RD designs, nor do we compare them with each other or to the experimental
estimates from the rural areas, since without further (strong) assumptions the
associated estimands need not to coincide with each other. Instead, we treat
the RD designs as different examples, which vary in observable, and possibly
unobservable, characteristics.

Our empirical exercise investigates the program treatment effect on three
measures of household consumption: food, non-food, and total consumption
expenditures. Studying the effects on consumption is important for several rea-
sons. First, consumption is a measure of household wellbeing and, therefore,
changes in consumption reflect more accurately the effectiveness of the pro-
gram in reducing poverty than other variables. Also, consumption dynamics
can capture both the perception that individual households have of the pro-
gram and its sustainability, by reflecting other changes in behavior and sources
of income induced by the program that take time to adjust. We can do this by
looking at the effects up to two years after the program started.

Looking at the allocation between food and the rest of consumption is also
very relevant. First, one of the main justifications for cash transfers is that poor
households might have a better notion of their needs and might target the re-
sources offered by the program more effectively than alternative sources, such
as in-kind transfers. It is therefore important to consider how the transfer is

3Initial take-up was also much lower (around 50%).
4Buddelmeyer and Skoufias (2004) were the first to note the RD features of this social pro-

gram, and used it to study its effects on child school attendance and child work.
5The remaining regions are analyzed at the end of this section.
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spent. For example, one could expect the share of food consumption to to-
tal expenditures to decrease with an increase in total consumption or, more
generally, with living standards. Finally, since the transfers are mainly targeted
to women, they could change the balance of power within the household and
shift expenditure shares to reflect the increased influence of women and their
preferences.

Related literature on this topic includes Hoddinott and Skoufias (2004),
Angelucci and Attanasio (2009), Angelucci and De Giorgi (2009), Gertler,
Martinez, and Rubio-Codina (2012), and Angelucci and Attanasio (2013), who
have also investigated the effect of Oportunidades/Progresa on consumption
using experimental methods (in rural areas) and non-experimental matching
methods (in urban areas). Our illustrative results therefore contribute to this
literature by presenting new empirical evidence based on non-experimental
RD estimates.

S.4.2. Data

Our databases correspond to household data for both rural and urban com-
munities in Progresa/Oportunidades. With the exception of the poverty-index
and region identifier in rural areas, all the data used in our empirical illustra-
tion are publicly available in the following location:

• http://www.oportunidades.gob.mx/EVALUACION/es/eval_cuant/
bases_cuanti.php.

The households’ poverty-index at baseline and the region identifier for rural
areas were obtained with the help of Habiba Djebbari (Université Laval), Paul
Gertler (UC-Berkeley), and Jeff Smith (University of Michigan).

In this application, Xi denotes the household’s poverty-index, x̄ = 0 denotes
the centered cutoff for each RD design, and Yi denotes the two different
measures of household consumption. Our final database contains 691 con-
trol households (Xi < 0) and 2,118 intention-to-treat households (Xi ≥ 0) in
the urban RD design (n = 2�809, Xi ∈ [−2�25�4�11]), and 315 control house-
holds (Xi < 0) and 618 intention-to-treat households (Xi ≥ 0) in the rural RD
design (n = 933, Xi ∈ [−456�6�338�4]). We address the empirical validity of
these RD designs by conducting standard balance and falsification tests on
pre-intervention covariates. These results give empirical support for the RD
assumptions. Figures S.A.1 and S.A.2 present, respectively, the usual RD plots
for the urban and rural areas (cf. Figure 1). In these figures, the solid lines cor-
respond to distinct fourth-order global polynomial fits for control and treat-
ments units, and the solid dots correspond to sample averages of the outcome
variable for each bin (or partition) of the running variable. The number of bins
was chosen as discussed in Calonico, Cattaneo, and Titiunik (2014a).

The final sample sizes and other related information are given in Ta-
ble S.A.IX.

http://www.oportunidades.gob.mx/EVALUACION/es/eval_cuant/bases_cuanti.php
http://www.oportunidades.gob.mx/EVALUACION/es/eval_cuant/bases_cuanti.php
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Panel A: Food Consumption
(a) Pre-Intervention (b) 1-Year Treatment (c) 2-Year Treatment

Panel B: Non-Food Consumption
(d) Pre-Intervention (e) 1-Year Treatment (f) 2-Year Treatment

FIGURE S.A.1.—RD plots of Progresa/Oportunidades on food and non-food consumption, urban localities.
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Panel A: Food Consumption
(a) Pre-Intervention (b) 1-Year Treatment (c) 2-Year Treatment

Panel B: Non-Food Consumption
(d) Pre-Intervention (e) 1-Year Treatment (f) 2-Year Treatment

FIGURE S.A.2.—RD plots of Progresa/Oportunidades on food and non-food consumption, rural localities.
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TABLE S.A.IX

SAMPLE SIZES AND RD CUTOFFS FOR PROGRESA/OPORTUNIDADES REGIONS

All Sample Treatment Control

Region N Cutoff N Range N Range

Urban 2809 0�69 2118 [0�69�4�80] 691 [−1�56�0�69]
Region 3 933 759�4 618 [421�0�759�4] 315 [760�0�1216�0]
Region 4 1189 753�0 810 [365�0�753�0] 379 [754�0�1184�1]
Region 5 3116 751�5 2003 [354�0�751�5] 1113 [752�0�1346�0]
Region 6 541 751�0 441 [394�0�751�0] 100 [756�3�994�0]
Region 12 78 569�0 40 [298�0�569�0] 38 [573�0�701�0]
Region 27 828 691�0 614 [232�0�691�0] 214 [691�5�1008�5]
Region 28 175 853�3 157 [309�0�853�3] 18 [863�5�1006�0]

S.4.3. Main Results

Our main empirical results are reported in Table S.A.X. Panels A and B
correspond, respectively, to the urban and rural RD designs. We consider
three time periods: pre-intervention (as a falsification test), one year after
the program started (1-Year Treatment), and two years after the program
started (2-Year Treatment). Thus, each panel reports six groups of RD esti-
mates (i.e., 2 outcomes × 3 periods). For each combination of outcome and
time period, we conduct RD estimation and inference employing the same
setup as in our simulation study: local-linear estimator of τSRD, conventional
confidence interval, and robust confidence interval (with local-quadratic bias
correction), each implemented with the three different data-driven bandwidth
choices ĥCCT, ĥIK, and ĥCV. To be specific, for each panel, outcome, period, and
bandwidth selection method, we report τ̂SRD(ĥn), ÎSRD(ĥn), ÎrbcSRD(ĥn� b̂n), ĥn, and
b̂n.

This empirical exercise offers an array of interesting examples to discuss the
performance of our proposed methods. First of all, using the pre-intervention
data (columns 1–3, Panels A and B), we find no effects of the program in any
case (i.e., food or non-food consumption in urban or rural localities).6 This
result gives additional evidence in favor of the validity of the RD designs, since
households in control and treatment areas exhibit, on average, the same levels
of pre-intervention consumption. In the 1-year after treatment data, we find
statistically significant effects of the program on food consumption in rural

6In rural areas, pre- and post-intervention food consumption data differ in two main aspects.
First, the pre-intervention survey only provides information on expenditures (i.e., it omits home
production). Second, it reports expenditures only by food groups rather than asking detailed
item-by-item questions, as in later waves. See, for example, Angelucci and De Giorgi (2009) for
further details.
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TABLE S.A.X

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTIONa

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Panel A: Urban Localities
Food

3�4 6�4 6�9 −10�9 2�4 6�1 48�4 48�6 49�0
(−29�7�36�6) (−19�0�31�7) (−17�1�30�9) (−44�9�23�2) (−22�9�27�6) (−17�7�29�8) (−8�1�105�0)∗ (1�9�95�3)∗∗ (0�9�97�0)∗∗

[−49�3�44�3] [−35�2�37�5] [−32�1�37�0] [−36�0�55�5] [−49�9�20�6] [−40�5�24�9] [−16�3�131�4] [−18�4�117�3] [−20�1�118�1]
{−37�8�40�3} {−31�2�37�0} {−55�1�22�7} {−45�7�76�8} {−20�0�116�8} {−22�7�125�5}
ĥCCT = 0�57 ĥIK = 1�09 ĥCV = 1�25 ĥCCT = 0�43 ĥIK = 0�89 ĥCV = 1�13 ĥCCT = 0�47 ĥIK = 0�67 ĥCV = 0�64
b̂CCT = 0�90 b̂IK = 1�26 b̂CCT = 0�77 b̂IK = 0�56 b̂CCT = 0�67 b̂IK = 0�58

Non-Food
−10�1 −10�2 −10�5 −8�9 −1�3 −0�8 41�2 38�1 36�2

(−34�6�14�4) (−32�3�11�9) (−31�9�10�8) (−38�4�20�6) (−19�4�16�8) (−22�1�20�5) (2�0�80�3)∗∗ (6�0�70�3)∗∗ (5�2�67�2)∗∗

[−55�5�10�5] [−42�6�16�1] [−40�3�16�7] [−40�0�34�8] [−25�0�23�1] [−36�4�21�2] [−16�8�82�8] [−6�2�86�3]∗ [−2�2�87�9]∗
{−38�3�18�6} {−60�0�10�5} {−46�7�21�4} {−153�3�58�2} {−5�4�88�3}∗ {3�4�89�1}∗∗

ĥCCT = 0�56 ĥIK = 0�76 ĥCV = 0�84 ĥCCT = 0�37 ĥIK = 1�66 ĥCV = 0�91 ĥCCT = 0�44 ĥIK = 0�64 ĥCV = 0�68
b̂CCT = 0�91 b̂IK = 0�62 b̂CCT = 0�63 b̂IK = 0�62 b̂CCT = 0�63 b̂IK = 0�75

(Continues)
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TABLE S.A.X—Continued

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Panel B: Rural Localities
Food

16�5 15�6 6�6 33�7 41�7 38�2 8�3 3�1 3�5
(−24�6�57�6) (−16�0�47�3) (−21�1�34�2) (3�8�63�6)∗∗ (15�7�67�8)∗∗∗ (14�5�62�0)∗∗∗ (−15�1�31�7) (−24�8�31�0) (−24�5�31�6)
[−47�1�61�1] [−21�5�66�3] [−15�2�64�2] [−4�1�70�4]∗ [−1�4�66�1]∗ [19�2�76�6]∗∗∗ [−7�7�59�4] [−15�6�36�5] [−14�1�36�7]
{−35�0�61�2} {−57�2�59�0} {−3�7�65�4}∗ {0�3�67�1}∗∗ {−13�8�35�7} {−33�5�79�3}
ĥCCT = 80�73 ĥIK = 155�83 ĥCV = 200�00 ĥCCT = 63�21 ĥIK = 109�40 ĥCV = 200�00 ĥCCT = 80�26 ĥIK = 173�63 ĥCV = 165�00
b̂CCT = 132�40 b̂IK = 113�73 b̂CCT = 110�66 b̂IK = 112�67 b̂CCT = 148�35 b̂IK = 106�72

Non-Food
19�1 24�0 17�5 −11�0 −9�5 −8�4 14�6 10�5 10�3

(−8�0�46�1) (−8�3�56�2) (−8�5�43�5) (−35�5�13�5) (−31�6�12�7) (−24�8�8�0) (−2�7�31�9)∗ (−4�4�25�4) (−2�2�22�9)
[−11�5�68�4] [−16�4�75�0] [−10�0�66�7] [−52�9�20�8] [−48�5�17�4] [−34�0�16�2] [−7�2�44�9] [−2�3�39�9]∗ [−5�9�28�8]
{−8�2�54�0} {−8�3�62�9} {−41�6�16�0} {−64�6�25�9} {−3�5�36�3} {−16�4�50�2}
ĥCCT = 105�39 ĥIK = 75�63 ĥCV = 115�00 ĥCCT = 108�89 ĥIK = 138�88 ĥCV = 245�00 ĥCCT = 97�18 ĥIK = 145�92 ĥCV = 235�00
b̂CCT = 179�96 b̂IK = 156�64 b̂CCT = 175�75 b̂IK = 101�21 b̂CCT = 170�88 b̂IK = 100�73

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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areas (columns 4–6, Panel B). This result is present in all cases when using
both the conventional as well as the robust confidence intervals. On the other
hand, in the same period, we find no statistically significant effects on non-
food consumption in rural areas (columns 4–6, Panel B) nor on any of the
outcomes in urban areas (columns 4–6, Panel A). These results are consistent
across inference procedures.

The results from the 2-year after treatment data are the most interesting.
In this case, for food consumption in urban areas (columns 7–9, Panel A), we
find statistically significant results when using the conventional confidence in-
tervals, but these results are not statistically significant when using the robust
confidence intervals proposed in this paper. This empirical example offers an
instance where the conventional inference approach suggests the presence of
a strong positive treatment effect, but our methods cast doubt on such a con-
clusion. On the other hand, when examining non-food consumption in urban
areas (still columns 7–9, Panel A), the results appear to be more robust, as they
are statistically significant at standard levels when using both the conventional
and the robust confidence intervals. Finally, in the case of the rural RD design
(columns 7–9, Panel B), we find no statistically significant effects on food con-
sumption using either method, but we find a statistically significant (10-percent
level) treatment effect on non-food consumption when using conventional con-
fidence intervals. The latter result, however, is not particularly robust based on
our proposed confidence intervals.

To summarize, the empirical findings suggest that the program Progresa/
Oportunidades had (i) a positive, significant effect on non-food consump-
tion in urban areas two years after its introduction, and (ii) a positive, sig-
nificant effect on food consumption in rural areas one year after its introduc-
tion. Both results appear to be robust according to our proposed methods. In
addition, the empirical findings using conventional methods suggest that the
program had positive, significant effects on food consumption in urban areas
and on non-food consumption in rural areas two years after its introduction,
but these findings are not robust according to our proposed inference proce-
dures.

S.4.4. Falsification Tests and Additional Empirical Results

Tables S.A.XI and S.A.XII report difference-in-means tests for pre-interven-
tion covariates for urban localities and rural localities in Region 3, respectively.
In each table, we present results for the full sample and for a window near
the cutoff. These tables show that most covariates are balanced near the cut-
off; that is, households near the cutoff in control areas have, on average, the
same observable characteristics as households near the cutoff in treatment ar-
eas.
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TABLE S.A.XI

BALANCE TESTS FOR PROGRESA/OPORTUNIDADES, URBAN LOCALITIESa

(a) All Observations (b) Observations With Index in (−0�40�0�40)

Treatment Control Difference Treatment Control Difference

Variables N Mean N Mean Mean N Mean N Mean Mean

Household size 2118 5�83 691 5�28 −0�55 460 5�42 351 5�40 −0�02
(0�10) (0�17) (0�19)∗∗∗ (0�13) (0�15) (0�20)

Age of head 2118 38�53 691 40�02 1�50 460 38�29 351 38�93 0�64
(0�51) (0�86) (1�00) (0�55) (0�64) (0�84)

Male head of household 2118 1�10 691 1�07 −0�03 460 1�10 351 1�07 −0�04
(0�01) (0�02) (0�02) (0�02) (0�03) (0�04)

Head’s years of education 1729 5�83 628 6�58 0�75 402 6�22 323 6�54 0�32
(0�17) (0�28) (0�33)∗∗ (0�21) (0�24) (0�32)

Head is employed 2118 0�88 691 0�90 0�02 460 0�90 351 0�92 0�02
(0�01) (0�02) (0�02) (0�01) (0�02) (0�02)

Spouse’s age 2008 34�45 677 36�87 2�42 448 34�12 344 35�45 1�32
(0�54) (0�89) (1�04)∗∗ (0�69) (0�81) (1�06)

Spouse’s years of education 1744 2�37 612 2�45 0�09 410 2�48 308 2�44 −0�04
(0�03) (0�06) (0�07) (0�05) (0�06) (0�08)

Number of children 0–5 years old 2118 1�05 691 0�56 −0�49 460 0�80 351 0�67 −0�13
(0�07) (0�12) (0�14)∗∗∗ (0�05) (0�06) (0�08)∗

Number of boys 0–5 years old 2118 0�54 691 0�32 −0�23 460 0�40 351 0�38 −0�01
(0�03) (0�05) (0�05)∗∗∗ (0�03) (0�04) (0�05)

(Continues)
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TABLE S.A.XI—Continued

(a) All Observations (b) Observations With Index in (−0�40�0�40)

Treatment Control Difference Treatment Control Difference

Variables N Mean N Mean Mean N Mean N Mean Mean

Owns a house 2109 0�76 688 0�80 0�04 458 0�78 348 0�77 −0�00
(0�04) (0�06) (0�07) (0�04) (0�05) (0�07)

Cement floors 2110 0�45 689 0�84 0�40 458 0�69 349 0�78 0�09
(0�07) (0�12) (0�14)∗∗∗ (0�06) (0�07) (0�09)

Number of rooms 2110 1�27 688 1�64 0�37 458 1�37 349 1�54 0�17
(0�06) (0�10) (0�11)∗∗∗ (0�08) (0�09) (0�12)

Water connection 2111 0�60 689 0�76 0�16 458 0�69 349 0�76 0�06
(0�07) (0�11) (0�13) (0�07) (0�08) (0�10)

Water connection inside the house 2100 0�23 681 0�40 0�17 454 0�31 345 0�36 0�05
(0�05) (0�09) (0�10) (0�06) (0�07) (0�09)

Has a bathroom 2110 0�56 688 0�66 0�10 458 0�62 348 0�64 0�01
(0�07) (0�11) (0�13) (0�07) (0�09) (0�12)

Has electricity 2118 0�94 691 0�97 0�03 460 0�96 351 0�98 0�02
(0�02) (0�04) (0�04) (0�02) (0�03) (0�04)

a(i) Table reports sample size, sample mean, and standard errors for treatment and control units. It also reports difference in means with heteroskedasticity-robust standard
errors. (ii) Significance levels for difference-in-means tests: ∗statistically significant at 10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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TABLE S.A.XII

BALANCE TESTS FOR PROGRESA/OPORTUNIDADES, RURAL LOCALITIES (REGION 3)a

(a) All Observations (b) Observations With Index in (−0�40�0�40)

Treatment Control Difference Treatment Control Difference

Variables N Mean N Mean Mean N Mean N Mean Mean

Household size 618 6�39 315 6�04 −0�35 156 6�25 89 6�25 −0�00
(0�12) (0�17) (0�21)∗ (0�20) (0�27) (0�34)

Age of head 618 40�06 315 48�77 8�71 156 41�00 89 47�34 6�34
(1�08) (1�57) (1�91)∗∗∗ (1�54) (2�09) (2�59)∗∗

Male head of household 618 0�91 315 0�93 0�01 156 0�94 89 0�90 −0�04
(0�01) (0�02) (0�02) (0�02) (0�03) (0�03)

Head’s years of education 615 2�29 315 3�14 0�85 155 2�91 89 3�13 0�23
(0�22) (0�32) (0�39)∗∗ (0�24) (0�32) (0�40)

Head is employed 617 0�90 311 0�93 0�03 156 0�92 88 0�94 0�03
(0�02) (0�02) (0�03) (0�02) (0�03) (0�04)

Spouse’s age 547 34�45 282 43�56 9�11 143 35�43 72 40�03 4�59
(1�04) (1�51) (1�83)∗∗∗ (1�25) (1�80) (2�19)∗∗

Spouse’s years of education 547 2�03 283 3�05 1�02 143 2�90 73 2�70 −0�20
(0�24) (0�34) (0�42)∗∗ (0�31) (0�45) (0�55)

Number of children 0–5 years old 618 1�38 315 0�77 −0�62 156 1�21 89 1�04 −0�16
(0�08) (0�12) (0�15)∗∗∗ (0�11) (0�15) (0�18)

Number of boys 0–5 years old 618 0�73 315 0�41 −0�32 156 0�62 89 0�60 −0�02
(0�05) (0�08) (0�09)∗∗∗ (0�06) (0�08) (0�11)

(Continues)
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TABLE S.A.XII—Continued

(a) All Observations (b) Observations With Index in (−0�40�0�40)

Treatment Control Difference Treatment Control Difference

Variables N Mean N Mean Mean N Mean N Mean Mean

Owns a house 618 0�95 315 0�98 0�03 156 0�94 89 0�98 0�04
(0�01) (0�01) (0�02) (0�02) (0�03) (0�04)

Cement floors 617 0�24 314 0�69 0�45 155 0�44 89 0�54 0�10
(0�07) (0�11) (0�13)∗∗∗ (0�08) (0�12) (0�15)

Number of rooms 615 1�45 315 2�38 0�93 155 1�76 89 1�88 0�12
(0�12) (0�17) (0�21)∗∗∗ (0�10) (0�14) (0�17)

Water connection 618 0�42 315 0�71 0�30 156 0�74 89 0�75 0�02
(0�08) (0�12) (0�15)∗∗ (0�10) (0�13) (0�17)

Water connection inside the house 616 0�07 312 0�18 0�11 155 0�13 88 0�09 −0�04
(0�03) (0�05) (0�06)∗ (0�04) (0�05) (0�07)

Has a bathroom 618 0�59 314 0�62 0�03 156 0�58 88 0�56 −0�03
(0�07) (0�10) (0�12) (0�09) (0�13) (0�16)

Has electricity 618 0�54 315 0�93 0�39 156 0�84 89 0�90 0�06
(0�09) (0�14) (0�17)∗∗ (0�09) (0�12) (0�15)

a(i) Table reports sample size, sample mean, and standard errors for treatment and control units. It also reports difference in means with heteroskedasticity-robust standard
errors. (ii) Significance levels for difference-in-means tests: ∗statistically significant at 10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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For completeness, Tables S.A.XIII through S.A.XX report RD estimates for
food, non-food, and total consumption for urban localities and rural localities
in all seven regions. Each table considers one geographic region. The tables
have the same structure as Tables S.A.XI and S.A.XII, with the additional re-
sults corresponding to total consumption.

S.4.5. Implementation Details

The data cleaning and data preparation were done as follows:
• Urban Communities. All data are publicly available. We employ the follow-

ing databases: baseline or pre-intervention (2002), and two follow-ups (2003
and 2004). We constructed our final database as follows:

– Matched household in the three periods.
– Drop households in the control areas.
– Drop households in the treatment areas who did not apply to the program.
– Drop households with missing information for the consumption variables.
– Drop household with invalid entries in some key pre-intervention vari-

ables (household size and age of household head).
– Using the baseline database (2002), we constructed the pre-intervention

variables used in Table S.A.XI.
– Using all three databases (2002, 2003, 2004), we constructed the following

outcome variables (averaged in the household over all its members, expressed
as monthly expenses):

∗ Food Consumption: household level data on food outlays made in the
seven days preceding the interview for 36 food items. It also includes the value
of food consumed from own production in that same period of time, valued
using household self-reported information.

∗ Non-Food Consumption: expenses reported on a weekly, monthly, and
quarterly basis. Non-food expenses reported on a weekly basis include trans-
portation and tobacco. Monthly outlays include school tuition, health-related
expenses, home cleaning, electricity, and home fuel expenditures. Expendi-
tures reported on a quarterly basis include home and school supplies, clothes,
shoes, toys, and payments for special events.

∗ Total Consumption: computed as the sum of non-food expenditures and
the value of food consumption.

• Rural Communities. We merged the publicly available data with the house-
holds’ poverty-index at baseline and the region identifier. We employ the fol-
lowing databases: baseline or pre-intervention (1997 and March 1998), and
two follow-ups (November 1998 and November 1999). We constructed our fi-
nal database as follows:

– Matched household in the three periods.
– Drop households in the control areas.



R
O

B
U

ST
N

O
N

PA
R

A
M

E
T

R
IC

C
O

N
F

ID
E

N
C

E
IN

T
E

R
V

A
L

S
89

TABLE S.A.XIII

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTION, URBAN LOCALITIESa

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Food
3�4 6�4 6�9 −10�9 2�4 6�1 48�4 48�6 49�0

(−29�7�36�6) (−19�0�31�7) (−17�1�30�9) (−44�9�23�2) (−22�9�27�6) (−17�7�29�8) (−8�1�105�0)∗ (1�9�95�3)∗∗ (0�9�97�0)∗∗

[−49�3�44�3] [−35�2�37�5] [−32�1�37�0] [−36�0�55�5] [−49�9�20�6] [−40�5�24�9] [−16�3�131�4] [−18�4�117�3] [−20�1�118�1]
{−37�8�40�3} {−31�2�37�0} {−55�1�22�7} {−45�7�76�8} {−20�0�116�8} {−22�7�125�5}
ĥCCT = 0�57 ĥIK = 1�09 ĥCV = 1�25 ĥCCT = 0�43 ĥIK = 0�89 ĥCV = 1�13 ĥCCT = 0�47 ĥIK = 0�67 ĥCV = 0�64
b̂CCT = 0�90 b̂IK = 1�26 b̂CCT = 0�77 b̂IK = 0�56 b̂CCT = 0�67 b̂IK = 0�58

Non-Food
−10�1 −10�2 −10�5 −8�9 −1�3 −0�8 41�2 38�1 36�2

(−34�6�14�4) (−32�3�11�9) (−31�9�10�8) (−38�4�20�6) (−19�4�16�8) (−22�1�20�5) (2�0�80�3)∗∗ (6�0�70�3)∗∗ (5�2�67�2)∗∗

[−55�5�10�5] [−42�6�16�1] [−40�3�16�7] [−40�0�34�8] [−25�0�23�1] [−36�4�21�2] [−16�8�82�8] [−6�2�86�3]∗ [−2�2�87�9]∗
{−38�3�18�6} {−60�0�10�5} {−46�7�21�4} {−153�3�58�2} {−5�4�88�3}∗ {3�4�89�1}∗∗

ĥCCT = 0�56 ĥIK = 0�76 ĥCV = 0�84 ĥCCT = 0�37 ĥIK = 1�66 ĥCV = 0�91 ĥCCT = 0�44 ĥIK = 0�64 ĥCV = 0�68
b̂CCT = 0�91 b̂IK = 0�62 b̂CCT = 0�63 b̂IK = 0�62 b̂CCT = 0�63 b̂IK = 0�75

Total
−6�6 −5�3 −0�3 −17�7 4�0 4�2 90�3 87�8 87�0

(−57�3�44�0) (−46�7�36�2) (−37�7�37�0) (−72�6�37�1) (−34�4�42�4) (−34�0�42�4) (−0�6�181�2)∗ (8�7�166�9)∗∗ (12�5�161�5)∗∗

[−94�9�45�4] [−68�3�47�6] [−63�1�41�5] [−59�3�84�5] [−71�6�34�5] [−70�4�35�2] [−23�6�206�6] [−21�8�200�6] [−18�6�196�8]
{−68�2�50�9} {−90�0�58�3} {−88�0�39�4} {−117�1�90�8} {−19�6�199�4} {−21�8�199�7}
ĥCCT = 0�56 ĥIK = 0�96 ĥCV = 1�29 ĥCCT = 0�38 ĥIK = 0�99 ĥCV = 1�01 ĥCCT = 0�45 ĥIK = 0�57 ĥCV = 0�64
b̂CCT = 0�89 b̂IK = 0�72 b̂CCT = 0�64 b̂IK = 0�58 b̂CCT = 0�62 b̂IK = 0�58

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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TABLE S.A.XIV

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTION, RURAL LOCALITIES (REGION 3)a

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Food
16�5 15�6 6�6 33�7 41�7 38�2 8�3 3�1 3�5

(−24�6�57�6) (−16�0�47�3) (−21�1�34�2) (3�8�63�6)∗∗ (15�7�67�8)∗∗∗ (14�5�62�0)∗∗∗ (−15�1�31�7) (−24�8�31�0) (−24�5�31�6)
[−47�1�61�1] [−21�5�66�3] [−15�2�64�2] [−4�1�70�4]∗ [−1�4�66�1]∗ [19�2�76�6]∗∗∗ [−7�7�59�4] [−15�6�36�5] [−14�1�36�7]
{−35�0�61�2} {−57�2�59�0} {−3�7�65�4}∗ {0�3�67�1}∗∗ {−13�8�35�7} {−33�5�79�3}
ĥCCT = 80�73 ĥIK = 155�83 ĥCV = 200�00 ĥCCT = 63�21 ĥIK = 109�40 ĥCV = 200�00 ĥCCT = 80�26 ĥIK = 173�63 ĥCV = 165�00
b̂CCT = 132�40 b̂IK = 113�73 b̂CCT = 110�66 b̂IK = 112�67 b̂CCT = 148�35 b̂IK = 106�72

Non-Food
19�1 24�0 17�5 −11�0 −9�5 −8�4 14�6 10�5 10�3

(−8�0�46�1) (−8�3�56�2) (−8�5�43�5) (−35�5�13�5) (−31�6�12�7) (−24�8�8�0) (−2�7�31�9)∗ (−4�4�25�4) (−2�2�22�9)
[−11�5�68�4] [−16�4�75�0] [−10�0�66�7] [−52�9�20�8] [−48�5�17�4] [−34�0�16�2] [−7�2�44�9] [−2�3�39�9]∗ [−5�9�28�8]
{−8�2�54�0} {−8�3�62�9} {−41�6�16�0} {−64�6�25�9} {−3�5�36�3} {−16�4�50�2}
ĥCCT = 105�39 ĥIK = 75�63 ĥCV = 115�00 ĥCCT = 108�89 ĥIK = 138�88 ĥCV = 245�00 ĥCCT = 97�18 ĥIK = 145�92 ĥCV = 235�00
b̂CCT = 179�96 b̂IK = 156�64 b̂CCT = 175�75 b̂IK = 101�21 b̂CCT = 170�88 b̂IK = 100�73

Total
38�5 38�6 37�9 21�0 30�8 30�1 22�5 9�3 13�5

(−21�0�98�0) (−21�0�98�3) (−16�5�92�4) (−25�8�67�7) (−8�6�70�1) (−3�4�63�6)∗ (−12�0�57�0) (−22�6�41�2) (−22�4�49�3)
[−43�3�119�8] [−43�6�119�7] [−39�3�114�7] [−48�8�81�9] [−38�4�71�4] [−5�9�80�5]∗ [−1�0�102�1]∗ [−18�2�58�2] [−9�3�64�2]
{−28�4�112�0} {−37�0�113�0} {−37�0�72�3} {−21�9�72�2} {−10�1�65�0} {−108�2�244�9}
ĥCCT = 86�49 ĥIK = 85�92 ĥCV = 105�00 ĥCCT = 69�59 ĥIK = 109�89 ĥCV = 200�00 ĥCCT = 80�23 ĥIK = 283�28 ĥCV = 165�00
b̂CCT = 140�32 b̂IK = 111�21 b̂CCT = 118�76 b̂IK = 160�11 b̂CCT = 150�33 b̂IK = 113�02

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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TABLE S.A.XV

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTION, RURAL LOCALITIES (REGION 4)a

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Food
−11�8 −11�7 −12�2 21�5 15�1 16�3 0�8 0�5 −1�9

(−34�2�10�5) (−34�3�10�8) (−26�6�2�2)∗ (−16�7�59�8) (−12�3�42�6) (−7�7�40�3) (−20�5�22�2) (−21�0�22�1) (−15�6�11�8)
[−54�4�16�8] [−55�4�16�5] [−35�6�6�1] [−28�2�79�8] [−22�5�57�3] [−20�7�49�1] [−36�2�24�0] [−36�4�24�3] [−23�0�16�4]
{−38�7�15�6} {−58�2�15�6} {−19�5�71�3} {−99�6�176�7} {−23�3�27�8} {−45�5�25�5}
ĥCCT = 87�25 ĥIK = 85�72 ĥCV = 254�30 ĥCCT = 117�11 ĥIK = 257�18 ĥCV = 388�00 ĥCCT = 114�89 ĥIK = 111�99 ĥCV = 388�00
b̂CCT = 143�31 b̂IK = 83�52 b̂CCT = 183�80 b̂IK = 108�90 b̂CCT = 182�93 b̂IK = 91�66

Non-Food
3�6 3�2 −4�8 5�8 5�5 1�1 7�4 5�1 0�6

(−12�8�20�0) (−14�6�20�9) (−16�0�6�4) (−10�5�22�0) (−8�6�19�6) (−9�8�11�9) (−12�1�26�8) (−12�1�22�3) (−12�0�13�2)
[−25�5�25�9] [−29�8�27�5] [−17�0�10�7] [−14�0�25�5] [−12�7�24�9] [−14�0�13�2] [−28�4�36�7] [−18�6�36�7] [−14�7�21�9]
{−14�3�25�1} {−22�0�25�6} {−13�9�24�4} {−13�9�25�7} {−12�8�34�2} {−51�2�45�5}
ĥCCT = 85�39 ĥIK = 73�93 ĥCV = 388�00 ĥCCT = 64�81 ĥIK = 98�19 ĥCV = 388�00 ĥCCT = 113�59 ĥIK = 142�66 ĥCV = 311�60
b̂CCT = 152�00 b̂IK = 95�75 b̂CCT = 111�13 b̂IK = 86�53 b̂CCT = 190�26 b̂IK = 96�80

Total
−7�9 −8�3 −12�6 27�2 21�4 17�4 8�1 7�9 −2�8

(−41�1�25�2) (−42�3�25�7) (−33�1�7�9) (−19�6�74�0) (−17�6�60�5) (−10�3�45�1) (−27�2�43�4) (−27�9�43�7) (−24�2�18�6)
[−74�4�30�9] [−77�9�30�8] [−46�9�6�0] [−28�3�102�2] [−16�9�90�3] [−25�5�53�1] [−56�0�52�5] [−57�5�52�6] [−29�8�32�7]
{−45�5�34�5} {−66�4�32�9} {−21�2�88�1} {−47�9�128�7} {−29�1�55�5} {−77�2�60�9}
ĥCCT = 81�87 ĥIK = 78�32 ĥCV = 388�00 ĥCCT = 91�34 ĥIK = 150�38 ĥCV = 388�00 ĥCCT = 114�39 ĥIK = 111�10 ĥCV = 388�00
b̂CCT = 140�80 b̂IK = 86�76 b̂CCT = 145�27 b̂IK = 97�08 b̂CCT = 188�06 b̂IK = 89�30

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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TABLE S.A.XVI

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTION, RURAL LOCALITIES (REGION 5)a

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Food
8�0 4�3 9�2 30�9 30�8 25�3 18�0 17�7 22�7

(−8�1�24�1) (−16�1�24�8) (−1�1�19�4)∗ (12�5�49�2)∗∗∗ (13�5�48�0)∗∗∗ (12�5�38�2)∗∗∗ (0�3�35�7)∗∗ (−0�3�35�7)∗ (14�1�31�4)∗∗∗

[−23�5�24�1] [−32�6�24�9] [−5�5�23�0] [3�7�53�7]∗∗ [5�8�53�6]∗∗ [14�3�51�2]∗∗∗ [−14�4�34�3] [−15�0�34�1] [13�5�38�4]∗∗∗

{−12�0�26�5} {−25�1�25�8} {11�7�54�1}∗∗∗ {−9�6�53�6} {−5�5�34�8} {−13�1�34�6}
ĥCCT = 121�99 ĥIK = 75�82 ĥCV = 397�50 ĥCCT = 118�77 ĥIK = 136�05 ĥCV = 278�85 ĥCCT = 79�25 ĥIK = 76�79 ĥCV = 397�50
b̂CCT = 202�28 b̂IK = 104�46 b̂CCT = 203�25 b̂IK = 98�18 b̂CCT = 143�62 b̂IK = 83�53

Non-Food
−3�1 −3�7 −3�7 5�3 5�1 3�3 17�2 17�1 8�7

(−15�4�9�2) (−16�6�9�3) (−11�1�3�7) (−4�2�14�7) (−4�1�14�3) (−2�0�8�6) (5�1�29�4)∗∗∗ (4�9�29�4)∗∗∗ (1�8�15�5)∗∗

[−24�7�10�6] [−25�8�10�7] [−13�8�6�8] [−8�4�17�8] [−7�7�17�8] [−0�7�14�2]∗ [4�2�40�7]∗∗ [4�7�41�6]∗∗ [5�6�24�0]∗∗∗

{−18�1�11�0} {−20�2�10�7} {−6�7�15�1} {−7�5�17�7} {4�3�33�3}∗∗ {2�7�38�2}∗∗

ĥCCT = 105�22 ĥIK = 94�57 ĥCV = 397�50 ĥCCT = 86�94 ĥIK = 91�87 ĥCV = 397�50 ĥCCT = 91�40 ĥIK = 89�65 ĥCV = 397�50
b̂CCT = 170�87 b̂IK = 148�20 b̂CCT = 149�82 b̂IK = 93�84 b̂CCT = 150�49 b̂IK = 96�29

Total
5�1 0�0 5�5 36�0 37�1 32�2 40�1 36�5 31�4

(−19�6�29�8) (−30�0�30�1) (−9�6�20�6) (13�6�58�4)∗∗∗ (16�4�57�7)∗∗∗ (15�8�48�6)∗∗∗ (19�9�60�3)∗∗∗ (13�3�59�7)∗∗∗ (19�0�43�9)∗∗∗

[−42�6�29�8] [−54�3�30�4] [−16�1�26�7] [2�5�64�2]∗∗ [4�5�62�5]∗∗ [17�2�64�1]∗∗∗ [2�3�62�4]∗∗ [0�3�67�9]∗∗ [23�2�58�1]∗∗∗

{−25�1�33�9} {−39�8�31�2} {11�8�64�0}∗∗∗ {−12�7�68�9} {17�7�65�8}∗∗∗ {5�7�61�3}∗∗

ĥCCT = 117�67 ĥIK = 79�41 ĥCV = 397�50 ĥCCT = 115�67 ĥIK = 138�63 ĥCV = 239�30 ĥCCT = 117�49 ĥIK = 89�89 ĥCV = 397�50
b̂CCT = 190�93 b̂IK = 127�57 b̂CCT = 194�03 b̂IK = 97�42 b̂CCT = 199�06 b̂IK = 140�82

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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TABLE S.A.XVII

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTION, RURAL LOCALITIES (REGION 6)a

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Food
1�5 8�3 5�5 53�4 28�3 18�3 −19�9 −17�4 −7�0

(−44�3�47�2) (−32�1�48�6) (−22�2�33�1) (−14�3�121�1) (−24�9�81�4) (−35�1�71�8) (−58�4�18�5) (−56�8�22�1) (−33�9�20�0)
[−59�8�73�4] [−74�3�40�1] [−29�8�53�9] [−35�9�115�2] [−37�2�121�9] [−20�9�121�5] [−51�7�54�5] [−52�4�55�6] [−54�0�17�3]
{−62�8�47�7} {−56�3�74�2} {−15�9�146�9} {−21�3�169�1} {−69�1�26�0} {−57�3�61�7}
ĥCCT = 52�24 ĥIK = 89�07 ĥCV = 237�67 ĥCCT = 46�13 ĥIK = 96�44 ĥCV = 202�92 ĥCCT = 74�50 ĥIK = 68�37 ĥCV = 237�67
b̂CCT = 92�06 b̂IK = 72�61 b̂CCT = 66�44 b̂IK = 69�92 b̂CCT = 121�40 b̂IK = 57�13

Non-Food
−6�4 −6�0 9�0 1�7 −19�5 −21�9 −12�6 0�8 10�6

(−38�4�25�7) (−38�0�26�0) (−14�2�32�3) (−34�6�38�0) (−53�0�14�0) (−48�9�5�1) (−36�6�11�4) (−16�0�17�6) (−5�4�26�7)
[−19�1�64�0] [−23�3�60�6] [−25�1�38�1] [8�3�110�1]∗∗ [−34�0�55�1] [−66�6�8�3] [−73�3�14�0] [−46�5�8�8] [−29�9�17�6]
{−48�2�30�4} {33�3�120�3}∗∗∗ {−35�9�56�4} {27�5�185�2}∗∗∗ {−49�2�7�2} {−57�2�9�9}
ĥCCT = 70�33 ĥIK = 72�87 ĥCV = 237�67 ĥCCT = 44�67 ĥIK = 73�92 ĥCV = 214�50 ĥCCT = 33�88 ĥIK = 60�43 ĥCV = 87�08
b̂CCT = 118�65 b̂IK = 57�45 b̂CCT = 79�91 b̂IK = 48�55 b̂CCT = 69�93 b̂IK = 51�11

Total
−7�1 15�6 14�5 51�5 6�2 −8�9 −10�2 −10�6 −1�4

(−68�7�54�5) (−37�1�68�3) (−27�4�56�4) (−30�5�133�5) (−65�6�78�0) (−68�6�50�9) (−59�1�38�7) (−59�7�38�6) (−32�8�29�9)
[−21�5�142�2] [−73�5�69�0] [−42�0�79�2] [2�6�194�7]∗∗ [−46�9�146�5] [−72�7�110�4] [−89�9�47�4] [−89�7�47�4] [−47�6�38�6]
{−91�7�56�2} {−52�8�271�7} {−27�9�174�2} {−24�7�306�1}∗ {−72�3�51�5} {−81�5�54�9}
ĥCCT = 58�95 ĥIK = 123�22 ĥCV = 237�67 ĥCCT = 46�90 ĥIK = 90�98 ĥCV = 237�67 ĥCCT = 65�01 ĥIK = 64�02 ĥCV = 226�09
b̂CCT = 101�75 b̂IK = 66�01 b̂CCT = 79�91 b̂IK = 55�39 b̂CCT = 97�16 b̂IK = 58�81

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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TABLE S.A.XVIII

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTION, RURAL LOCALITIES (REGION 12)a

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Food
31�3 22�2 11�6 −21�6 −17�2 −18�8 67�1 66�6 16�0

(−89�6�152�1) (−75�5�119�9) (−67�8�91�1) (−123�5�80�4) (−109�9�75�4) (−78�4�40�9) (−4�6�138�8)∗ (−5�1�138�3)∗ (−37�4�69�4)
[−225�7�142�8] [−127�0�173�3] [−78�2�155�8] [−167�2�181�9] [−148�1�148�0] [−113�8�67�6] [−45�7�166�2] [−44�8�165�2] [−38�5�97�2]
{−123�8�178�8} {−267�7�146�6} {−136�2�111�6} {−147�5�145�9} {3�2�168�5}∗∗ {−20�6�166�9}
ĥCCT = 48�03 ĥIK = 70�36 ĥCV = 128�00 ĥCCT = 41�45 ĥIK = 47�70 ĥCV = 128�00 ĥCCT = 39�64 ĥIK = 41�26 ĥCV = 128�00
b̂CCT = 67�17 b̂IK = 52�35 b̂CCT = 64�21 b̂IK = 48�07 b̂CCT = 72�77 b̂IK = 43�54

Non-Food
−7�1 −15�4 −19�1 −43�1 −28�9 −19�2 0�1 −0�2 −3�7

(−55�0�40�7) (−54�1�23�4) (−55�6�17�4) (−85�6�−0�6)∗∗ (−61�3�3�5)∗ (−46�9�8�5) (−36�4�36�6) (−27�9�27�6) (−29�3�22�0)
[−115�6�45�2] [−57�3�53�4] [−56�8�43�5] [−108�9�21�3] [−98�1�−4�5]∗∗ [−72�7�0�9]∗ [−66�1�48�1] [−38�0�44�7] [−31�6�42�2]
{−62�5�55�3} {−137�9�62�7} {−101�2�4�7}∗ {−96�1�−4�4}∗∗ {−43�7�45�1} {−115�9�72�6}
ĥCCT = 48�35 ĥIK = 101�21 ĥCV = 123�90 ĥCCT = 39�29 ĥIK = 73�18 ĥCV = 123�90 ĥCCT = 45�57 ĥIK = 98�69 ĥCV = 128�00
b̂CCT = 90�45 b̂IK = 63�30 b̂CCT = 64�45 b̂IK = 77�14 b̂CCT = 71�11 b̂IK = 61�78

Total
23�0 10�3 −7�6 −61�0 −54�3 −39�4 66�2 45�4 12�3

(−149�0�195�1) (−109�2�129�8) (−109�8�94�6) (−185�8�63�8) (−156�8�48�1) (−107�6�28�8) (−37�1�169�6) (−45�3�136�1) (−61�4�86�1)
[−426�4�158�8] [−177�6�217�4] [−120�9�183�6] [−250�9�197�9] [−221�2�127�7] [−163�0�45�3] [−129�1�203�7] [−51�9�210�2] [−61�4�130�7]
{−188�9�228�9} {−253�9�204�3} {−206�7�104�1} {−218�6�122�8} {−31�6�207�4} {−73�1�220�4}
ĥCCT = 44�66 ĥIK = 78�29 ĥCV = 128�00 ĥCCT = 38�13 ĥIK = 50�19 ĥCV = 119�80 ĥCCT = 41�88 ĥIK = 52�17 ĥCV = 128�00
b̂CCT = 69�75 b̂IK = 63�06 b̂CCT = 61�70 b̂IK = 51�65 b̂CCT = 72�24 b̂IK = 46�03

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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TABLE S.A.XIX

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTION, RURAL LOCALITIES (REGION 27)a

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Food
0�6 7�3 3�7 22�8 22�1 15�0 9�7 19�1 33�9

(−39�6�40�9) (−27�6�42�2) (−22�8�30�1) (−10�2�55�7) (−9�3�53�5) (−6�3�36�2) (−28�5�47�9) (−14�1�52�3) (6�6�61�3)∗∗

[−54�2�59�9] [−54�2�47�8] [−22�6�45�6] [−22�7�65�0] [−20�5�65�3] [−11�1�45�8] [−73�0�45�9] [−43�3�46�1] [−8�8�59�2]
{−49�9�46�7} {−57�9�69�6} {−15�4�63�3} {−11�0�61�2} {−40�4�47�2} {−62�9�57�2}
ĥCCT = 71�68 ĥIK = 99�10 ĥCV = 317�00 ĥCCT = 73�24 ĥIK = 82�84 ĥCV = 317�00 ĥCCT = 62�89 ĥIK = 104�64 ĥCV = 317�00
b̂CCT = 117�27 b̂IK = 77�47 b̂CCT = 116�26 b̂IK = 167�58 b̂CCT = 117�81 b̂IK = 82�05

Non-Food
0�4 1�0 2�8 5�4 4�4 7�8 17�1 13�1 13�8

(−33�4�34�2) (−31�7�33�8) (−18�8�24�4) (−24�6�35�3) (−20�3�29�2) (−10�0�25�6) (−12�2�46�4) (−9�7�35�9) (−7�5�35�1)
[−50�0�40�3] [−48�0�39�6] [−28�7�27�6] [−50�9�37�8] [−28�5�41�1] [−24�2�23�7] [−42�1�42�4] [−20�2�54�6] [−9�1�37�1]
{−42�2�37�5} {−46�7�39�0} {−29�9�41�1} {−40�3�40�0} {−16�5�54�1} {−31�4�53�5}
ĥCCT = 62�36 ĥIK = 68�36 ĥCV = 317�00 ĥCCT = 62�23 ĥIK = 101�58 ĥCV = 317�00 ĥCCT = 61�22 ĥIK = 92�17 ĥCV = 317�00
b̂CCT = 98�44 b̂IK = 70�61 b̂CCT = 93�62 b̂IK = 83�86 b̂CCT = 118�87 b̂IK = 79�06

Total
2�0 10�8 6�5 27�6 27�0 22�8 28�1 30�3 47�8

(−67�9�71�9) (−47�2�68�7) (−35�9�48�9) (−26�7�81�8) (−19�5�73�4) (−9�4�54�9) (−23�2�79�4) (−14�0�74�7) (8�5�87�0)∗∗

[−99�3�94�3] [−91�6�77�5] [−44�5�66�4] [−59�2�87�1] [−36�7�91�9] [−25�7�59�9] [−78�8�74�5] [−42�8�84�0] [−6�0�84�5]∗
{−87�8�78�5} {−112�2�123�8} {−36�7�92�2} {−33�8�92�5} {−37�7�81�9} {−89�1�90�1}
ĥCCT = 63�59 ĥIK = 93�72 ĥCV = 317�00 ĥCCT = 61�25 ĥIK = 89�50 ĥCV = 317�00 ĥCCT = 68�58 ĥIK = 105�08 ĥCV = 317�00
b̂CCT = 102�39 b̂IK = 69�16 b̂CCT = 89�83 b̂IK = 95�31 b̂CCT = 136�03 b̂IK = 78�16

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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TABLE S.A.XX

SHARP RD TREATMENT EFFECT ESTIMATES OF PROGRESA/OPORTUNIDADES ON CONSUMPTION, RURAL LOCALITIES (REGION 28)a

Pre-Intervention 1-Year Treatment 2-Year Treatment

BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV BW-CCT BW-IK BW-CV

Food
71�1 18�0 −3�4 245�9 −25�8 −16�3 288�5 18�3 −30�5

(−44�4�186�7) (−34�7�70�7) (−58�6�51�7) (−86�7�578�6) (−100�6�48�9) (−99�3�66�6) (−42�2�619�2)∗ (−100�3�137�0) (−131�3�70�2)
[−184�2�306�0] [−26�9�180�4] [−15�0�127�6] [−606�1�1129�2] [−105�2�127�7] [−107�0�178�0] [−328�6�992�0] [−74�7�488�1] [−80�6�285�2]
{−52�5�221�1} {−44�2�201�5} {−79�8�683�2} {−134�4�549�5} {−37�4�711�7}∗ {−33�8�1169�6}∗
ĥCCT = 49�02 ĥIK = 104�93 ĥCV = 142�53 ĥCCT = 31�18 ĥIK = 182�13 ĥCV = 142�53 ĥCCT = 43�56 ĥIK = 102�51 ĥCV = 142�53
b̂CCT = 95�81 b̂IK = 95�06 b̂CCT = 65�59 b̂IK = 104�59 b̂CCT = 90�79 b̂IK = 75�45

Non-Food
215�8 −40�0 54�6 −57�8 −43�6 −45�1 −85�1 −123�3 −128�7

(−168�3�599�9) (−191�0�111�0) (−149�6�258�7) (−141�3�25�6) (−96�6�9�4) (−99�3�9�0) (−271�7�101�4) (−225�6�−21�1)∗∗ (−242�4�−15�0)∗∗
[−138�4�1579�4] [−133�7�416�1] [−162�8�667�9] [−211�9�105�0] [−107�5�16�3] [−118�4�17�7] [−326�6�233�0] [−293�7�27�1] [−307�1�61�0]
{−174�6�714�9} {−355�1�1643�5} {−167�3�54�5} {−147�1�26�1} {−298�6�158�8} {−312�4�111�3}
ĥCCT = 46�44 ĥIK = 125�13 ĥCV = 85�52 ĥCCT = 44�95 ĥIK = 176�70 ĥCV = 142�53 ĥCCT = 57�79 ĥIK = 210�57 ĥCV = 142�53
b̂CCT = 89�46 b̂IK = 71�31 b̂CCT = 73�66 b̂IK = 130�72 b̂CCT = 93�13 b̂IK = 136�69

Total
313�7 6�1 90�8 194�9 −66�4 −61�5 90�2 −152�4 −159�2

(−185�7�813�1) (−172�0�184�1) (−141�3�322�8) (−174�1�563�9) (−170�4�37�5) (−169�2�46�3) (−257�6�438�0) (−337�3�32�5) (−338�5�20�1)∗
[−216�6�1826�7] [−122�0�659�3] [−168�2�843�0] [−1626�4�1171�7] [−171�7�119�1] [−179�4�149�8] [−230�2�1054�6] [−290�5�342�5] [−312�8�271�3]
{−193�6�959�2} {−343�6�1721�0} {−174�0�695�7} {−200�0�229�1} {−266�1�563�8} {−215�5�1336�3}
ĥCCT = 42�49 ĥIK = 106�03 ĥCV = 85�52 ĥCCT = 30�99 ĥIK = 162�84 ĥCV = 142�53 ĥCCT = 58�07 ĥIK = 130�30 ĥCV = 142�53
b̂CCT = 86�82 b̂IK = 70�63 b̂CCT = 63�01 b̂IK = 129�66 b̂CCT = 106�65 b̂IK = 82�31

a(i) BW-CCT, BW-IK, and BW-CV correspond to estimation methods using, respectively, CCT, IK, and cross-validation bandwidth selectors. (ii) For each bandwidth selection
method and outcome, the table reports RD local-linear point estimator, conventional 95% confidence intervals in parentheses, robust 95% confidence intervals in square-brackets
using estimated hn and ρn = 1, robust 95% confidence intervals in curly-brackets using estimated hn and bn , and estimated bandwidths values. All confidence intervals are also
robust to heteroskedasticity. (iii) For each confidence interval, accompanying stars denote associated null hypothesis of no-treatment effect rejected at: ∗statistically significant at
10% level, ∗∗statistically significant at 5% level, and ∗∗∗statistically significant at 1% level.
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– Drop households originally classified as ineligibles, but reclassified in
1999, who received positive transfers that year.

– Drop households with missing information for the consumption vari-
ables.

– Drop household with invalid entries in some key pre-intervention vari-
ables (household size and age of household head).

– Using the baseline database (1997), we constructed the pre-intervention
variables used in Table S.A.XII.

– Using all three databases (March 1998, November 1998, and November
1999), we constructed the following outcome variables (averaged in the house-
hold over all its members, expressed as monthly expenses):

∗ Food Consumption: household level data on food outlays made in the
seven days preceding the interview for 36 food items. It also includes the value
of food consumed from own production in that same period of time, valued by
imputing a locality level price (based on interviews with local leaders in each
village).

∗ Non-Food Consumption: expenses reported on a weekly, monthly, and
semi-annual basis. Non-food expenses reported on a weekly basis include
transportation and tobacco. Monthly outlays include school tuition, health-
related expenses, home cleaning, electricity, and home fuel expenditures. Ex-
penditures reported on a semi-annual basis include home and school supplies,
clothes, shoes, toys, and payments for special events.

∗ Total Consumption: computed as the sum of non-food expenditures and
the value of food consumption.

All empirical results were obtained using the STATA package rdrobust.
Here we briefly describe the main underlying implementation details for each
part of our empirical illustration.

• Balance Tests. We conducted difference-in-means tests of pre-
intervention covariates for the full sample and for observations near the cut-
offs, as is common in empirical studies employing RD designs.

• Figures S.A.1 and S.A.2. The RD plots were obtained using the STATA
command rdbinselect with a scale factor of 5.

• MSE-Optimal Bandwidth Selection. Estimation results using CCT and IK
methods were obtained using the default options in the command rdrobust.

• Cross-Validation Bandwidth Selection. Figures S.A.3 and S.A.4 present
plots of the cross-validation objective functions for each case analyzed in Ta-
ble S.A.X. These figures were constructed using the option cvplot in the
command rdbwselect, after selecting the CV tuning parameters as appro-
priate. In particular, we restricted the range of the running variable, and also
adjusted the parameter δ ∈ {0�1�0�15�0�2�0�25} in the CV cross-validation ob-
jective function.
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Panel A: Food Consumption
(a) Pre-Intervention (b) 1-Year Treatment (c) 2-Year Treatment

Panel B: Non-Food Consumption
(d) Pre-Intervention (e) 1-Year Treatment (f) 2-Year Treatment

FIGURE S.A.3.—Cross-validation objective functions for bandwidth selection, urban localities.
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Panel A: Food Consumption
(a) Pre-Intervention (b) 1-Year Treatment (c) 2-Year Treatment

Panel B: Non-Food Consumption
(d) Pre-Intervention (e) 1-Year Treatment (f) 2-Year Treatment

FIGURE S.A.4.—Cross-validation objective functions for bandwidth selection, rural localities.
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