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SA-1 Introduction

This supplemental appendix considers four generalizations relative to the setup in the paper.

1. The score variable X; is d-dimensional, with the genuinely multivariate boundary-discontinuity case

corresponding to d > 2.
2. Weighted Boundary Average Treatment Effect (WBATE).
3. Largest Boundary Average Treatment Effect (LBATE).
4. Imperfect compliance (fuzzy) designs.

In addition, this supplement presents technical results and proofs not covered in the main text due to space
limitations.
The assumptions in the paper are specialized primitive conditions; after imposing these restrictions on the

supplemental results, the mapping between this supplemental appendix and the paper is as follows.
e Theorem SA-1 = Theorem 1.
e Theorem SA-2, in its sharp level case with d = 2, = Theorem 2.
e Theorem SA-3, with d = 2, = Theorem 3.
e Theorem SA-4 with d =2 = Theorem 4.
e Theorem SA-5 with d =2 == Theorem 5(i).
e Theorem SA-8 with d =2 = Theorem 5(ii).
e Section SA-8.35 = Theorem 6.

The generalizations considered in this supplemental appendix are conceptually straightforward, but techni-
cally more involved. Section SA-3 presents the main distance-based identification, estimation, and inference
results. Sections SA-4 and SA-5 present the corresponding WBATE and LBATE results for sharp designs.
Section SA-6 extends all the results to fuzzy designs. Section SA-7 presents a new Gaussian strong approx-

imation result that may be of independent interest.

SA-1.1 Notation and Definitions

For textbook references on empirical process, see van der Vaart and Wellner [1996], Dudley [2014], and Giné
and Nickl [2016]. For textbook references on geometric measure theory, see Simon et al. [1984], Federer
[2014], and Folland [2002]. Throughout the appendix, x denotes a generic point in 2 and, when x € &, a

generic boundary point; the main paper uses b and b; for selected or discretized evaluation points on the

boundary.
(i) Polynomial Notation. For scalar u € R, ry(u) = (1,u,...,uP)", and ey denotes the intercept selector
satisfying e/ r,(u) = 1. More generally, e; denotes the selector satisfying ejTrp(u) =w forj=0,...,p.



(ii) Norms. For a vector a € R¥, ||a|| = (Zle a?)!/? and ||al|e = max;<;<i |a;|. For a matrix A € R™*",
A, = SUD|Ix|| =1 [Ax||,, p € NU{oco}, and Amin(A) denotes its minimum eigenvalue when defined.
For a function f on a metric space (S,d), ||fllcc = sup,eg|f(s)], and supp(f) denotes the closure of
{s € S: f(s) # 0}. For a probability measure Q on (&, .#) and p > 1, define ||f]|, , = ([ |f[? dQ)'/»,

and Q(f) = [ fdQ. For a set E C RY, m(E) denotes the Lebesgue measure of E.

(iii) Empirical Process. We use standard empirical-process notation: E,[g(v;)] = n™' Y " | g(v;) and
Gnlg(vi)] = n= Y230 (9(vi) — E[g(v4)]). Let (§,d) be a semi-metric space. The covering number
N(8,d,¢e) is the minimal number of open d-balls of radius € needed to cover §. A P-Brownian bridge
is a mean-zero Gaussian random function Wp(f), f € Lo(Z,P), with covariance E[Wp(f)Wp(g)] =
P(fg) — P(f)P(g). A class F C Lo(Z,P) is P-pregaussian if there is a version of Wp such that

We € C(F; pp) almost surely, where pp(f,g) = (|lf — gl — (Bf — Pg)*)'/>.

(iv) Geometric Measure Theory. For a set E C X, the De Giorgi perimeter of E relative to X is Z(E) =
TV(1,},2- Ford € Nand 0 <m < d, ™ denotes m-dimensional Hausdorff measure, and integration
against £ is understood in the standard Caratheodory construction. The Hausdorff dimension of A
is denoted dimg (A). A set A C R is k-rectifiable if it has Hausdorff dimension k and is covered up to
a H*-null set by countably many continuously differentiable maps from R¥ to R%. A set C C R? is a

rectifiable curve if there exists a Lipschitz continuous function « : [0,1] — R? such that C = ([0, 1]).

< b,, means

~

(v) Bounds and Asymptotics. For real sequences, a, = o(b,) means a,/b, — 0, and ay,
layn| < C|b,| eventually for a finite constant C'. For random sequences, a,, = op(b,) means a,, /b, —p 0,

and |a,| Sp |bn| means limsup,,_, o limsup,,_, . P[|an/b,| > M] = 0.

(vi) Distributions and Statistical Distances. For u € RF and a k x k positive definite matrix 3, Normal(u, 3)
denotes the Gaussian distribution with mean g and covariance 3. Uniform([a, b]) denotes the uniform
distribution on [a, b], Bernoulli(p) denotes the Bernoulli distribution with success probability p, and
®(-) denotes the standard Gaussian cumulative distribution function. For two distributions P and @,
dx(P, Q) denotes the KL-distance and d,2 (P, Q) denotes the x? distance.

Throughout the appendix, d and the local-polynomial order p are fixed, with p > 0. All limits are
taken with o — 0 as n — oo. The genuinely multivariate boundary-discontinuity results are stated for
d > 2; the BATEC results (pointwise and uniform over finite boundary sets), the LBATE results, and their
fuzzy analogues recover the usual one-dimensional RD case when d = 1 under the analogous assumptions,
interpreting & as a finite O-rectifiable boundary and integrating with respect to $°. Most of our results hold
with fixed but small enough bandwidths; we do not make this distinction explicit to avoid overly complex

statements and technical discussions.

SA-2 Setup

We partition & into two assignment areas, of; C R? with ¢ € {0, 1}, representing the control and treatment
regions, respectively. That is, ¥ = oy U &1, where &, and of; are disjoint regions in R?. The observed
outcome is V; = 1(X; € #)Y;(0) + L(X; € o1)Y;i(1). The boundary is B = bd(y) Nbd(#;) C R%, where
bd(-) denotes the topological boundary of a set, and has effective dimension d —1. Without loss of generality,
we assume that % belongs to the treatment region, that is, & C &7 and B N oy = ().



The univariate distance score induced by the multidimensional score is
DZ(X) = []]-(Xz Gdl)—]l(Xz Gd@)}d(xi,x), XG%,

where «(-,-) denotes a distance function. For a deterministic point z € X, write D,(x) = [1(z € o1) —
1(z € o)]«(z,%x). Let Jy = (—0,0), F1 = [0,00), and ¢t = 2t — 1 for t € {0,1}. Thus, for z € o,
Dy, (x) = ¢ (z,%x). Let rp(u) = (1,u,- ,uP)", and K;(u) = K(u/h)/h?%, where K(-) is a univariate kernel
and h is a bandwidth parameter. No symmetry of K is imposed, so the side-specific sign remains in both
the polynomial argument and the kernel weight.

For later reference and for Assumption SA-2, let

p = E{rp<Di}§X))rp<Di}§X))TKh(Di(x))]l(Di(x) c ft)}, t e {0,1).

SA-2.1 Assumptions

The data generating process assumption from the main paper generalizes as follows.
Assumption SA-1 (Data Generating Process). Let ¢t € {0,1}.

() (Y1), X)), ..., (Ya(®), X)) are independent and identically distributed random vectors.
(ii) The distribution of X; has compact support X C R with nonempty interior and a Lebesque density
fx(x) that is continuous and bounded away from zero on X .
(iil) pe(x) =E[Y;(1)|X; = x] has a (p+ 1)-times continuously differentiable extension to an open neighbor-
hood of X .
(iv) oZ(x) = V[Y;(t)|X; = x] is bounded away from zero and continuous on I .
(v) supyxeq E[|Yi(1)]*T|X; = x] < 0o for some v > 2.

The boundary, distance, and kernel assumption from the main paper generalizes as follows.

Assumption SA-2 (Boundary, Distance, and Kernel). Let ¢t € {0,1}.

(i) & Cint(Z), and B is compact (d — 1)-rectifiable, with $H=1(B) positive and finite.

(ii) @ :RYx R? = Ry is a metric on R? equivalent to the Euclidean distance, that is, there exist positive
constants C,, and C; such that C ||x — x| < Z(x,%x') < C, ||x — X'|| for all x,x' € X.

(i) K : R — [0,00) is either compactly supported and Lipschitz continuous, or K(u) = 1(u € [-1,1]) and
the distance balls {v € & : &(v,x) <r}, indexed by (x,7) € X x Ry, form a VC class.

(iv) liminfp o infxeg Amin(Prx) 2 1.

(v) For each x € % and t € {0,1}, the denominator in the Hausdorff-measure representation of 6y x(r)

below is positive and finite for all sufficiently small |r| > 0 with r € %.

For d = 2, Assumption SA-2(i) holds whenever & is a compact rectifiable curve contained in the interior
of X, with positive and finite length. Assumption SA-2(ii) is specific to distance-based methods and requires
the distance function to be equivalent, up to constants, to the Euclidean distance. In Assumption SA-2(iii),
the extra VC condition appears only for the uniform kernel because its indexing sets are distance balls rather
than rectangles: Lemma SA-1 gives primitive cases where it is automatic, including the Euclidean distance.

Assumption SA-2(iv) rules out boundary—distance—kernel configurations in which, after local rescaling by
h, one side of the boundary receives too little kernel-weighted mass to guarantee that the distance-based local

polynomial regression is well-defined uniformly over 9. Thus, the condition ensures that the local distance



design is sufficiently rich on each side of the boundary. Lemma SA-2 gives primitive sufficient conditions
for the Euclidean-distance case, and Lemma SA-3 then shows that the sample Gram matrix is full rank
in large samples. Assumption SA-2(v) is specific to distance-based identification: it keeps the Hausdorff-
measure ratio defining 6, x(r) well-defined near the boundary and is used for identification (Theorem SA-1);
under additional smoothness, the same ratio is differentiated in Theorem SA-3. These conditions are stated
uniformly over & in anticipation of our uniform estimation and inference results, but several can be relaxed
to hold only pointwise in x € 98 for pointwise results.

Assumption 3 imposes regularity conditions on a weight function along the boundary.

Assumption SA-3 (Weight Function and Boundary). Let w : # — (0,00) satisfy sup,cqgw(x) < oo,
infyeg w(x) >0, and [, w(x)dH4 1 (x) < oo.

SA-2.2 Parameters
The Boundary Average Treatment Effect Curve (BATEC) is
7(x) =E[Y;(1) - Yi(0)|X; =x],  xe%.
For each ¢t € {0,1}, the induced conditional expectation based on univariate distance is
0, x(r) = E[Y;|D;(x) = r] = E[Y;|«(X;,x) = |r|, X; € o], re;, xe€3B

More rigorously, for each t € {0,1}, and letting Sy x(r) = {v € X : &(v,x) = r,v € &} for r > 0 and
X € AB,

() = Jntr PV 451 )
X fSt,x(\r\) fx(v)dod-1(v) ~’

for |r] > 0,x € B,t € {0,1}, and therefore (under our assumptions)

fs (|,«|)Nt(v)fX(V) dﬁdil(v)
L0)= lim  EYid(Xix) = |, X € o] = lim 2o
0t7 (0) r—)Ol,I?EJt [ |d( X) ‘T| < ﬂt] THO{I?EJJL fSt <(IrD fX (V) dﬁdil (V)

The induced signed-distance treatment-effect parameter is
Y(x) = 01 x(0) — 6 x(0), x € 3AB.

Theorem SA-1 shows that 9(x) = 7(x) under Assumptions SA-1(i)-(iii) and SA-2(i), (ii), and (v).

We also consider the parameters

[, 900w60 ds ! (x) )
upATE = ‘%jf% w(x) A5 1(x) and Dpate = )Sclel}%ﬁ(x)

Theorem SA-1 implies that

o JgTw(x) A9 (x)
WBATE WBATE f% W) a5 o




is the Weighted Boundary Average Treatment Effect (WBATE), and

ULBATE = TLBATE = SUP T(X)
XERB

is the Largest Boundary Average Treatment Effect (LBATE).

SA-2.3 Estimators and Other Related Quantities

The distance-based estimator process along the boundary is

~

D(x) = 01 (0) — o (0), x€ B,
where, for ¢ € {0,1},

0ix(0) = €] 3,00, Fu(x) = argminE, [(¥; — ry(Di()/0) T9) Kn(D,()UD: () € ).

~ERP+H
More generally, the least squares projection is
Oix(r) =1,(r/h) 7, (x), t€{0,1}, xe %
The best mean square approximation is
O x (1) = 1p(r/h) 7} (%),

where

v (x) = argmin]E{(Yi — rp(Di(x)/h)T'y)QKh(D,-(x))]l(Di(x) € Jt)},

~yERP+1L
and uniqueness will follow from the results below. Let
0;x(0) = e 7; (x)-

The estimation error decomposes into linear error, approrimation error, and non-linear error: for all t €
{0,1} and x € A,

Box(0) — Bux0) = e T B ey (Z0)) K6, (0,0 ¥ (1) € )] — B1(0)

D;(x)
h
+ Q;x(o) - et,x(o)

_ ~-1
= ef,x(o) — 0:x(0) "‘eg‘I’t,iOt,x +eg(‘I’t,x - ‘I’t,}c)ot,m

= e LBy 1y (=52 ) Kn(Di(0) (Vi = 04 (D,(x)2(Di(x) € )]

approximation error linear error non-linear error
where
Di(x) .
Ot = En [, (=52 ) Kn(Di(0) (Vi = 0 (Di(x))L(Di(x) € 7).



with ¥,  defined above and

¥, =E, [rp(Di(x))rp(Di(x)>TKh(Di(x))]l(Di(x) e.7).
Therefore,

D(x) — 9(x) = B(x) + £(x) + Q(x). (SA-1)

the linear term is
Ta—1 Tay—1
£(x) = ey ‘I’l,xol,x — € lI’o,x()Opn

and the quadratic (non-linear) term is

~—1 _ ~—1 _
Q(x) = eg(‘l’l,x - ‘1’1,,1<)01 x = eoT(‘I’o,x - ¥, 1)00 x-

The population projection defining 6; , implies E[£(x)] = 0 and E[£(x)?] = Ex = Ex x, where

= = = = _ Ty ! -1
—x1,x2 — —0,x1,X2 + —1,x1,x29 —t,x1,X2 — €y ‘Pt,xlrt7X17x2‘I’t,x2eO>
nhd

and

T,y = WIE [rp(Diglxl))rp(DiS(Q))TK;L(Di(xl))Kh(D,»(XQ))

(Yi = 07, (Di(x1))) (Vi = 07, (Di(%2)))L(Di(x1) € F)L(Di(x2) € F)|-

Finally, for t € {0,1}, x1,%2 € 9%, the sample analogues are éx = Ex’x, where

~ ~

~—1 ~ ~—1
_ T
t,X1,X2 — nhd €y \Ilt,xl Ttaxth ‘Ilt,xze07

(11
[

. — =
X1,X2 = 20,%1,%2 T Z=1,%1,%25

T\ %, = hIE, [rp (Di(xl))rp (Dis‘” ) K (Ds (x1)) Kn(Ds ()

(Vi = Oy (Ds(x1))) (Vi — O, (D3 (%2)))L(Di(x1) € F2)L(Di(x2) € F) |-

SA-2.4 Higher-Order Signed-Distance Derivatives

The main results in this appendix focus on the level parameter ¥(x) because it equals the BATEC 7(x) under
Theorem SA-1. One can also estimate derivatives of the induced signed-distance regression. For x € & and

an integer v € {1,...,p}, whenever the one-sided limits exist, define

v

12 . d 1% 124
00)= Lm0 (r), 9V (x)=6700) - 6520), xeB

r—=0, re; drY



The corresponding local-polynomial estimator replaces the level selector by the derivative selector:
I (x) = vIh ™" (e) 7, (x) — €] 9o(x)), X € B

All level results above have direct analogues after replacing e by v!h~"e,, replacing the variance rate (nh?)~!
by (nh4t2)=1  and replacing the smooth-bias rate h™ by h™~" when the induced functions r ~— 6y x(r)
are m times differentiable. We do not state those analogues theorem by theorem because their notation is
substantially heavier and the resulting parameter has a narrower causal interpretation: for v > 0, 9(*) (x) is
a derivative of an induced signed-distance regression, not a derivative of the BATEC curve as a function on
RB.

There is, however, one useful first-derivative interpretation for x € 9% under a smooth Euclidean geometry.
Suppose « is Euclidean, & is C? near x, the treatment region has a well-defined unit normal n(x) pointing
from control to treatment, meaning that x + rn(x) € ¢ and x — rn(x) € o for all sufficiently small r > 0,
and fx, po, and p; are continuously differentiable near x with fx(x) > 0, so that the treatment-effect

function 7 admits the ambient gradient V7(x). Then,

T2
T VAT((d + 1)/2)

In the bivariate case, co = 2/m. Thus, the first signed-distance derivative is proportional to the normal

I (%) = ¢q V7 (x) Tn(x), x € ARB.

derivative of the treatment-effect surface. This formula uses the Euclidean metric and the local half-sphere
geometry it induces; with a different metric, the relevant average is over the corresponding metric sphere

and need not reduce to a Euclidean normal derivative.

SA-2.5 Preliminary Lemmas

Recall that ¢ € {0,1}.
The following lemma gives a sufficient condition for Assumption SA-2(iii) when using the uniform kernel.

Lemma SA-1 (Primitive VC Condition for Distance Balls). Let 2, = {{v e X : 4(v,x) <r}: (x,7) €
X x Ry}, Suppose that, for some integer J < oo, there are finite-dimensional linear spaces 71,...,% of
real-valued functions on X and a Boolean map b : {0,1}/ — {0,1} such that, for every (x,7) € X x Ry,
there are f;(-;x,r) € 75, j=1,...,J, satisfying

1{&(v,x) <r} =b(L{fi(v;x,r) >0}, ..., 0{fs;(v;x,7) > 0}), veXZ.

Then, D, is a VC class.

In particular, the conclusion of Lemma SA-1 holds whenever the distance balls are semialgebraic sets of
uniformly bounded degree and Boolean complexity. This includes the Euclidean distance, fixed Mahalanobis
distances Z(v,x) = ((v — x)TA(v — x))/? with A positive definite, and distances generated by fixed
polyhedral norms.

The following lemma gives a sufficient condition for Assumption SA-2(iv).
Lemma SA-2 (Gram Invertibility). Suppose the following conditions hold:

(a) Assumptions SA-1(i)(ii) and Assumption SA-2(iii) hold.
(b) &(-,+) is the Fuclidean distance.



(¢) There exists a compact set U C R?, such that K (|[ul|) > 0 for allu € U, Amin( [y, rp(||2])rp(|2]) T dz) >
0, and liminf, o infxeg [;; K(s|lul))1(x + hu € o;)du 2 1.

Then, Assumption SA-2(iv) holds.

Lemma SA-3 (Gram). Suppose Assumptions SA-1(i)(ii) and SA-2 hold. If Toal 1/h) — 00 and h = o(1),
then

nhd

_ log(1/h)
il Sp Toahd

sup ||‘Ilt,x - ‘Ilt,xH S]P’ Ma 1 SIP lnf )\min(‘I’t,x) S sup H‘Ilt,xH S;]P’ 1
xERB xeB XERB

~—1
sup || ¥, , —
XERB

Lemma SA-4 (Stochastic Linear Approximation). Suppose Assumptions SA-1(i)(i)(iii)(v) and SA-2 hold.
If g 1/h) — 00 and h = o(1), then

log(1/h) 1Og(l/h)

Oixll S
2 Ouxll ey =g S
log(1/h) 10%(1/h)
€ \I/ O x < + 1+v
iggg‘ 0 x| S nhd nree pd
P oa(1) fog(1/1) o/
W, — W, )0 | < \/
igg‘e()( t,x t,x) t, | ~P nho nhe + n;iz hd

Lemma SA-5 (Covariance). Suppose Assumptions SA-1 and SA-2 hold. If Toa( 1/h) — o0 and h = o(1),
then

1 < inf nh? Htxxgsupnh Eixx S,

XERB XER
. log(1/h) _ log(1/h)
g omoms = Yomwll 82 =g+ Szt
and
- log(1/h log(1/h
sup Tlh ‘Ht X1,X2 :t,xl,xz‘ ~P (hé ) (L/ d) .
x1,X0E€RB n n2+vh
. - 2+Lvhd
If, in addition, ﬁgz(w — 00, then
inf /\mm(Tt xx) 2P 1, inf nhi= Etxx 2P 1, sup nh”@t,x’x <p 1,
XERB xE€ERB xXERB

and

[I]>

log(1/h) | log(1/h)
nhd nzo pd

=
t,X1,X2 —1,X1,X2

Se

X1,X2ERB \/‘_‘t7x1 X1 —t,X2,X2
‘—‘t ,X1,X1 ‘—‘t ,X2,X2




SA-3 Boundary Average Treatment Effect Curve

SA-3.1 Identification
Theorem SA-1 (Distance-Based Identification). Suppose Assumptions SA-1(i)-(iii) and SA-2(i), (ii), and
(v) hold. Then,

T(x) =9(x) = 11&)1 01x(r) — li%l Oox(r), forallx € &.

SA-3.2 Approximation Bias

The next two theorems collect the approximation-bias results corresponding to Theorems 2 and 3 in the
paper. The first theorem gives a dimension-generic level upper bound and the bivariate sharpness result; the

second theorem gives improved level bias bounds under smoothness of the induced signed-distance regression.

Theorem SA-2 (Approximation Bias: Minimal Level Guarantee). Suppose Assumptions SA-1(i)-(iii) and
SA-2 hold. If h = o(1), then

sup |B(x)| < A,

XEB
for any d > 1. In particular, for d = 2, this bias-rate is sharp in the following sense. For some L > 1, let P
be the class of data generating processes satisfying Assumptions SA-1(i)—(iii) with & C [—L, L]?, Assumption
SA-2, and the following additional conditions, with (i) and (i) imposed for each t € {0,1}:

(l) L_l S infxeél” fX(X) S SUPxea fX(X) S L7
(ii) maxo<|y|<pSUPxeg 0¥ 1 (X)| + MaXo<|y|<p SUPy yea W <L, and
(iii) liminfpoinfxee f&{t Kn((2t —1)&(u,x))du > L~1.

If nh? — oo and h = o(1), then

B B
1 < liminf sup sup M < lim sup sup sup B <1

N0 pep xeR n—oo PePxeB N
The first part of Theorem SA-2 is dimension-generic. The sharpness statement is a level result: near

kinked boundaries, signed-distance derivatives need not exist without additional smoothness restrictions.

Theorem SA-3 (Approximation Bias: Smooth Boundary). Suppose Assumptions SA-1(i)-(iii) and SA-2
hold, and let h = o(1).

(i) If, for some integer m € {1,...,p+ 1}, each map r — 0y x(r) is m-times continuously differentiable

on F; near zero with mth derivative uniformly bounded over t € {0,1} and x € %, then

sup |B(x)| < h™.
XERB
The pointwise analogue holds under the same smoothness condition at a fired x € 9.
(ii) Suppose d = 2 and #(-,-) is the Euclidean distance. For x € %, suppose that for some d,e > 0,
BN{y: |y — x| <e} =~([-9,0]), where v : R — R? is one-to-one and belongs to C*T2([—6, §], R?).



Let mx = Kk A(p+1). Then, 0o x(-) and 01 x(-) are mx-times continuously differentiable near zero, and
[B(x)| < A"

(iil) Suppose d =2, & (-,+) is the Euclidean distance, and % = ([0, L]), where ~y is one-to-one and belongs
to C*T2([0, L], R?) for some L > 0. Suppose there exist §,& > 0 such that, for allx € B° = v([6, L—4]),
r € [0,¢], and t € {0,1}, the set {u € R? : &(u,x) = r} intersects bd(<;) at only two points in B.
Let m = oA (p+1). Then, Opx(-) and 01 x(-) are m-times continuously differentiable near zero with

derivatives uniformly bounded over x € B°, and

sup [B(x)| < h"™.
xERB°

SA-3.3 Point Estimation and Approximate MSE Expansions
Theorem SA-4 (Convergence Rates). Suppose Assumptions SA-1 and SA-2 hold. Let h = o(1).
o If9(x) is well defined at a fived x € B, and nh? — oo, then

1 1
nhd + % + ’SB(X)’

[9(x) — V(x)| <

o If 9(x) is well defined for all x € B, and % — 00, then

- log(1/h) _ log(1/h)
sup [9(x) — ¥ (x)| < + ——— + sup |B(x)|.
xegé’ ‘ ( ) ( )| i nhd TLQi“ hd xeg } ( )}

Equation (SA-1) also gives MSE-type criteria for bandwidth choice. Unlike the location-based estimator,
the distance-based estimator is based on a one-dimensional projection of the full score, so a conditional-
on-X MSE does not isolate a clean local-polynomial variance term under misspecification. Instead, we use
the linearized decomposition implied by (SA-1). Because the population projection defining 6, implies
E[£(x)] = 0 and E[£(x)?] = Ex, we define the approximate MSE and approximate IMSE as

AMSE(x) = E[(B(x) + £(x))°] = B(x)* +Zx, x€ 3,
and the approximate IMSE
AIMSE = / AMSE (x)w(x) d$H?71(x).
B

The results in Section SA-3.2 give different approximation and exact rate results for the bias B(x),
Lemma SA-5 implies that Vi = nh?Z, is bounded and bounded away from zero, and Lemma SA-4 implies
that

sup [20)] <p \/log(l/h) (\/log(l/h)Jrlogl;g}/h))'

.~y nhd nhd nEtv pd

Therefore, under appropriate rate conditions, the nonlinear term is higher order and can be ignored for

first-order bandwidth calculations.
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For bandwidth selection, suppose that a leading-bias expansion B(x) = h™ By + o(h™) is available, with

By bounded and bounded away from zero. The approximate MSE criterion is then

1
WmB2 4+ —V,
X + nhd b)

which gives the approximate MSE-optimal bandwidth selection rule

b B ( dViy l) TmTd

wsex = \ 5B :
Similarly, if [, B2w(x) d$H? ! (x) is bounded and bounded away from zero, the approximate IMSE-optimal
bandwidth choice is

d [ Vaw(x)dH4 1 (x) 1 ) TTd

ianuse = (Qm [, B2w(x) dH4-1(x) n

Here m is the order of the signed-distance approximation bias. Theorems SA-2 and SA-3 give primitive
conditions under which such rates are available. In contrast to the location-based case in Cattaneo et al.
[2026], this bias order is governed by the smoothness of the induced signed-distance regression, and therefore

by the geometry of the boundary and the distance metric, not only by the polynomial order p.

SA-3.4 Distributional Approximation and Inference

Let V= ((X{,Y1),---,(X,},¥,)), and recall that t € {0,1}. The feasible t-statistic is

The associated 100(1 — a))% confidence interval estimator is

T = | 909 = /B 7600+ 00/ |

where ., denotes an appropriate quantile depending on the desired confidence level « € (0,1) and coverage
objective (pointwise vs. uniform over 98). The following theorem establishes pointwise asymptotic normality
and validity of confidence intervals. Let ®(-) be the cumulative distribution function of a standard univariate

Gaussian random variable.

Theorem SA-5 (Confidence Intervals). Suppose Assumptions SA-1 and SA-2 hold, and ¥(x) is well defined.
If n¥wht = oo, h = o(1), and Vnhd|B(x)| — 0, then

sup IP’(T(X) <u)— @(u)’ = o(1), x € %,
u€R
and

P(I(x) €Ta(x)) =1 —a+o(l), xe%B,

provided that qq = inf{c > 0:P(|Z| > ¢ | V) < o} with Z | V ~ Normal(0,1).

11



To conduct uniform inference, we rely on a new strong approximation result established in Section SA-7.
First, we approximate (uniformly over x € &) the feasible statistic T by the following linear statistic (which

is a sum of independent random variables):
T(x) = (Zxx) " (e] UThO1x — €] ¥5400x).  x€ .

Theorem SA-6 (Stochastic Linearization). Suppose Assumptions SA-1 and SA-2 hold, and ¥(x) is well

defined for all x € RB. If % — o0 and h = o(1), then

sup |T(x) — T(x)| <p «/10g(1/h)< log(1/h) log(l/h)) + Vol sup |B(x))|.

v
xERB nhd nz+v hd xEB

The pointwise (in %) analogue of this result removes the log(1/h) penalty. See the proof of Theorem
SA-5 for more details. To establish a Gaussian strong approximation for T(x), define the class of functions
E={gx:x€ B} and M = {mx : x € B}, where

gx(u) = 1(u € 1)K (u;x) — L(u € y)Ro(u; x),
mx(u) = —1(u € o1)R1(u;x)07 «(Du(x)) + L(u € Fo)Ro(u;x)05  (Du(x)), (SA-2)

with
1

Nk x

forallue I, x € B, and t € {0,1}. In addition, let & be the class of functions containing the singleton
identity function Id : R — R, Id(x) = x. Then, T(x) can be represented as

eg .ty (P20 16, (Do),

Ri(u;x) = Y

_ 1 <
T = 7= D [0x (X0 (YD) + ma(X) — B[ (X)) 1Y) + mu (X)) |
i=1
Define the multiplicative-separable empirical process as
1 n
M,(g,r) = 7 Z lg(xi)r(ys) — Elg(x:)r(y:)]], geEZ, TER,
i=1

which implies that

H

(x) = My (gx, Id) + M, (mx, 1), x € AB.

Theorem SA-25 gives a new Gaussian strong approximation that can be applied to T(x). This new theorem

allows polynomial moment bounds on the conditional distribution of Y;|X;.

Theorem SA-7 (Gaussian Strong Approximation: T). Suppose Assumptions SA-1 and SA-2 hold, and
X = Hle[al,bl], with —oo < a; < by < oo forl=1,...,d. Suppose also that there exists a constant C > 0
such that for t € {0,1} and for any x € B, the De Giorgi perimeter of the localized set Eyx(h) = {y € o, :
G (y,x)/h € supp(K)} satisfies Z(E;x(h)) < Ch?=1. If liminf, % > —00, nh? — oo, and h = o(1),

then (on a possibly enlarged probability space) there exists a mean-zero Gaussian process Z indexed by RB

12



with almost surely continuous sample path such that

i)ﬁﬁ—klo (n)( 1 )%
nhd g b

E[sup |T(x) — Z(X)” s (log(n))%( nzt hd

XERB

where < is up to a universal constant, and Z has the same covariance structure as T; that is, Cov[T(x1), T(x2)] =
Cov[Z(x1), Z(x2)] for all x1,x2 € AB.

The rectangular-support condition in Theorem SA-7 is used only to invoke the normalizing-map construc-
tion in Cattaneo and Yu [2025, Section 3.1]. After a componentwise affine rescaling, one can take 2 = [0, 1]%;
because fx is continuous and bounded away from zero on this compact rectangle, Px is a valid surrogate
measure and the Rosenblatt transform provides a valid normalizing transformation with finite constants.
The De Giorgi perimeter condition controls the total variation of the localized distance-kernel classes.

Theorem SA-7 can be used to construct confidence bands for (¥(x) : x € &B). Let (Z(x) : x € B) be a

(conditionally on V) mean-zero Gaussian process with feasible (conditional) covariance function

[1])

X1,X2

Cov[?(xl),Z(XQ)’V} - . x1,% € B.

=) =
—X1,X1 —X2,X2

D
D

Theorem SA-8 (Confidence Bands). Suppose the assumptions and conditions in Theorem SA-7 hold, and
9(x) is well defined for allx € %. Ifliminf,,_, % > —00, % — 00, and \/nh?log nsup,cg |B(x)| —
0, then

sup P( sup ‘T(X)’ < u) - ]P’(sup |2(X)’ < u’V)‘ = op(1)
u€R XER XERB

and
P[ﬁ(x) €1, (x), for allx € %‘] =1—a+o(1),

provided that q, = inf {c >0: P(Supxeg |2(x)’ > c’V) < a}.

Theorem SA-7 gives a strong approximation of the entire process T by a Gaussian process. This process-
level coupling is stronger than what is needed to construct confidence bands. The following theorem ap-
proximates only the supremum of the statistic. It avoids the rectangular-support and De Giorgi perimeter

conditions used in the process-level result.

Theorem SA-9 (Gaussian Approximation for sup,cg [T(x)|). Suppose Assumptions SA-1 and SA-2 hold,

liminf, e iggz > —o0, and h = o(1). Then, for n large enough, on a possibly enlarged probability space
there exists a mean-zero Gaussian process Z indexed by B with almost surely continuous sample paths such
that

Cov[Z(x1), Z(x2)] = Cov[T(x1), T(x2)], X1,X2 € B,

and

= logn (logn)5/* (logn)3/? 1 logn
T — Z - < .
sup [Tl = sup [20)) > Chayize + Gty im T (uatopay iz | ~ logn T n

|

13



Using Theorem SA-9, we obtain the following confidence-band result. Relative to Theorem SA-8, it

removes the process-level geometric side conditions at the cost of a stronger logarithmic rate condition.

Theorem SA-10 (Confidence Bands: Suprema Approximation). Suppose Assumptions SA-1 and SA-2
hold, and ¥(x) is well defined for all x € RB. If liminfnﬁm% > —o0, DAL s o0 b = o(1), and

) (Togn)?
Vnhtlognsup, g |B(x)| — 0, then
sup P( sup |T(x)’ < u) - P(sup |2(X)| < u’V)‘ = op(1)
u€R XERB xXERB
and
P[ﬁ(x) € 1. (x), for allx € %’} =1-—a+o0(1),

provided that qo = inf {c¢ > 0 : P(sup,cg4 |2(x)’ > c|V) <aj.

SA-4 Weighted Boundary Average Treatment Effect

Without loss of generality, normalize the weight function so that [, w(x) d$?~*(x) = 1. Define the distance-
based WBATE parameter and plug-in estimator by

Oypate = / I(x)w(x)dH (%),  and  Vysare = / D(x)w(x) dH (x).
B B
Integrating the decomposition (SA-1) for the difference of the two side-specific estimators gives

3WBATE - 7-9WBATE = %WBATE + 'QWBATE + QWBATE7 (SA—3)

where
Bue = [ BOOwE) A5, e = [ L0u(x) 49 ()
and
Qe = [ Qw09 ().
Define the aggregate variance of the leading term by
ZWBATE :/ / By x W(x1)w(x2) dH9 1 (x1) dH (x3).
B J%B

Its feasible counterpart is

Enare = /gg /gg St e w(x1)w(x2) dH1(x1) dH 7 (x2).

For the aggregate stochastic rate and inference results, impose the local boundary-measure regularity con-
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dition

sup H1 (B N B(x,7)) < Cgri !, 0<r<rg, (SA-4)
XERB

for some constants Cg < oo and rg > 0, where B(x,r) denotes a Euclidean ball. This upper local regularity
condition holds, for example, for compact piecewise C' boundaries with finite local multiplicity, including
piecewise-linear boundaries. Write vg j, for the k-fold product measure (H971)* on B*. For inference, impose

the scalar aggregate nondegeneracy condition

hi=t 1
EwBaTE 2, hd R (SA-5)

which rules out cancellation of the integrated covariance kernel.

Lemma SA-6 (Variance Linear Term: WBATE). Suppose Assumptions SA-1, SA-2, and SA-3 hold, and
(SA-4) holds. If 15257 — 00 and h = o(1), then

1
V[ Cupate] = Supare S —
[ WBATE] WBATE ~O nh

If, in addition, (SA-5) holds, then

1 <= < 1
— ZWBATE — -
nh ~ ~ nh
v/(24v) pd

If “ogiym— — °© and h = o(1), then

ZWBATE = ZWBATE + OP (*)
nh

If, m addition, (SA-5) hOldS, then EWBATE/EWBATE —Pp 1.

Lemma SA-7 (Quadratic Remainder: WBATE). Suppose Assumptions SA-1, SA-2, and SA-3 hold, and
(SA-4) holds. If 15257 — 00 and h = o(1), then

1
Q Sp—.
WBATE P g

If, in addition, nh**~' — oo, then

Qupate = OP(\/%)-

Theorem SA-11 (Convergence Rate: WBATE). Suppose Assumptions SA-1, SA-2, and SA-3 hold, 9(x)

is well defined for all x € B, and (SA-4) holds. If % — 00 and h = o(1), then
|§WBATE - ﬂWBATE‘ Sp }%WBATE| + L + i
- Vnh ~ nhd

15



For inference, define

,/1; i Vusate — Vusate
WBATE = —  ———
\/ =WBATE

and the associated confidence interval

Ia,WBATE = [ Vupate — o '\/ SWBATE Vusate + Ga'\/ =wBATE } .

Theorem SA-12 (Asymptotic Normality: WBATE). Suppose Assumptions SA-1, SA-2, and SA-3 hold,

and (SA-5) and (SA-4) hold. If "5k — 0o, h = o(1), nh?=1 = oo, and Vnh|Bysue| — 0, then

sup IP’(TWBATE < u) - @(u)‘ =o(1),
u€eR

and
P[yeate € Ta,WBATE] =1—-a+o(1)

provided that q, = ®71(1 — a/2).

Condition (SA-4) controls the amount of boundary measure in bandwidth-sized neighborhoods, which

gives the effective one-dimensional variance rate 1/(nh) for the integrated estimator.

SA-5 Largest Boundary Average Treatment Effect

The distance-based LBATE parameter and plug-in estimator are

Jigate = sup ﬂ(x)v Jrpate = Sup ﬁ(x)a
xXERB xXERB

respectively.

Theorem SA-13 (Convergence Rate: LBATE). Suppose Assumptions SA-1 and SA-2 hold, and ¥(x) is
well defined for all x € %B. If % — 00 and h = o(1), then

log(1/h) | log(1/h)
<
<p ohd T T +§gggl%(><)l~

19LBATE - ﬁLBATE

For uncertainty quantification, project the simultaneous confidence band for the BATEC onto the supre-

mum functional. Define

/I\Q,LBATE - |:Sup <{9\(X) - qa \/ x,x> ) sup ("/9\()() + qa Ex,x):| 5

XERB xXERB

[1])

where (o = inf{c > 0 : P(sup,c g 1Z(x)| >¢| V) <a}.

Theorem SA-14 (Confidence Intervals: LBATE). Suppose the assumptions and conditions in Theorem SA-
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10 hold. Then
P |:19LBATE € /I\a,LBATE} >1—a+o(l).
The interval is generally conservative because it is obtained by projecting a simultaneous confidence band
for the entire distance-based BATEC.

SA-6 Imperfect Compliance

We extend the distance-based results to settings with imperfect compliance, where treatment assignment
and treatment receipt may differ for some units. See Herndn and Robins [2020] for a textbook introduction.
Because D;(x) € % if and only if X; € o, for any x € & let

W, = ll(Di(x) S JO)WrL(O) + ]l(Dl(X) S Jl)Wl(l)

be the observed treatment receipt, where W;(¢t) € {0,1} denotes the potential treatment receipt under

assignment ¢ € {0,1}. The observed outcome is

For notational economy, redefine the reduced-form potential outcome as Y;(t) = Y;(¢, W;(t)). For A € {Y, W},
write A;(t) = Y;(t) when A =Y, and A;(t) = W;(¢t) when A = W; similarly, write A; = Y; when A =Y,
and A; = W; when A = W. The reduced-form BATEC components are

TA(X) :E[Az(l)—AZ(O) |)(1‘:X]7 AG{KW}, X € A,

and the fuzzy BATEC is the Wald ratio

X) = TY(X) X
)= )’ €%

The results below concern this reduced-form Wald target. A complier-average causal interpretation can be
obtained by adding the usual exclusion and monotonicity restrictions, which are not needed for the estimation
and inference theory.

The distance-based analogues are defined from the induced conditional expectations

Oarx(r) =E[4; | Di(x) =r] = E[A;(t) | 4(Xi,x) = |r|, X; € 4], re g,
and
_ _ Uy(x)
19A (X) = QA,LX(O) QA,O,X(O)7 S(X) 19W (X)
The estimator is
~ Oy (x ~ R R
0= 2 i) = o] 5, (%) — ed A0 ()
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where, for A € {Y,W} and t € {0,1},

5 a,00) = argmin B, [(A; — 1, (Di(x) /1) T7)* Kn(Dy () D; () € 7))

~ERPHL

Thus, 7y ;(x) coincides with the sharp-design estimator defined above when the outcome is Y;, while 4y, (x)

is the same local polynomial fit applied to treatment receipt.
Assumption SA-4 (Fuzzy DGP). Let t € {0,1}.

(1) ((Y;(t),W;(t),X])T : 1 <i < n) are independent and identically distributed random vectors.
(ii) pwe(x) = E[Wi(t) | X; = x| has a (p + 1)-times continuously differentiable extension to an open
neighborhood of X .
(iii) The entries of Cov[(Yi(t), W;(t))T | X; = x| are continuous on .

The following theorem is a natural consequence of Theorem SA-1.

Theorem SA-15 (Distance-Based Fuzzy Identification). Suppose Assumptions SA-1(i)-(iii), SA-4, and
SA-2(i), (i), and (v) hold. Then,

Da() =7a(x), AV, W}, xe®.
If, in addition, Tw (x) # 0, then £(x) = ((x).

SA-6.1 Second-Order Linearization

The distance-based fuzzy analysis starts from the reduced-form distance-based decomposition for each A €
{Y,W}. Let

O (r) = 1p(r/h) T}y 4 (%),

where

i () = axg minE[ (4, = ry(D:(x) /1)) Kn(Di()LDi(x) € 7))

~ERPFL

The same algebra used in (SA-1) gives

5A(X)—19A(X)Z%A(X>+£A(X)+DA(X), Ae{Y, W}, (SA-6)
where
Ba(x) =041x(0) —04,0x(0) —Ja(x),
Lalx) = e(—l)—‘I’i,l(OA,Lx - eg‘I’a,l(OApm,
~—1 ~—1
Qax)=eg (¥, — ¥ 1)0a1x— €0 (¥o, — ¥5)040x:
and

Ot = B [, (D) /W) K (Di(3)) (Ai — 031 (Di(3)))L(Di(x) € 7).

by
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The covariance kernel for the reduced-form linear terms is defined as follows. For A, B € {Y, W}, let

ZA,Bx1,x2 = SZA,B,0,x1,x2 T 2A,B,1,%1 %2>
where

= _ Ta—1 —1
—A,Bt,x1,x2 — €p \I’t,xl TA7B¢7X1»X2 ‘Ilt,xQeO’

nhd
and

Y Btoes e = BB [ (Di(x1) /Ry (Di(x2)/0) T Ko (Di (x1)) Ko (D (x2)

X (Ai = 0% 4 5, (Di(x1))) (Bi = 0 4 x, (Di(x2)))L(Di(x1) € F)L(Ds(x2) € Jt)]

Let éA,B,xl,xZ denote the sample analogue obtained by replacing ¥, Y, and 6* with @, 'Y} and 0.

The exact second-order Wald expansion is

E(x) — £(x) = Br(x) + Lr(x) + Qr(x) + Re(x), (SA-7)
where
Be(x) = w(x) " (By (x), Bw(x)) ',
Lr(x) = w(x) T (Ey (x), Lw (%))
Qr(x) = m(X)T(DY(X)ng(X)) )
and

with second-order remainder

—ﬁY—(X)AX— XQ—;AX— x)) (T (x) — x
R (x) = o (2w o) (Iw (x) — Jw (%)) o ) () (Dy (x) — Iy (x)) (Dw (x) — Iw (%)).

If infxeg [ (x)| > 0, h = o(1), and 80" — o(1), then

sup [Re (x)| e o (SA-8)
XERB

_ [log(1/h)  log(1/h)
o= G R o+ o

Thus, after the reduced-form distance-based decompositions are in place, the fuzzy BATEC estimator is

where

governed by a fixed linear combination of the reduced-form outcome and first-stage components, up to the

higher-order Wald remainder.
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SA-6.2 Fuzzy BATEC

SA-6.2.1 Point Estimation and Approximate MSE Expansions

Theorem SA-16 (Convergence Rates: Fuzzy BATEC). Suppose Assumptions SA-1, SA-4, and SA-2 hold,
and let h = o(1).

o If&£(x) is well defined at a fired x € B, [Iw(x)| > 0, and n7te hd = oo, then

1 1
+ By ()] + [Bw ()]

nh?  p3rep

€(x) — £(x)| <p

o If&(x) is well defined for all x € B, infxeg |Vw(x)| > 0, and log(1/h) _ o(1), then

n2+v pd

~

sup [§(x) — &(x)| Sp pn-

xXERB
Define
EY-,Y»X1»X2 EY,le X2 —_ T
®F7x1,x2 = | = —_ o ’ =F,X1,X2 :I'O(Xl) ®F,x17x2m(x2)'
SW,Yx1,x2 W, Wx1,%x2

Then E[£¢(x)] = 0 and E[£¢(x)?] = Zf xx- The linearized approximate MSE and approximate IMSE are

AMSEp(x) = Bp(x)®* + Zpxx  and  AIMSEg = / AMSEg (x)w(x) dH4 1 (x).
B

These criteria omit the higher-order terms Qp(x) and Rr(x). If a leading-bias expansion Br(x) = h™ Br x +
o(h™) is available and Vg x = nthFyx,x7 then the approximate pointwise criterion is
1

— Ve,

h2mB§’x +
with the same bandwidth formulas as in the sharp distance-based case after replacing (Bx, Vx) by (Br x, Vr x)-

SA-6.2.2 Distributional Approximation and Inference

Let
~ 1 ﬁy X T
B = (~ - T
Iw(x)  Iw(x)
and define
P éY,Y, , éxw, , = ~ ~ ~
®F7X1’X2 = (2 e = i xz) ) SF,x1,X2 — m(X1>T®F,X1,X2m(X2)'
:W,Y,xl,xz SW,W,x1,%x2

Lemma SA-8 (Covariance: Fuzzy BATEC). Suppose Assumptions SA-1, SA-4, and SA-2 hold, infxcg |9w (x)| >

. - - log(1/h
0, and 1 < infycqp nhd\:F7x1x < SUPyeg nhd:F,x,x <1.1If % =o0(1) and h = o(1), then
415 — E:P',x,x
sup nh®|Zrx, x, — ':‘F;XI;X2‘ = op(1) and sup |=——= — 1| = op(1).
x1,X2€R XERB | =F,x,x
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The feasible t-statistic and confidence interval are
~ X) — &(x ~ ~ ~ ~
Te(x) = M and Ior(x) = {f(x) —da\/ Zrxx, E(X) + qa/ F’x,x] )

For the pointwise remainder condition, define

11y

1 1
nx = — + ———— +|B B .
Pn, nhd—i_n;if»hd—i_‘ Y(X)|+| W(x)l

Theorem SA-17 (Confidence Intervals: Fuzzy BATEC). For a fived boundary point x € 9B, suppose
Assumptions SA-1, SA-4, and SA-2 hold, |[9w(x)] > 0, and 1 < nh9Sp,x < 1. If n?/CTRd — oo,
h =o(1), Vnh®|Bg(x)| — 0, and Vnhip? . — 0, then

sup [B(Te(x) < ) ~ B(u)] = o(1)

and
P(£(x) € Tor(x)) =1 —a+o(1),
provided that qo, = ®~1(1 — o/2).
For uniform inference, define the infeasible linearized statistic

Tr(x) =5 V28(x), x€%.

- —F,x,x

Theorem SA-18 (Stochastic Linearization: Fuzzy BATEC). Suppose the assumptions of Lemma SA-8
hold. Then

sup |Te(x) — Te(x)| Sp v/log(1/h)

XERB

( log(1/h)  log(1/h) )

nhd nv/(2+v)pd

+ Vnhd sup [Bg(x)| + Vnhdp?.
XERB

Theorem SA-19 (Gaussian Approximation for supyeg |Tr(x)|). Suppose Assumptions SA-1, SA-4, and

SA-2 hold, infyeg [9w (x)| > 0, 1 < infxep nh?®Zr « x, SUPyeg Nh8r x x S 1, liminf, o0 iggz > —o00, and

h = o(1). Then, forn large enough, on a possibly enlarged probability space there exists a mean-zero Gaussian

process Zy indexed by FB with almost surely continuous sample paths such that

Cov|[Zs(x1), Zr(x2)] = Cov[Te(x1), Tr(x2)], X1,X2 € B,
and
— logn (logn)°/* (logn)3/? 1 logn
P T — Z < .
[ sup [Te GOl = sup 1Z00)l| > Crayre + Gy 7n T Gererond)izz | S logn T m

Let (Z\F(X) : X € B) be a mean-zero Gaussian process conditional on V = ((X],Y;,W;) : 1 <i < n) with
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covariance

Cov|[Ze(x1), Ze(x2) | V] = SRS X1,X3 € B.

Theorem SA-20 (Confidence Bands: Fuzzy BATEC). Suppose the assumptions of Lemma SA-8 hold. If

liminf,, o %ggﬁ > —o0, % — 00, h =0(1), \/nh*lognsupycg |Br(x)| — 0, and \/nh?lognp? — 0,
then

sup
u€R

P (sup Te(x)] < u) P (igg@ﬂxn <ul v>| — op(1),

XERB

and
P[¢(x) eiw(x), Jorallx € B] =1—a+o(1),
provided that qo = inf{c > 0 : P(supyc |2F(x)\ >c|V)<a}.

SA-6.3 Fuzzy WBATE

We impose the normalization [, w(x)d$*~!(x) = 1. The distance-based fuzzy WBATE parameter and

plug-in estimator are

§WBATE—/E dﬁd 1( ) and fWBATE—/ﬁ de 1( )

Under the conditions of Theorem SA-15, &ygate = Cupate, Where (ypate = fgj ¢(x)w(x) dH91(x).

Integrating the pointwise fuzzy expansion (SA-7) gives
EWBATE — &upate = Brueate + Lr,upate + Qr usate + N usate, (SA-9)
where
Bramre = [ Beloulx) 45 x),
Lr upate = / Lr(x)w(x) dH ! (x),
QF wBATE = /%QF(X)IU(X) dﬁdil(x)a
e sanre = | F(oe)u) 497 ).
The aggregate variance of the leading linearized term is

EF,WBATE Z/ / EF,xl,xzw(Xl)w(X2)dﬁdil(xl)dﬁdil(XQL
B JRB

with feasible counterpart
éF,WBATE :/ / éF,xl,xrzw(Xl)w(XQ)dﬁdil(xl)dﬁdfl(XQ)
B JB
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For inference, impose the aggregate nondegeneracy condition

1
> — 1
2= (SA-10)

EF WBATE
which rules out cancellation in the integrated fuzzy covariance kernel.
Lemma SA-9 (Variance Linear Term: Fuzzy WBATE). Suppose Assumptions SA-1, SA-4, SA-2, and SA-3

hold, infxcg [9w (x)| > 0, and (SA-4) holds. If % — o0 and h = o(1), then

_ 1
V[SF,WBATE] = ZF,WBATE ,5 — -
nh

If, in addition, (SA-10) holds, then

1
F,WBATE 5 -
nh

1z
nh ™~
If%mj — 00 and h = o(1), then

~
—_
—

F,WBATE — —F,WBATE 1 OP (*)
nh

If, m addition, (SA-].O) hOldS, then EF,WBATE/EF,WBATE —P 1.

Lemma SA-10 (Higher-Order Remainders: Fuzzy WBATE). Suppose Assumptions SA-1, SA-4, SA-2, and
SA-3 hold, infxeg |[9w(x)] > 0, and (SA-4) holds. If % — o0 and h = o(1), then

1
9] Sp—-
FNBATE P g

. L log(1/h
If, in addition, % = o(1), then
|mF,WBATE| ,SIP pi.

Consequently, if also nh?¥=! — oo and Vnhp? — 0, then

1
Qr weate + A usate = Op ( m)

Theorem SA-21 (Convergence Rate: Fuzzy WBATE). Suppose Assumptions SA-1, SA-4, SA-2, and SA-3

hold, £(x) is well defined for all x € B, infxeg |Vw(x)| > 0, and (SA-4) holds. If % =o(1) and
h=o(1), then

Guente — Gumnre| S [Brmre] + —— + — + 2

WBATE WBATE | P |*OF,WBATE N Pn-

For inference, define

_ gWBATE - é'WBATE

Trupate = — s
\/ =F WBATE
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and

Lo puate = |:SWBATE — qa\/ Erueate,  SuBATE T Ja \/ :F,WBATE:| .

Theorem SA-22 (Asymptotic Normality: Fuzzy WBATE). Suppose Assumptions SA-1, SA-4, SA-2, and
SA-8 hold, &(x) is well defined for all x € R, infxeg 9w (x)| > 0, and (SA-10) and (SA-4) hold. If
e/ — (1), h = o(1), nh?*™1 — oo, V/nh|Beusare| — 0, and Vnhp2 — 0, then

v/ 2T o) pd

Su% ]P)('/I\‘F,WBATE S ’IL) — @(U)‘ = 0(].),
ue

and
]P)[fWBATE S /I\a,F,WBATE] =1-a+o(1),
provided that g, = ®~1(1 — o/2).

SA-6.4 Fuzzy LBATE

The distance-based fuzzy LBATE parameter and plug-in estimator are

ipate = sup §(x) and Eupate = sup §(x).
xXERB xXERB

Under the conditions of Theorem SA-15, &ipate = (ipate, Where (rpate = SUPycg ¢(X).

Theorem SA-23 (Convergence Rate: Fuzzy LBATE). Suppose the assumptions and conditions of the
uniform part of Theorem SA-16 hold. Then

§eate — SLBATE ,SIP’ Pn-

Projecting the fuzzy BATEC confidence band gives the fuzzy LBATE confidence interval

/I\a,F,LBATE = {SUP (E(X) —qay/ F,x,x> , sup <§(X) + day/ éF,x,x>:| )

xXERB xXERB

(1

where (o = inf{c > 0 : P(sup,c g 1Ze(x)| > ¢| V) < a}.

Theorem SA-24 (Confidence Intervals: Fuzzy LBATE). Suppose the assumptions and conditions in The-
orem SA-20 hold. Then

P |&pate ETa,F,LBATE >1—a+o(l).

As in the sharp-design LBATE case, this interval is generally conservative because it is obtained by

projecting a simultaneous confidence band for the full fuzzy BATEC.
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SA-7 Gaussian Strong Approximation

We present a Gaussian strong approximation theorem, which is the key technical tool behind Theorem SA-7.
The theorem builds on and generalizes the results in Cattaneo and Yu [2025]. Consider the residual-based

empirical process given by
n
1
Mylg,r] = ==Y [g(xi)r(yi) - E[g(xi)r(yi)]}, gEYG,TER,
v i=1
where @ and & are classes of functions satisfying certain regularity conditions.

SA-7.1 Definitions for Function Spaces

Let & be a class of measurable functions from a probability space (R?, %(R?),P) to R. We introduce several

definitions that capture properties of .

(i) & is pointwise measurable if it contains a countable subset & such that for any f € &, there exists a

sequence (gpm, : m > 1) C & such that lim,—, o gm(u) = f(u) for all u € R%.

(ii) Let supp(F) = Uyres supp(f). A probability measure Qg on (R?, %(RY)) is a surrogate measure for
P with respect to F if

(i) Qg agrees with P on supp(P) N supp(F).
(if) Qg (supp(F) \ supp(P)) = 0.
Let @z = supp(Qg).
(iii) For ¢ = 1 and an interval ¥ C R, the pointwise total variation of & over .7 is
P—1

PTVs ;= supsup sup > [f(ai1) — f(ai)l,
fEF P>19ped {5

where Pp = {(a1,...,ap) : a1 <--- < ap} denotes the collection of all partitions of .7.

(iv) For a non-empty € C RY, the total variation of & over € is

TVg ¢ = inf sup sup u)div(e)(u) du/||||o||, o,
s =l s sup | () div(e)() du/| 4],

where O(®) denotes the collection of all open sets that contains €, and Z,(%) denotes the space of

infinitely differentiable functions from R? to R? with compact support contained in %.

(v) For a non-empty ¥ C R, the local total variation constant of & over €, is a positive number Kg &

such that for any cube @ C R? with edges of length ¢ parallel to the coordinate axises,

TVg one < Kg gl? L.

(vi) For a non-empty € C R?, the envelopes of & over € are

Mz ¢ = sup Mg.7g(u), ngg(u) = sup ‘f(u)|7 u€Eeg.
uce feF
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(vii) For a non-empty € C RY, the Lipschitz constant of & over € is

u — u
]'_,377% = sup sup M
fEF ui,u2€% ”ul _u2||oo

(viii) For a non-empty € C RY, the L; bound of & over € is

Eg g = sup/ |f|dP.
%

feF
(ix) For a non-empty € C RY, the uniform covering number of & with envelope Mg ¢ over € is

Nz % (0, Mg ¢) = sup N(F, ||| .2, 0 | Mz gll, ,), 0 €(0,00),
m

where the supremum is taken over all finite discrete measures on (€, %(%)). We assume that Mg ¢(u)

is finite for every u € €.

(x) For a non-empty € C RY?, the uniform entropy integral of & with envelope Mg ¢ over € is

5
Jg(0,F Mg ) = / \/1 +logNg ¢ (e, Mz ¢ ) de,
0

where it is assumed that Mg & (u) is finite for every u € .

(xi) For a non-empty € C RY, & is a VC-type class with envelope Mg ¢ over € if (i) Mg & is measurable
and Mg &(u) is finite for every u € €, and (ii) there exist cg ¢ > 0 and dg g > 0 such that

N (e, Mz &) < cgge ¥, g€ (0,1).

If a surrogate measure Qg for P with respect to # has been assumed, and it is clear from the context, we
drop the dependence on € = Qg for all quantities in the previous definitions. That is, to save notation, we
set TVg = TVg o,, K& = Kz 05, Mg = Mz g, Mg(u) = Mgﬁg (u), Ly =Lz 05, and so on, whenever there is

no confusion.

SA-7.2 Multiplicative-Separable Empirical Process

The following theorem generalizes Cattaneo and Yu [2025, Theorem SA.1] by requiring only bounded poly-

nomial moments for y; conditional on x;.

Theorem SA-25 (Strong Approximation for (M, (g,7)+ M, (h,s):g € €, r € R, h € H s €S)). Suppose
(z; = (x4,9:) : 1 < i < n) are i.i.d. random vectors taking values in (R B(RYY)) with common law
Py, where x; has distribution Px supported on & C R%, y; has distribution Py supported on ¥ C R,
supyeq Ellyi|* TV |x; = x] < 2 for some v > 0, and the following conditions hold.

(i) € and A are real-valued pointwise measurable classes of functions on (R?, B(RY), Py).

(ii) There exists a surrogate measure Qg for Px with respect to €U S such that Quuyy = Mo dgyw,

where the normalizing transformation ¢gumw : Qguwr — [0, 1}d s a diffeomorphism.

26



(ili) € is a VC-type class with envelope Mg g, over Qguyy with cg g, ., > € and dg g, ,, > 1. H is a

VC-type class with envelope My o, . over Qguy With Cour 6, ., > € and dyw o, . > 1.
(iv) R and 8 are real-valued pointwise measurable classes of functions on (R, B(R),Py).

(v) R is a VC-type class with envelope Mg g over ¥ with cgy > e and dg gy > 1, where Mg o (y) +
PTVq iyl iy < V(L + |yl) for ally € ¥, for some v > 0. 8 is a VC-type class with envelope Ms,y
over ¥ with cs;y > e and ds.y > 1, where Mgy (y) +pTVg iy 1y < V(L +[y]) for ally € ¥, for

some v > 0.

(vi) There exists a constant k such that |log, E| + |log, TV| + |logy M| 4 |logy L] < klogy(n), where E =
maX{E?,@yuyf’Eﬁfﬁmﬂ}; TV = maX{TVg@W”,TV%)QZ,U”}, M = maX{Mg;@fﬁu,yf7M%7@f§’u,%’}’ and L =

maX{L?’@?u%‘ ) L%ﬂ,@?u%}'

Consider the empirical process
An(g,h,r, 8) = M,(g,7) + My(h,s), gEG re R heH ses.

Then, on a possibly enlarged probability space, there exists a sequence of mean-zero Gaussian processes

(ZA (g, h,7,8): g€ G, he H,r € R,scS) with almost sure continuous trajectories such that:

o E[A,(g1,h1,71,81)An(g2, ha, 72, 52)] = E[Z/(g1, h1, 1, 51) Z; (g2, ha, T2, 52)] holds for all (g1, h1, 71, 51),
(927h27”’2,82) EG X XRX (‘S’, and

v

® ]E[ HA” o Z;?H?x%x%xcs’] < CV((d10g<Cn))%rﬁ+2 (\/ﬁ)

2
v/ AiE\ 7
v +dlog(cn)Mn™ g +dlog(cn)Mn =2 (ﬂ) ",

Tn

where C' is a universal constant, ¢ = cy 6, . +C#,6,un +Cay +Cs,9 +k, d = dg g, » 47,6, » 2,945, 7k,

B . (CtliMd+1TvdE)1/(2d+2) (CI% CQ%MTVgEL%)l/(d'FQ)
Ip = 1IN { 1/ (2d+2) ’ 1/ (d+2) }’
d—1
1
c1=d sup 0;(Voguw(x)), Co= sup ————.
XEQyu » ]];[1 j( N ( )) X€Qzu # Ud(vcﬁzuﬂ(x))

SA-7.3 Proof of Theorem SA-25

Let J4 =8 x H# x B x S§. For each « = (g, h,r,s) € Fa, define the combined summand
al(x,y) = g(x)r(y) + h(x)s(y),  Fa={a 1€ Ia}.

The proof below adapts the projection and coupling construction in Cattaneo and Yu [2025, Theorem SA.1].
The adaptation has two purposes. First, the two empirical processes cannot be coupled separately, because
doing so would generally lose the covariance between M, (g,r) and M, (h,s). Second, a direct generic strong
approximation for the ordinary class 4 would treat (x,y) symmetrically and would therefore not exploit the
multiplicative-separable structure. We instead use one common normalizing transformation, one common
projection, and one common Gaussian construction for the whole sum a,.

Reduction and common normalization. Let € = {g o ¢zlp i g € E} and H = {hooyl ,: he ).

By the surrogate measure and normalizing-transformation argument used in the proof of Cattaneo and Yu
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[2025, Theorem SA.1], after enlarging the probability space if necessary, we may work with i.i.d. variables
u; ~ Uniform([0, 1]¢) such that, simultaneously for all g € & and h € 7,

9(xi) = go ¢z (W), h(x;) = ho ¢z, (a;).

This reduction is simultaneous for & and ¢, which is why the surrogate measure is imposed on €U 7. The
constants c; and co in the statement record the effect of this change of variables on the total-variation and
Lipschitz constants; all displays below are written for the normalized variables and translated back through
these constants.

Entropy and envelopes. The classes € and # remain pointwise measurable and VC-type after the change
of variables. Products with # and & preserve VC-type entropy, and finite sums preserve the same property,

so F4 is pointwise measurable and VC-type. For ¢ = (g, h, 7, s),

|CLL(X7 y)| < V(l + |y|)(M?»@$’u9f (X) + Mﬁﬁ@ﬁuﬁf (X))

Consequently the entropy constants for the combined index class are bounded by fixed powers of the constants
appearing in the theorem; these powers are absorbed into ¢ and d.

Total Variation. The x-side L1, envelope, Lipschitz, and total-variation quantities entering the projection
argument are controlled by the corresponding maxima E, M, L, and TV. For example, for each fixed y and
each cube @ C [0, 1]¢,

TVia,(m)esat,o < V(1 +[y)(TVg,9 + TV 9),

L{a,(p)wesat,o < v(L+ |y|)(L$,9 + Lj/f,@)-

The analogous pointwise total-variation bound in the y coordinate follows from Assumption (v):

PTV (0, xeyerad(— ol uh) < VU4 19D (Mg gy 0 (%) + Moz gy, (X))

Thus the meshing, projection, and Gaussian-projection constants in the proof of Cattaneo and Yu [2025,
Theorem SA.1] are bounded by the same expressions as in that theorem, with ¥ replaced by the worst case
between & and 47 and with &% replaced by the worst case between &# and §.

Common projection and coupling. Let w5 denote a d-net projection of F4 under the Lo(Pz) semimetric
induced by a,, and let II denote the common cylindered Haar projection used in the proof of Cattaneo and
Yu [2025, Theorem SA.1], with main depth in the normalized u coordinates and multiplier depth in the y
coordinate. The same projected cells are used for the two summands g(x)r(y) and h(x)s(y). Therefore the
projected empirical vector is the projection of the sum, not the sum of two independently coupled projections.

For the Gaussian process Z/ generated by this common construction,

| An — Z;;‘||JA <|An — Apoms|ly, + |An o ms — TA, o ms]| 5,
+ ||HAn oms — HZ;;‘ O7T5HJA + HHZ;:x oMy — Z;;‘ omHJA + HZ;? oms — Z;?HJA .
The first and last terms are the empirical and Gaussian meshing errors. The second and fourth terms are

the empirical and Gaussian projection errors. The middle term is the projected coupling error. Applying
the same bounds as in the proof of Cattaneo and Yu [2025, Theorem SA.1] to this single projected vector,
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and then optimizing over the quasi-dyadic projection depths, gives, in the bounded-transform version of
Assumption (v),
E[||A4, — Z;?HJA B v(dlog(cn))*/?r,,.

The rate r, is the minimum of the two projection/coupling balances displayed in the theorem. The first
balance uses total variation; the second additionally uses the Lipschitz constants and yields the improvement
available for Lipschitz classes.

Polynomial moments. It remains to remove the bounded-transform simplification. For n > 0, define
truncated classes " (y) = r(y)1(Jy] < n) and s7(y) = s(y)L(|Jy| < n), and let A7 denote the corresponding
process. By Assumption (v) and sup,cq E[|ly: [>T | x; = x] < 2,

sup sup E[|7(y,)[*L(ly;| > ) | x; = x] S v*n~",

rERXEX
and the same bound holds for &. The empirical tail, the corresponding Gaussian tail, and the deterministic
centering error are then controlled by Bernstein’s inequality, Markov’s inequality, and the preceding VC

entropy bounds, giving

B[40~ 2211, ] S v{ (@loa(en))*” (ren + ViEY /%)

+ dlog(cn)Mn_% + dlog(cn)Mn‘l/Qn}.

Choosing

VME\ 2/(v+2)
1= (%)
I'n
balances the bounded-transform approximation error with the stochastic tail error, and yields exactly the
bound in the theorem.
Finally, the common Gaussian construction is a Brownian-bridge construction indexed by the combined
class F4. Hence, for any two indices t1,to € Fa,

E[Z;}(11) 2]} (12)] = E[An (1) An(22)].

n

This covariance identity includes the cross-covariance between M, (g,r) and M, (h,s) because the whole
sum was projected and coupled jointly. Almost sure continuity of the sample paths follows from the same
separability and semimetric-continuity argument used in Cattaneo and Yu [2025, Theorem SA.1], since the

combined class is pointwise measurable and VC-type under the envelope above. This proves the theorem. [

SA-8 Proofs

SA-8.1 Proof of Lemma SA-1

For each j, the class {v € & : f(v) > 0, f € 7} is VC because 7 is finite dimensional. Fixed finite
Boolean combinations of VC classes are VC; see, for example, the closure properties in van der Vaart and
Wellner [1996, Section 2.6]. The displayed representation therefore implies that 2, is VC. If the balls are
semialgebraic with uniformly bounded degree and Boolean complexity, the relevant polynomial inequalities

belong to finite-dimensional spaces spanned by the monomials in v up to the maximal degree, and the same
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argument applies. The listed distances are special cases. O

SA-8.2 Proof of Lemma SA-2

Let ¢ =2t — 1. On {X; € &;}, D;(x) = ||X; — x]||. Assumption SA-1(ii) implies

U,y = E[rp(gt”X;lf x| )rp(CtHX;Lf x||

= [ (e, (S22 s - ()

= 79 [y (M2, (X T G  xl) du -of)

) KX~ xIDR0G € o)

where in the last line we have used [, (@)”Kh(QHUfXH) du = O(1) for each 0 < v < 2p from a standard

change of variable argument.
I. Polynomial Representation of Minimum Eigenvalue

For simplicity, write

L qsluexly sl x]yT
Sex(h) = [ (T ) () sl = )

A change of variable gives
St.x(h) = /rp(gt||Z||)rp(<t||Z||)TK(<t||Z||)11(X +hz € o) dz.

Let a € RPFL. Condition (c) in Lemma SA-2 implies the lower bound used below. If K is Lipschitz, then it is
continuous, and positivity on the compact set U implies infyep K (s |lul]) =« > 0. If K(u) = 1(u € [-1,1]),
positivity on U implies the same conclusion with k = 1. Then the equivalent representation of minimum

eigenvalue gives

Amin (St,x(h)) = min /(aTrp(<tIIZII))QK(%lIle)]l(X +hz € o) dz

llafl=1

>k |\H\l|in1/ (a'r,(s]|z]]))?L(x + hz € ;) dz, (SA-11)
all=1Jy

where the sign ¢; only premultiplies the polynomial basis by a nonsingular diagonal matrix, so the lower

bound in terms of ry(||z||) below is equivalent up to fixed constants.
II. Mass Retaining Ratio in Treatment/Control Region

Denote Ej,(x,t) = {z € U : x+ hz € o, }. Assumption SA-2(iii) implies there is some upper bound A > 0
of K(-). Hence for ¢o = 1/2 liminf, o infyeg [;; K(s|lul|)L(x + hu € &) du, we have

Am(Ep(x, 1)) > /UK(gtHuH)ll(x +hue dy)du>c
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for small enough A, which implies

Co

~ Am(U)

m(Ep(x,t) > am(U), « (SA-12)

II1. L, Integral of Polynomials in Full Versus Treatment/Control Regions

Consider S = {qg € P : [;; q(|lu]))? du = 1}, where &, is the collection of all polynomials of degree at most
p. Equip &, with the inner product induced by (g1, ¢2)v = [;; 1 (lul])g2(Jlul|) du. Let (¢;,1 <j <p+1)
be an orthonormal basis for this finite-dimensional space. Then T'(a) = Zfi_} a;¢; maps the Euclidean unit
sphere in RP™! onto S. Hence S is compact under this Ly (U) norm, and finite-dimensional norm equivalence

implies that S is also compact under the corresponding supremum norm on U. Now consider
Py(e) =m({ueU:lq(ul))] <e}), g€ Se>0,

and

¥(q) = sup {e >0 Byle) < m(U)}.

a
2
Since [;; ¢(/|ul])? du =1 and ¢ is a polynomial, lim. o ®,(e) = 0 and ®4(¢) = m(U) for all sufficiently large
. Continuity of ¢ € S implies ¢(g) > 0 for all ¢ € S.

Next, we want to show ¢ is a lower-semicontinuous function on (%, ||-||r..). Suppose ¢, — ¢ uniformly
on U. For every g9 € (0,9(q)), choose n > € such that ®,(n) < §m(U). For large enough n, uniform
convergence gives [gn([[ul]) — g([[ul})] <7 —eo on U, so {[gn(l[-I)| < 0}  {lg(ll-ID] < n}. Hence @, (e0) <
¢, (n) < §m(U), which implies g9 < 9(gn). This implies liminf,, . ¥(g,) > €o. Since gq is arbitrary in
(0,9(q)), we have liminfy, o0 ¥(qn) = ¥(q).

Compactness of S and lower-semicontinuity of ¢ implies ¢ attains its minimum on S. Since ¥ (gq) > 0 for
all ¢ € S, we know e, = inf,es1(g) > 0. Then for every g € S,

/Ehw) q(|[u)? du > (52*)2 m(Eh(x,t) \{ueU:lg(ul) < 5*/2})

e\ 2

> (5) (mBuGxt) ~m({ue U lg(lul)| <e./2)

Scaling ¢ from S gives

2
[ atuiran= =2 [ g(upran ge s, (8A-13)
En(x,t) 8 Ju

IV. Lower Bound of Minimum Eigenvalue

Equations (SA-11), (SA-12) and (SA-13) together give for small enough h,

inf Apin(S¢x(h)) > K inf min/ a'r,(|z]))?dz
8 A1) 2 08, i [ (@ 1)

2

> k22 min /(aTr,,(nzH))?dz
8 lial=1Jy
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2a
ZH?Amm</Urp(||z||)rp(||z||)Tdz),

which implies lim infy_,¢ infxec® Amin(St.x(h)) > 0. Because fx is continuous and bounded away from zero
on & and ¥, x = fx(x)S; x(h)+o0(1) uniformly in x € %, the same lower bound holds for ¥, . This proves
Assumption SA-2(iv). O

SA-8.3 Proof of Lemma SA-3

Since ‘ilt7x is a finite dimensional matrix, it suffices to show the stated rate of convergence for each entry.
For 0 < v < 2p, define € = {gn1,(,x) : x € L} with

Intw(£,%) = (%&)D%K(%d%&)ﬂ(ﬁ edy), ExeX.

These are the signed-distance matrix entries, up to the finite choice of v. We will show & is a VC-type class.

Constant Envelope Function. Since K is bounded and compactly supported, there exists a constant Cy
such that supyeg [|gn,t,0 (-, %) [0 < Cih™%=G.

Diameter of € in Lo. Let Rg < oo satisfy supp(K) C [-Rk, Rk]. Foreachx € X, gn 10 (+,X) is supported
on {¢: &(§,x) < Rxh}. By Assumption SA-1(ii) and Assumption SA-2(i), sup,cq P (& (Xi,x) < Rxh) S
he. Tt follows that sup,cq gm0 (%) ||po < Cyh~%2 for some constant Cy. We can take C; large enough
so that ¢ = Coh~ %2 < G = C1h 7.

Ratio. For some constant C3, § = & = C3V ha.

Covering Numbers. Case 1: K is Lipschitz. Let x,x" € 2. By Assumption SA-2,

sSup |gn,t,v (ga X) — On,tw (fa X/)‘
£ex

< 225“(<td<£,x>)v - (W“’X'))”}Kh(<t¢<g,x>>’n<g )

L h
N ‘(Wgﬂ) [Kn(sed (&%) = Kn(seet (€, ¥)] ‘ﬂ(’f € %)

Shx = x|

By Lipschitz continuity property of €, for any ¢ € (0, 1] and for any finitely supported measure () and metric
[/l based on L2(Q),

@)/ diam(Z d diam(2)\ ¢
N({gn10030) 3 € . g 2lGll2) < N(Z. [HloorclGllg ) £ (amnl®) )" ¢ (dam@)ye,

el|G||g,2hdt! eh

where inequality (i) uses the fact that ||G| g 2h®*! < eh < 1. Therefore, for constants C; and Co indepen-
dent of @),

Slclgp N(?7 H'”Q,Q € ”G”Q,Q) < (Cl/E)sz 2AS (07 1]7

where the supremum is taken over all finite discrete measures on Z'.
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Case 2: K =1(- € [-1,1]). Consider

() = (“LEN Laeeapniae <n,  exex,

M = {m,(-,x) : x € B} and the constant envelope function M = Cyh~¢, for some constant C; depending
only on the diameter of 2. The polynomial factor is covered by the preceding Lipschitz argument. The
class £ = {1(«(-,x) < h) : x € B} has finite VC dimension by Assumption SA-2(iii) (for the Euclidean
distance, see van der Vaart and Wellner, 1996, Example 2.6.1); products with the fixed assignment indicator

preserve VC-type entropy. Hence, by van der Vaart and Wellner [1996, Theorem 2.6.4],

SgpN(?, g2 ellGlge) < (Ci/e)%,  ee(0,1],

where the supremum is taken over all finite discrete measures on Z'.

Mazimal Inequality. By Chernozhukov et al. [2014b, Corollary 5.1] for the empirical process on class &,

]Ehlelg [ (X)) ~ E[Z(Xz)]” S ||G||1P>,2C'2710g(01/5)

Cy log(Cl/(S) +

\/dlog (diam(&")) n idlog (diam(.fl"))

hltd/2 nhd hltd/2

- §le

<

log(1/h)
nhd *

By Weyl’s Theorem, sup,cg |)\min('ilt’x) — Amin (W x)| < Supyeg ||\Tlt’x . TSRV %. Therefore,
we can lower bound the minimum eigenvalue by infye g Amin (\ilt,x) > infyec® Amin(Pt,x) —SUPxe g |Amin (\ilt,x) —
Amin(Wex)| Zp 1. .

Finally, it follows that sup,cg [, || Sp 1 and hence

Thus, sup,cg ||‘/I\’t,x - ‘I’t,xH Sp

L ; G G < [1o8 /)
sup |9~ Wik < sup [ 950191e— Be B0 5 B

which completes the proof. O

SA-8.4 Proof of Lemma SA-4

Consider the class F = {(z,u) — €] g:x(z)(u — hx(z)) : x € B}, 0 < £ < p, where for z € I,

90x(2) = 1 (P20) K, (D, 0)U(DL00) € 7). el) = 4760, (D))

By definition of ~;(x),

Vi) =W Sk, Six= E{rp(DiT(X))Kh(Di(x))Yill(Xi cd). (SA-14)
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Assumption SA-1 implies S x is continuous in x, hence sup,cg [|St x| < 1. And by Assumption SA-2(iv),
infxes Amin (Pex) 2 1. Hence

sup [|¥; 48| S 1. (SA-15)
XER

Now, consider properties of #. Definition of ~;(x) implies E[f(X;,Y;)] = 0 for all f € %. Since K is
compactly supported, there exists C7,Cy > 0 such that F(z,u) = C1h~%(Ju| + Cy) is an envelope function
for #. Denote M = maxi<;<n F(X;,Y;), then

1/2 1/(24v)
E[M?)'/2 < h R [max [Y;]% + 1} <h IE [max |Yi|2+”]
1<i<n 1<i<n
n 1/(24v)
Shod| SEwEe S,
i=1

where we have used the uniform (2-+v) moment bound in Assumption SA-1(v). Denote o = sup g E[f(X;,Y;)?]"/2.

Then,

o< sggE[neth,xnio(\m + xlloc)?] < A7

To check the covering number of %, note that compared to the proof of Lemma SA-3, we have one additional
term e/ g xhx. All signed-distance kernel and indicator terms can be handled as in the proof of Lemma SA-
3. Recall Equation (SA-14), and consider l; x(-) = e, r,(D.(x)/h)Kp(D.(x))u:(-)L(D.(x) € 5;) and &, =
{lix : x € B}. Then, for any x1,%x3 € &,

‘St,xl - St,xz| S ||lt,x1 - lt,xz H]PX)Q )
and hence

N({e/Stx:x€ B}, |- [,eh™) S N(ZL, |l llp, 5. 6h™%) < sgpN(ff,, Il R~

The same argument as in the paragraph Covering Numbers in the proof of Lemma SA-3 then shows

_ diam(Z)\ ¢
N : . d < | —z <
Sgp ({gt,x X € ‘%}, || ||Q72 ’Eclh ) = ( he ) ) 0<e > ]-7
_ diam(Z)\ ¢
N{gixhx :x € B} ||, 0,eCih~Y) < (——ZL) 0<e<l,
up N({gioxhs : x & B}, [l eCh ™) < (Z5257) <es

where sup is taken over all discrete measures on 2. Product {g; x : x € %} with the singleton identity class

and addition of {g; xhx : x € B} preserve VC-type entropy, so

2diam() ) d

0<e<1,
he ©=

SN g 0 I1Fllga) < 2(

2(2 diam ()¢
hd

where sup is taken over all discrete measures on & X R. Denote C; = d, Co = . Hence, by
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Chernozhukov et al. [2014b, Corollary 5.1]

E[sup of ot,x@ - E[p B [F(X0, Y2)] - E[f(xi,m]]
xR feF

o e 2C og(C: M| 5 /)
S /G108 (C M, /o) + -

1 diam(X) 1 diam(X)
< dlami.2 )
~ o \/dlog ( Ri+d/2 ) + e hddlog ( Ri+d/2

log(1/h) , log(1/h)

~ nhd nzt pd
The rest follows from finite dimensionality of Oy x, and Lemma SA-3. O]

SA-8.5 Proof of Lemma SA-5

Denote, for z € B, n;+, =Y; — Hf’Z(Di(z)) and &, = Gfﬁz(Di(z)) - @Z(Dz(z)) Then

Ty = B (20 )y (22) 05 (D10) (D)
“(Miex +&iex) Misty + &iy)M(Di(x) € F)N(Di(y) € jt)] )

and we decompose the error into

Tt,x,y - Tt,x,y = Ath,y + A2~,t,x,y + A3,t,x,yv

Biixy =En _rp(Di,EX))rp(Di,EY))Tthhw( DL (DY) €axsr s A(DI(X) € SOUDIY) € 51,

Dl(x
h

Agixy =En rp( ) h* K (Di(x))Kn (Di(y)) (it xitiy + MityGitx) L(Di(x) € F)L(Ds(y) € ft)}

By = En [y (29) ( D) WD) (D s D) € FOUDy) < 7]
)

(DZ X

)
—E[rp ( y) thh<Di(x>>Kh<Di<y>>m,t,xm,t,yn<z>i<x>eftm(Di(y)eft)]

By Assumption SA-2, Kj,(D;(x)) # 0 implies |r,(D;(x)/h)||, < 1. Hence by Lemma SA-3 and SA-4,

max max su
te{0,1} 1<i<n p 1€i.0.x]

= ax, max sup |r,(Dj(x )/ T Fyx = i) LER(Di(x)) # 0)
te{0,1} 1<i<n xc %

o
—fgg%ggggbiggg\rp( i) /1) T8, O LK (D (x) # 0)

< 0,
L1 S0 [ W Orx

[l | tost1/0)

~ nhd nzH pd
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Under the rate conditions of the lemma, a maximal inequality similar to the one used in the proof of

Lemma SA-3 shows

sup [[Arxyll S

) - ( log(1/h) logu/h)){

x,yER te{0,1} 1<i<n yc ~ nhd n;: b
log(1/h) = log(1/h)

Azt x| 5 : SA-16

X)S;lggll 2oyl e ma o8 sup (Giexl SN/ =g+ .y ( )

Consider the (u,v) entry of As¢ xy and the class

5 = {mw > (B2 (20 bk (a1 (Da()

x (u—1p(Da(x)/h) " 7is) (w = 1p(Da(y)/h) " 7iy ) U(Da(x) € F)L(Da(y) € F1) 1 X,y € %’}

The kernel factors, side indicators, and polynomial factors form VC-type classes by the same covering
arguments used above; finite products and sums preserve VC-type entropy with constants changing only
by fixed powers. By Assumptions SA-2 and SA-1(v), we have sup ;g E[f(X, Y;)?'/? < h=%/2. Moreover,
Assumption SA-2 and Equation (SA-15) imply there exists Cy, Cy > 0 such that F(z,u) = C1h~%(u? + Cy)

is an envelope function for &, with

E[ max F(X;,Y:)?]? < Cih (B[ max Y{]? + Cp) < Crh~U(E[ max Y2)77 + Cy) < h-dnte,

1<i<n 1<i<n 1<i<n

Apply Chernozhukov et al. [2014b, Corollary 5.1] similarly as in Lemma SA-4 gives

loa(1/h) _ log(1/h)
nhd nvhd

E | sup [E,[f(Xs,Y5)] — E[f (X4, Y5)]]

feF

Finite dimensionality of As; y , then implies

(SA-17)

E [ sup [|Asz ¢ x,yl

x,yERB

< log(1/h) n loggl/h).
~ nhd nz+o ha

Putting together Equations (SA-16), (SA-17) and Lemma SA-3 gives the bound for ?t,x,y — Y x,y. The
displayed bound for = — = follows by pre- and post-multiplying by eoT‘ilil and its population analogue, and
using the level definition of =.

It remains to verify the scale of the variance term. The population lower bound Apmin (Y x,x) 2 1 follows
from the Gram lower bound and the conditional variance lower bound in Assumption SA-1(iv). To see why
the replacement of K by K? is harmless, let ga(u) = a'r,(u) with |la]| = 1. Assumption SA-2(iv) gives a
uniform lower bound on the corresponding K-weighted local second moment. Since K is fixed, bounded,
and compactly supported, while g, is uniformly bounded on supp(K), choose § > 0 small enough that the
contribution from {K < 6} is less than one half of this lower bound. On {K > ¢}, K? > §K, which gives

the same lower bound, up to constants, for the K2-weighted matrix. Combining this with

E{(Y; — 07 (Di(x)))* | Xi} > 07(X))

gives Amin (Yt x,x) 2 1. The same local-moment calculation also gives supycg || Xt xx|| < 1 and supycg ||
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1. Therefore, uniformly in x € %,
N2y e = (B1ke0)  Trox (Trteo) < 197 L2 eoeel] S 1,
while
nh*Erxx 2 Amin(Lexso) [T xeol® 2 [l 7 2 1.

Summing over ¢ = 0,1 gives the same bound for Zx = Sy x. Combining the population bounds with the
uniform consistency of ?t,x,x, the bound for é—E, and Lemma SA-3 gives nhdét,x,x Zp 1 and nhdét,x,x <pl
uniformly in x. The corresponding correlation bound follows from these lower bounds and the displayed

uniform consistency of Z; x, x,- O

SA-8.6 Proof of Theorem SA-1

Since ¥(x) = 01 x(0) — 0px(0) and 7(x) = p1(x) — po(x), it is enough to prove the result for one treatment
assignment group t € {0,1}. By Assumption SA-1(iii) and Assumption SA-2(ii), for any r # 0, for any
x€ RBandy €S, x(|r]), |ne(y) — ne(x)| S |r|- Hence, for any r # 0, for any x € %, t € {0,1},

Ss o 16(y) = ()| fx ()97 (dy) _
) = b= Sso o fx ()9 (dy) S Irl-
implying

10 %(0) — pe(x)] < rﬁ%)i)nrflejt 0¢ (1) — pe(x)| = 0,

which establishes the result. O

SA-8.7 Proof of Theorem SA-2

By Theorem SA-1 and Equation (SA-14), we have

sup |B:(x)| = sup eg\Ilt_’iSt’x — ,ut(x)‘
XERB XERB

= sup ] ;1B 1, (Z420) (0,00 (1(X) — ma0) 1Di(x) € )]

< sup sup |pi(x) — pe(2)[1(Kp (Dg(x)) > 0)
X€ERBzeEXL
< h.

Taking the sum over ¢ = 0,1 gives sup,cg |B(x)| S h. This result holds for all d > 1.

The same argument, uniformly over &, gives the upper bound in the case of d = 2. Thus, it remains to
establish the lower bound in the sharpness statement for d = 2. Let Rx < oo satisfy supp(K) C [—-Rxk, Rk]
and set Rx = max{1, Rx}. Suppose X; ~ Uniform([—2Rf,2R|?), po(x1,72) = 0, and py(z1,22) = 22 on
Z = [-2Rk,2Rk)*. Let
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Figure SA-1: Conditional mean given distance with one kink.

and B = ([0,2Rg] x {0}) U ({0} x [0,2Rk]). Let < be Euclidean distance, so D;(x) = ||X; — x| on &4
and D;(x) = —||X; — x|| on &. This data-generating process belongs to the class & for a sufficiently large

constant L. For x5 = (s,0), 0 < s < 1, the induced conditional mean on the treated side is

)= /T Eree
(r+5)/(x — arccos(s/r)), > s.

Thus the conditional mean given signed distance has a kink at » = s when s > 0. Figure SA-1 plots this
function for s = 3/4.

Let bias,, 1(h, s) denote the level projection bias at x, with bandwidth h. A change of variables gives the
scaling identity

bias,, 1(Ch,Cs) = C bias, 1(h, s), 0<C<1, (SA-18)

because the Gram matrix is invariant under the rescaling (u, v, s, h) — (Cu, Cv,Cs,Ch), while the linear

conditional mean p4 (u,v) = v scales by C. Since ug = 0,
bias, o(h,s) =0, O<h<l, 0<s<h.

Therefore it is enough to show supg<,<; | bias, 1(1, )| > 0.

Suppressing the common density factor, write
bias, 1(1,5) = eg A(s) ' B(s),
where

= - " r,(u)r UT u\)u u
A(s)—/o /@S(u) () (1) T K (u)u 6 du,

oo pm 5 . 0, 0<u<s,
B(s) = / / rp(uw) K (u)u” sin(f) df du, Os(u) =
0 Jo.() arccos(s/u), u > s.
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At s =0,
AO)=T /0 oy (e, () K () du,  B(0) = /0 " ey (u) K (u) du, (SA-19)

If p = 0, then A(0) and B(0) are scalars and ej A(0)'B(0) > 0, 50 sup< < | biasy 1(1, s)| > 0 immediately.

It remains to consider p > 1. Differentiating under the integral sign gives
A(0) = / rp(u)ry(u) K (u)du,  B(0) = / ury (u) K (uv) du.
0 0

Using A(0)"'B(0) = (2/7)ey, where e; is the slope selector in the polynomial basis, and A(0)~'B(0) =
(2/m)eo,

= —ed A(0)"TA(0)A(0)"'B(0) +ej A(0)"'B(0)

4 2

By continuity, the same strict inequality holds for p > 1. Thus, for all p > 0, supg<.<; | bias, 1(1,s)| > 0.
Combining this with (SA-18) yields

B1(x) — Bo(x)]

s
inf su > inf su }bias (1 7> ’ > 0.
0<h<1xeg,> h T 0<h<1 0<SI<)h mI\T R
This proves the lower bound and completes the proof. O

SA-8.8 Proof of Theorem SA-3
Part (i): High-level smoothness condition.

It is enough to prove the result for one side ¢t. Since K is compactly supported, take Rx < oo such that

supp(K) C [-Rk, Rk]; it suffices to consider |r| < Rxh with r € %. Taylor’s theorem gives

1+ Rex(r),  sup [Rex(r)] S ™
XERB

The local polynomial fit of order p reproduces every polynomial of degree at most p. Since m < p + 1, the

level bias is therefore generated only by the remainder. Using || ¥, 1l <1 and the bounded kernel moments,

sup [B,(x)| < sup E| K, (Di(x))|Di(x)|"L(Ds(x) € ft)} ShT
XER XERB

Taking the sum over ¢t = 0,1 gives the uniform result. The pointwise result is identical with the outer
supremum removed.
Part (ii): Pointwise bivariate smooth-boundary primitive condition.

Fix x € B and let mx = k A (p + 1). Tt is enough to verify the primitive smoothness condition in part (i)
for one treatment side ¢ at this fixed boundary point; the treatment-effect bias is the difference of the two

side-specific biases.
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After re-centering and rotating coordinates, set x = 0 and parameterize the local curve by arc length so
that v(0) = 0 and ~4/(0) = (1,0). For u near zero,

¢(u) = |y(u) = (0)I* = va(u),  a(0) =1,

where a is C" and bounded away from zero in a neighborhood of zero. Therefore the two local solutions of
é(u) = r? can be written as uy(r) and u_(r), where uy (r) = rq;(r) and u_(r) = —rq_(r), with ¢, and
g— being C* functions. This follows from the implicit function theorem applied to u/ m on the positive
and negative sides of zero.

The polar angles at which the circle {u: ||Ju — x|| = r} intersects the local boundary are

ap(x,r) = arg{y(us(r)) —x}, o (x,r) = arg{y(u(r)) — x}.

The preceding representation and the smoothness of v imply that a4 (%, ) and a_(x, -) are C* on [0, €], after
possibly shrinking €. The local angular interval corresponding to &, therefore has endpoints oy 1 (x,7) and
ay2(x,7) that are C* in r.

For r > 0,

St 2ot e+ r(cos 0.5in 0)) fx (x + r(cos 0.sin 0)) df
fm,z(xﬂ") fx(x+r(cosf,sinf))do .

o1 (x,1)

9t,x(r) =

The numerator and denominator are C™= in r by repeated application of Leibniz’s rule, because p;, fx, and
the angle endpoints have the required smoothness. The denominator is bounded away from zero for small
r because the angular interval length converges to m and fx is bounded away from zero. Hence 0; «(-) is

mx-times continuously differentiable near zero. Applying the pointwise version of part (i) gives
Bx)| < h™

Part (iii): Uniform bivariate smooth-boundary primitive condition.

Let m = ¢ A (p+1). We verify the primitive smoothness condition in part (i) uniformly over x € °.
Fix xg = v(s9) € %° and re-center and rotate coordinates so that xqg = 0 and v/(sg) = (1,0) after

reparameterizing the curve by arc length. Since 7 is C**2, for u near zero,

$(u) = [y(s0 +u) = (s0)[* = w’a(w),  a(0) =1,

where a is C* and bounded away from zero uniformly for sg € [d, L — §]. Therefore the two local solutions
of ¢(u) = r? can be written as u (r) and u_(r), where uy (r) = rq.(r) and u_(r) = —rq_(r) with ¢ and
q— being C"* functions whose derivatives up to order ¢ are uniformly bounded. This follows from the implicit
function theorem applied to u/ \/M on the positive and negative sides of zero.

The polar angles at which the circle {u : [Jju — x¢|| = r} intersects the boundary are therefore

at(xo,r) = arg{y(so + us(r)) —xo},  a-(xo,7) = arg{y(so +u_(r)) — Xo}.

The preceding representation and the smoothness of v imply that a (xq, -) and «a— (xg, -) are C* on [0, ], with

derivatives uniformly bounded over xg € %°. By the assumed two-intersection condition, the angular interval
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corresponding to &f; has endpoints given by these two angle functions, up to a fixed ordering convention.

For r > 0, write this interval as [ay 1(X0,7), az,2(X0,7)]. Then

- f;t’z(to’:)) pi(xg + r(cos,sin0)) fx (xg + r(cos 0, sin 0)) df
0t,x )= £1370 .
’ fa"’Q(xo’r) fx(x0 + r(cosf,sinf))dl

o ,1(x0,7)

The numerator and denominator are C™ in r by repeated application of Leibniz’s rule, because u;, fx,
and the angle endpoints have uniformly bounded derivatives up to order m. The denominator is bounded
away from zero uniformly for small r because the angular interval length converges uniformly to 7 and fx
is bounded away from zero; Assumption SA-2(v) ensures that the corresponding Hausdorfl-measure ratio is
well defined before this local parametrization. Hence 6, x, is C™ on [0, ], and its derivatives up to order m
are uniformly bounded over xy € %°.

Applying the argument in part (i) on the index set %° gives

sup |B(x)| <A™,
xERB°

SA-8.9 Proof of Theorem SA-4

For a fixed x € &, the proofs of Lemmas SA-3 and SA-4 can be done when the index set is the singleton {x}
instead of %, replacing Chernozhukov et al. [2014b, Corollary 5.1] with Bernstein’s inequality and obtaining

1 1
< -
S T
1 1 1
< .
~PA (\/ ha + néizhd)

The pointwise convergence rate follows from decomposition (SA-1). The uniform statement follows from

Lemmas SA-3 and SA-4 and the same decomposition. O

Ta—1
‘eO \Ilt,xot7x

~—1
leg (¥ — ¥71)00x

t,x

SA-8.10 Proof of Theorem SA-5
Define T(x) = Y1, Z;, with Z; = Z1; — Zp; independent random variables (i = 1,2,...,n),

Di (X)
h

Zui = —(Zx) " Ped Wity (S5 ) K(Ds(x)) (Vi = 07 (Di(x))1(X; € o1y),

E[Z;] = 0 and V[Z;] = n~!. By the Berry-Esseen theorem,
sup [P(T(x) < u) — @(u)’ <SS EZP) S S E[1ZulP] + SB[ 20,
i=1 1

u€R = i=1

where

SB[ Z0l?] = 1 ()~ el @ty (P (D) € )Y (i) |
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noting that Kj(D;(x)) is supported on a set of probability O(h?) and satisfies |Kj(D;(x))| < h™9, Exx 2

(nh?)~! by the pointwise version of the covariance lower-bound argument in Lemma SA-5, E[|Y;[?|X;] < 1
by Assumption SA-1(v), and max;<;<n Supxeg |07 x(Di(x))| S 1 because

0i(Di() = 10T, (2522) = (W) oy (252).

Since

1 1
+ —— + Vnh?B(x)],

m _ T <
TG =T Sp o+ g

and the same pointwise covariance argument gives Zx x/Zx x —p 1 under the conditions imposed, pointwise

asymptotic normality follows. Finally, validity of the confidence interval estimator is immediate. O

SA-8.11 Proof of Theorem SA-6

Because v > 0, the condition 77+ h?/log(1/h) — oo implies nh?/log(1/h) — oo, so the preceding uniform

approximation lemmas apply. We make the decomposition based on Equation (SA-1) and convergence of

~

=
=
—X,X

~

o) — T(x) = (Ex,x>”2( 3 <2t—1><5t,x<o>—9t,x<o>>)

te{0,1}
_(Ex,x)_1/2( Z (2t—1)e3—‘11;1(0t,x>
te{0,1}
= —1/2 ~
= Een) (X - D@x(0) - 01x(0)
te{0,1}
_ Z (2t1)eg\pt;0t7x> (=A1x)
te{0,1}
+ (B 2= Eex) ™) Y (26— 1)) #7101k (= Asy)
te{0,1}

By Lemma SA-3 and SA-4, and the decomposition Equation (SA-1),

sup [ D (2t — 1)(01x(0) — 01x(0) — Y (2t —1)eg ¥, 10, «
x€% 1 10,1} te{0,1}
log(1/h) \/1og(1/h) log(1/h)
<
NP\/ nhd nhd Nz pd +21€1§|%(X)|'
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Together with Lemma SA-5,

log(1/h) | (log(1/h)% = —
sup |A1 x| S + e + Vnh? sup |B(x)]. SA-21
xegl x| e Vnhd Nz h x€§| ) ( )

By Lemma SA-3, Lemma SA-4 and Lemma SA-5, and assume % — 00, then

sup eJ‘I’;,l(Ot,x <(Ex,x)71/2 _ éx’x)q/z)’ < W( log(1/h) + 10g(1/h)> ( log(1/h) n 1og(1/h)>

xERB nh I pd nhd n¥s hd
log(1/h)\ (. [log(1/h) _ log(1/h)
- 1 1 h 1 0] v
Viog(17m) (14 2L i =
log(1/h) | log(1/h)
< v/log(1 5 .
< Vlog( /h)< xR e s
Hence
log(1/h)  (log(1/h))%
sup [Aax| <p og(l/h) (Og(L/ ) (SA-22)
xERB nhd nzv hd
Putting together Equations (SA-21), (SA-22) give the result. O
SA-8.12 Proof of Theorem SA-7
We will verify the high level conditions stated in Theorem SA-25.
By the rectangular-support condition, after a componentwise affine rescaling we can take & = [0,1]%.

Since fx is continuous and bounded away from zero on this compact rectangle, Cattaneo and Yu [2025,
Section 3.1] implies that Qg » = Px is a valid surrogate measure for Px with respect to & U 4, and that
the Rosenblatt transform ¢wus = Tp, is a valid normalizing transformation. The constants c; and cq
from Theorem SA-25 are therefore finite and uniformly bounded by constants depending only on the density
bounds and the support geometry, and are absorbed in the displays below.

Recall & = {gx : x € B} where

gx(u) = 1(u € o1)81(u;x) — L(u € Ap)Ro(u; x).

By the same signed-distance entropy and localization arguments as in Lemma SA-3, combined with [Cattaneo
et al., 2024, Lemma 7] in the Lipschitz-kernel case and the VC-ball argument in the uniform-kernel case, we

get properties of & as follows:

Mg < h—d/2, Ey < hd/z’ TV < hd/2—1’ sup N (¥, ||,||Q ) ,e(2c + 1)d+1M?) < 9c/ed"1 Lo,
0 )

By definition of 6 ,(-), for each x € &, t € {0, 1},

Oin(Du0) = 71 () ey (P20 = (w2, Ty (P20,
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recalling

U x=E {rp(Di(X))rp(Di(x)>TKh(Di(x))]l(Di(x) e Jt)} , Six=E {rp(lw)Kh(Di(x))Yi]l(Xi € o)

h h h
The preceding bounds imply that H\Ilt_}(H SLSexl S1,and
Mg, Sh Y2 Eq ShY?, ted{o,1}).
In what follows, we verify the entropy and total variation properties of /. Using the product rule, we have

<h L

~

|07 % (Du(x)) = 07 (Du(X))]
sup sup

uel x,x' €% ”X_X/H

p—d/2

Define f; x(-) = eg\Il;irp () K(~)(\Ifgist7x)Trp(-). Then,

nEx,x

Re(0; x)0; 1 (Du(x)) = h*d/zft,x(D“T(X)), ueZ,xe B te{01.

Take My = {Ri(;x)0] < (D.(x)) : x € B}, t € {0,1}. If K is Lipschitz, then for ¢t € {0,1}, f; x satisfies:

(i) boundedness sup sup | frx(u)| <c,
xEB uER
1) compact support su tx(1) C [—c,c],Vx € A,
(ii) comp pp pp(fex(+))
_ /
(#ii) Lipschitz continuity sup sup [ fox (1) ft/x(u ) <c,
XERB u,u’ €R |u —u |
sup sup | fix(u) — ft/,x'(u)\ <ch L,
u€ER x,x' €A ||X_X ||

for some constant ¢ not depending on n. Then, by an argument similar to Cattaneo et al. [2024, Lemma 7],

there exists a constant ¢’ depending only on ¢ and d such that, for any 0 < e < 1,

sup N (hd/Qﬂt, [lg,1,(2c+ 1)d+15) <cem 4,
o :

where the supremum is taken over all finite discrete measures. If K(u) = 1(u € [—1,1]), the same display
follows by replacing the preceding Lipschitz step with the VC-ball argument used in Lemma SA-3; the
polynomial factors and 67, (D.(x)) are uniformly bounded on the support of Kj(D.(x)), and products
with the fixed side indicator preserve VC-type entropy. Taking a constant envelope function M, = (2¢ +
1)4+1h=4/2 we have for any 0 < e < 1,

sup N (.%t, Il g 7eM/%t) <ce
. :

By Lemma SA-11, above implies the uniform covering number for .#; satisfies
N () <4c/(e/2)"%71, 0<e<l.

Since M C Mo + M1, here + denotes the Minkowski sum, with M4 taken to be M4, + Mz, , a bound on the

44



uniform covering number of ./ can be given by
Nu(e) <16(c)*(e/2)72972,  0<e<1.

With the assumption that & (E;x(h)) < Ch¢=! for Eyx(h) = {y € o : 4d(y,x)/h € supp(K)} for all
t € {0,1}, x € B, and the fact that TV, < h%?~! for t € {0,1}, the same argument as in the paragraph
Total Variation in the proof of Theorem SA-25 shows

TV, < hY/271
Now apply Theorem SA-25 with &, 4 defined in Equation (SA-2), % = {Id}, & = {1}, noting that
T(x) = An(gx, mx, 1d, 1), (gx,mx) EE X M, x€E B,

the result follows. O

Lemma SA-11 (VC Class to VC2 Class). Assume F is a VC class on a measure space (X', %B): there exists
an envelope function F' and positive constants ¢(F ), d(F) such that for all € € (0,1),

SgpN(‘G;’ Ilg.1-e1Fllgq) < e(F)e™ ),

where the supremum is taken over all finite discrete measures. Then, F is also VC2 class: for alle € (0,1),

SgpN(? g2 llFllg2) < e(F)(e?/2)~ ),

where the supremum is taken over all finite discrete measures.

Proof of Lemma SA-11. Let @Q be a finite discrete probability measure. Let f,g € &. Then, f |f—g?dQ <
2 [|f — gl|F|dQ. Define another probability measure Q(cx) = F(cx)Q(ck)/ [Flg, on the support of @,
denoted by {c1,...,¢k,...}. Then,

[15-aPa@<2)Flg, [17-61a@ <201Fl, 17 - lo

Hence, if we take an €2/2-net in (&, ||| ;) with cardinality no greater than (% )(?/2)~%%), then for any
f € F, there exists a g € F such that ||f — g5, <&*/2[|F||s,,, and hence

2 2
1f = gllg2 < 2¢%/2[1Fllg i 1Fllgr < I1Flg.

which gives the result. O

SA-8.13 Proof of Theorem SA-8

The proof is divided into three theorem-specific technical lemmas. We first record a generic comparison

lemma that translates uniform process approximations into Kolmogorov-distance bounds for suprema.

Lemma SA-12 (Generic Suprema Comparison). Let T; = (T;(x) : x € B), j = 1,2, be real-valued processes
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defined on a common probability space. Write

M; = sup |T;(x)|, j=12, Aqp = sup |Ty(x) — Ta(x)].

XERB XERB
For any n > 0,
sug [P(M; < u) —P(My <u)| <ACe(n) + P(A12 > 1),
ue
where

ACy(n) = suE]P’ﬂMg —ul <n).
ue

If, in addition, Ty is a separable mean-zero Gaussian process and the Gaussian anti-concentration bound

applies to Mo, then

sup |P(M; < u) —P(My < u)| < 4n{E[M3] + 1} + P(A12 > 7).
u€R

Consequently, if E[A12] < ry, then the last probability can be bounded by 1, /7.

Proof of Lemma SA-12. On the event {A12 < n}, the inequalities
My <u = My<u+n, My<u—n = M; <u

hold for every v € R. Hence

Taking absolute values and then the supremum over u gives the first claim. The second display follows
from the Gaussian anti-concentration inequality of Chernozhukov et al. [2014a, Theorem 2.1], applied to the
symmetrized Gaussian process whose supremum is Ms. The final claim follows from Markov’s inequality. [

For the theorem-specific lemmas below, define

3 1 2d1+2'u~v+2 1 1/2
Rsa = (logn)2 (W) +10g(n)(n2iuhd> ’

the stochastic-linearization remainder

Riin = V/10g(1/h) ( log(1/#) + 10g(1/h)> + Vnhd sup |B(x)|,

v
nhd nz+v ha xXERB

and the covariance-comparison rate

_ [log(1/)  log(1/h)
SRcc - nhd + nﬁhd .
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Lemma SA-13 (KS Distance Between T and Z). Suppose the conditions of Theorem SA-8 hold. Then

sup
u€eR

P (sup IT(x)| < u) —P <sup |Z(x)| < u)‘ < (10gn)1/4mi£2.
xXERB xXERB

Proof of Lemma SA-13. Let a, > 0 be chosen below. Applying Lemma SA-12 with T; = T and Ty = Z,

and using Theorem SA-7, gives

sup
u€R

P(mpﬁ&ﬂéu)—P<pr&N§uﬂ

XERB XERB
CRsa

n

< da, <IE {Sup |Z(x)] + 1) +

xXERB

The Gaussian process Z has uniformly bounded pointwise variance. Moreover, by the same Lipschitz calcu-

lation for the distance-indexed local-polynomial weights used in Theorem SA-7, its canonical metric satisfies

1/2 _
2 < h Y x = .

p(x.y) =E[{Z(x) - Z(y)}’]

Since & is compact and liminf,, . logh/logn > —oo,

1
log N(e, %, p) < dlog (h ),SlognJrlog(l/s), 0<e<l.

he
Dudley’s entropy integral therefore gives

E [sup |Z(x)|} < y/logn.
XERB

Choosing a, =< (Rsa/vIogn)'/? gives the result. O

Lemma SA-14 (KS Distance Between T and T). Suppose the conditions of Theorem SA-8 hold. Then

sup
u€ER

P <sup IT(x)| < u> —-P <sup T(x)| < u)‘ =o(1).

xX€ER XERB

Proof of Lemma SA-14. Theorem SA-6 gives

Af,f = sug |T(X) — T(x)| = Op(R1in).
XEY

The side conditions imply PRiinv/logn = o(1). Choose a deterministic sequence a,, such that Ry, = o(ay,)
and a,+/logn = o(1). Applying Lemma SA-12 with Ty = T and T, = T gives

sup |P(Mz < u) — P(Mz < u)| < supP(| Mz — u| < ay) + P(Az 7 > an),
u€R u€R ’

where Mz = sup,c 4 IT(x)| and Mz = supycg [T(x)|- The second term is o(1). The anti-concentration term
for Mz is bounded through Lemma SA-13: for My = sup,cg |Z(x)|,

P(|Mz —u| < a,) <P(|Mz —u| < ap) +2sup |[P(Mzs < v) —P(Mz <)
veER
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< 4dan{E[Mz] + 1} + 2sup |P(Mz < v) — P(Mz < v)|.
veER

The first term is o(1) because an+/logn = o(1), and the second is o(1) by Lemma SA-13. This proves the
result. O
Lemma SA-15 (KS Distance Between Z and 2) Suppose the conditions of Theorem SA-8 hold. Then

sup
u€eR

P (sup |Z(x)] < u) -P (sup 1Z(x)| < u | V)‘ <p log(n)MRL/2 = op(1).
XERB XERB

Proof of Lemma SA-15. Let

Lemma SA-5 gives
sup |ﬁx’y - Hx’y| SP Ree,
X,yERB
because infycg Exx = (nh?) ™! and infycg Exx 25 (Rh?) L.
Let Bs, be a §,-net of B under ||-||oo with cardinality M < 6%, and write Z% and Z» for the restrictions
of Z and Z to this net. By Chernozhukov et al. [2022, Theorem 2.1],

sup |P(Z°" <y)—P(Z’ <y | V)| <plog(M)R/2.
yERM

o and ||Z0n

Hence the same bound applies to the distribution functions of ||Z%~ 0o

Choose §,, = n~° with s > 0 large enough that

Viognh™18, = o(RL/?).

Such an s exists because h is bounded below by a polynomial in n. The same Gaussian-metric calculation

used in Lemma SA-13 and its feasible analogue imply

E sup  |Z(x) — Z(y)|| < Vlognh'6,,
X, yERB
1=y loo <dn

E sup | Z(x) = Z(y)|| V| Sp Vlognh 16,
x,YERB
=yl oo <dn

Markov’s inequality makes both modulus errors o]p(iﬁif). Combining the finite-net comparison, the two

modulus bounds, and Gaussian anti-concentration gives the displayed Kolmogorov bound. The side condi-
tions imply log(n)fﬁ};éz = op(1). O
The proof of Theorem SA-8 now follows from the triangle inequality applied to the three comparison

lemmas above. Furthermore, by definition of L, (x),

P[ﬁ(x) Efa(x), for all x € 93} =P (sup |’T’(x)| < qa>
XERB
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— 5 [P (s 12601 < a0 | V)| + 00

XERB

=1—a+o(1).

This completes the proof. O

SA-8.14 Proof of Theorem SA-9

We employ the following result established by Chernozhukov et al. [2014b, Corollary 2.2].

Lemma SA-16 (Gaussian Approximation of Suprema). Let Xi,...,X, be i.i.d. random variables in a
measurable space (S,8) with law P, where n > 3. Let F be a class of P-centered measurable functions
f:8 =R, and define G, f =n~1/? S, f(X;). Suppose that:

(i) & is pointwise measurable.
(ii) There exists a measurable envelope F such that |f| < F for all f € F, and constants A > e andv > 1
such that

SupN(g I llQe elFllo2) < (A/e)"  0<e<l,

where the supremum is over all finite discrete probability measures on (S, S).
(iii) For someb> o >0 and q € [4, o0],

sup P|f|¥ < o?bF 72, k=234, and |F|lpq <b.
feF

Let Z = supscg Gnf. Then, for everyy € (0,1), there exists, on a possibly enlarged probability space, a tight
mean-zero Gaussian process (Gpf : f € F) with covariance function E[Gp(f)Gp(g)] = P(fg) and almost

surely uniformly || - || p2-continuous trajectories such that, for Z= supseg Gpf,
~ bK, (ba)l/QKg/4 (bo? K2)1/3 logn
P {|Z - Z|> ~ani/2—1/q + A1/2p1/4 + ~1/301/6 <Clv+ n )’

where K, = v(logn Vlog(Ab/o)), and C > 0 depends only on q.

Let z; = (X;,Y;), 1 <i < n. For each x € &, define

fx(ua u) = gx(u)u+ mx(u)v fx(uvu) = fx(ua u) - ]E[fx(Xqu)]

Let o = {fx : x € B} U{—fx : x € B}. By the representation preceding Theorem SA-7,

sup |T(x)| = sup f(z
XER feFy \/7 Z
We apply Lemma SA-16 to F.

First, ¥ is pointwise measurable by the compactness and separability of & and the measurability of
the signed-distance kernels. The entropy calculation used in the proof of Theorem SA-7, but without the
total-variation step, gives a VC-type bound for € and . The fixed side indicators 1(u € &/;) only contract
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Lo(Q) distances. Thus, with envelope
F(u,u) = Ch="?(Ju| + 1),

for a sufficiently large constant C', there are constants A, > e and v > 1, with A; at most polynomial in
1/h, such that

wp N |- lo IFlg2) < (Anfe)", 0<e<1,

Centering changes the covering constants only by a universal factor because |P( fx — fy)| < fx — fy|| P2
For the moment condition, take ¢ = 2 + v > 4. Assumption SA-1(v) and the boundedness of 0} , (Du(x))

on the kernel support give

|F||p2te S ™42

~

The same local-polynomial moment calculation used in the proofs of Lemmas SA-4 and SA-5 gives

sup P|f|F < hdk=2)/2 k=234

fEF+

Hence Lemma SA-16 applies with ¢ = 1 and b =< h~%2. Since liminf,,_,. log h/logn > —oo and Ay, is at
most polynomial in 1/h, K,, <logn. Taking v = (logn)~! yields

| N

The covariance of the Gaussian process delivered by Lemma SA-16 is P( fx, fx,), which equals Cov[T(x;), T(x2)].

5/4

= logn (logn) (logn)3/? 1 logn
T(x)| - Z > 5 S .
sup IO = sup 12001 > Gopayrs * Gy (neFh) 2 | ~ Togn '

This proves the theorem. O

SA-8.15 Proof of Theorem SA-10
Define

logn n (logn)®/4 (logn)3/?
(nhd)l/ﬁ (nhd)1/4 (nﬁﬁhd)l/?'

i-)Q‘sup =
The entropy calculation in the proof of Theorem SA-9 implies
E [sup |Z(x)|} < y/logn.
XERB

The condition nz+ h?/(logn)? — oo implies Rgupr/Togn = o(1). Let

Mz = sup [T(x)], Mz = sup |Z(x)|.
XER xXERB
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Theorem SA-9 and Gaussian anti-concentration give

Sgﬁ [P(M7 < u) —P(Mz < u)| =o(1). (SA-23)

Next, Theorem SA-6 gives

sup | T(x) — T(x)| = Op(Rin),
xXERB

where

log(1/h log(1/h
Rusn = ylog(1/) | /BN, 08U/ /o cup (v
nhd nz2tv hd XERB
The polynomial lower bound on h, the condition n h4 /(logn)? — 0o, and the stated small-bias condition
imply RiinvI1ogn = o(1). Combining this with Equation (SA-23) and another Gaussian anti-concentration
step yields

sup
u€ER

P <sup IT(x)| < u> P <sup T(x)| < u) ‘ = o(1). (SA-24)

xX€ER XERB

Finally, Lemma SA-5 gives the feasible covariance-comparison rate

_ [log(1/)  log(1/h)
S):{cc - nhd + nﬁhd .

The same finite-net Gaussian comparison and anti-concentration argument used in the proof of Theorem SA-8

gives

sup
u€R

P (sup |Z(x)] < u) -P <sup |2(x)| <u| V) ‘ <p log(n)RL/% = op(1), (SA-25)
XER XERB

where the last equality follows from n=¥ h¢/(logn)® — co. The displayed Kolmogorov approximation follows
from the triangle inequality applied to Equations (SA-23), (SA-24), and (SA-25).
The simultaneous coverage statement follows from the definition of I, (x) and the conditional critical value

Jo!

]P[z?(x) Efa(x), for all x € 95’} =P (sup |T(x)| < qa>
xXER

— & [P (s 12601 < a0 | V)| +00)

=1—a+o(1).
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SA-8.16 Proof of Lemma SA-6

Let £t ypate and Z¢ ypate denote the side-specific analogues of Lypate and Sygare. Fubini’s theorem and the

definition of Z; x, x, give
V (L¢,ueate) = Z¢,uBate-

The covariance between the two side-specific linear terms is zero because the treatment and control assign-
ment indicators are disjoint observation by observation. Hence V(Lypare) = Sypate-

Let Rx < oo satisfy supp(K) C [~ Rk, Rx|. By equivalence of « and the Euclidean distance, if Ex, x, # 0
then ||x; — x2|| < h. Therefore

&(h) = {(x1,%2) € B* : ||x1 — X2|| < Ch}

has product boundary measure vg2(&(h)) < h¢~! by (SA-4). Uniform boundedness of \Ilt_i and Yy x, x,

gives |Zx, x,| < (nh?) 71, and hence

pd-1 1

= < - _
EuBaTE = —.
~ nhd nh

Under (SA-5), this upper bound is complemented by the matching lower bound.

The same support restriction applies to éxl,xr Hence, using Lemma SA-5,

< / e
&(h)

~

—_
—

—

WBATE — WBATE Exl,xz - Exl,xQ |U/(X1)U/(X2)| dV@,z (X1,X2)

~
—
—

S R4 sup
X1,X2€R

o)

which proves the plug-in variance claim. The ratio claim follows by dividing this additive bound by the lower
bound in (SA-5). O

=
X1,X2 —X1,X2

SA-8.17 Proof of Lemma SA-7

It is enough to consider one side ¢ € {0,1}. Define the side-specific nonlinear WBATE remainder
~—1 _ _
Qt,WBATE = / eoT(‘I’t,x - \I’tli)Omxw(x) dﬁd 1(X)> Queate = Ql,WBATE - QO,WBATE-
B

Let

~—1 ~

A=W, — 0 =0, (B, — U, )0, ]
On the event where sup,cg ||\il; iH < 1, which has probability approaching one by Lemma SA-3,
|Q¢ weate| S ‘/@ A 5Oy xw(x) A9 (x)|.
We suppress fixed finite-dimensional vectors and matrices in the bounds below.
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Decompose O, x into a conditional-mean-zero part and a conditional-mean part:

Ot,x = Qt,x + Mt,xa

where
D;
Quox = B |y (220 ) (D1 K € )
D;(x) .
M = En |1 ( 550 Kn(Di(x) {10 (X2) = 0 x(Ds(O) X € )|
with e;; = Y;(t) — u(X;). The first component is mean zero conditional on Xi,...,X,,. The second

component is not conditionally mean zero; this is the additional distance-based term absent from the location-
based analysis.

For the first component, conditional on Xy,...,X,,, write ¢y x(2) = rp(D,(x)/h)Kp(D,(x))1(z € ;).
The summand inside the boundary integral is nonzero only when z is within an O(h) neighborhood of x.
Therefore, after applying Fubini to the conditional second moment, the only pairs (x1,x2) that contribute
are those satisfying ||x; — x2|| < h. The local boundary-measure condition (SA-4) gives product Hausdorff
measure O(h9~1) for this effective pair set, while each localized kernel product has conditional expectation

of order h~%. Hence

2
- Supecs [Arl>

E “/ A Q;w(x)dHT 1 (x) Xl,...,Xn] <
% nh

Lemma SA-3 therefore implies

log(1/h 1
/95 At,th,xw(X) dﬁd_l(x) =Or (nho(fj'l)/ﬂ)> - OP(W)’

because d > 2, h = o(1), and h% *log(1/h) — 0.
It remains to bound the conditional-mean component. Write each coordinate of [, Ay xM; xw(x) d$H7~(x)

as

F A Y
EE Ny Hy = [ aXma(Xulx) 45 ),

i=1j=1

where ay is a centered coordinate of \/I\ltyx — W, « and my is the corresponding conditional-mean coordinate
of M, x. The localized part of ax and the whole of my are supported on O(h)-neighborhoods of x, with
envelopes of order h~%. The centering constant in ay is only O(1) and therefore gives smaller contributions
than the localized part. Thus the dominant part of H;; is nonzero only when the relevant observations are
within distance O(h) of the same boundary point.

For the diagonal term, the boundary integral has size at most h=22$?~1(# N B(X;,Ch)) < h~%"! on the
event that X; lies in an O(h) tube around %, and is zero otherwise up to the smaller centering-constant
contribution. Since this tube has probability O(h),

E|Hy;| < h e
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For the off-diagonal term, independence and Fubini give
E[H}) = / / Elax, (X;)ax, (Xa)[E[1m, (X;)mac, (X;)Jw(x1 )w(x2) dH (x1) d7 (x2).
B J B

The leading localized contribution to the two expectations in the integrand is zero unless ||x; — xa|| < A,
and the terms containing the centering constants are of the same order or smaller. On this effective set each

expectation is bounded by O(h~%), and the effective set has product Hausdorff measure O(h%~1). Hence
E[HZ) Sh™7Y  i#d
The off-diagonal kernel is degenerate because E[ax(X;)] = 0 and E[mx(X;)] = 0 for every x. Thus,
1< 1 1 1 1
2 2 M= 0r(ga). a2t =0 () = o ()
1= 1F]
Combining the two components and summing over ¢ € {0,1} gives Qupare = Op(1/(nh?)). Finally,

1/(nh?) 1
1/vnh  Vnh?d1

which is o(1) under nh?¢~1 — occ. O

SA-8.18 Proof of Theorem SA-11

The decomposition (SA-3), Lemma SA-6, and Lemma SA-7 give

7/9\WBATE — Uyate| < |Bupate| + OP(\/iTh) + OP(#)

which is the stated rate. O

SA-8.19 Proof of Theorem SA-12

By (SA-3), Lemma SA-7, the small-bias condition, and the aggregate nondegeneracy condition,

Vusate — Vusate — Lusate
= Op(l).

Vv EWBATE

Lemma SA-6 gives EWBATE/EWBATE —Pp 1.
Write Lypate = Z?:l £;, where the ¢; are independent, mean-zero summands obtained by integrating the
side-specific linear influence functions over 9. By construction, Z?:l E[(?] = Zypare. To verify Lyapunov’s

condition, let
&s(h) = {(x1,%2,x3) € B* : IIx; —xx|| < Ch, 1 <jk <3}

Compact support of K, metric equivalence, boundedness of w, and (SA-4) imply vg 3(&3(h)) < h?¢~2. The
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same local-moment calculation used in Lemma SA-4 gives

3
1
]< — 0,

4
E
; U v/ Eupate ~ Vnh

where the last step follows from nh??~! — 0o and d > 2. Lyapunov’s central limit theorem gives

SWBATE

Vv EWBATE

Slutsky’s theorem gives the feasible statistic result, and the confidence interval statement follows from the

~» Normal(0, 1).

standard normal critical value. O

SA-8.20 Proof of Theorem SA-13

The supremum functional is one-Lipschitz under the sup-norm:

< sup |9(x) — ﬂ(x)‘ .
XERB

sup 9(x) — sup 9(x)
XERB XERB

The theorem follows immediately from Theorem SA-4. O

SA-8.21 Proof of Theorem SA-14

On the event
I(x) € {@(X) — 4o/ Ex; U(X) + o éx,x} for all x € B,
taking suprema over x € &% implies

Vieate € Lo Leate-

Theorem SA-10 gives the first event probability 1 — a + o(1), which proves the result. O

SA-8.22 Proof of Theorem SA-15

For A =Y, Theorem SA-1 applies directly after the reduced-form redefinition Y;(¢t) = Y;(¢, W;(¢t)). For
A = W, the same proof applies with W;(¢) in place of ¥;(¢). Thus the sharp-design identification argument is
applied separately to the reduced-form outcome component and the first-stage treatment-receipt component:
Assumption SA-4(i)—(ii) gives the reduced-form smoothness and sampling conditions, while Assumption SA-
2(i), (ii), and (v) gives the same distance-based identification conditions. Therefore ¥4 (x) = 74(x) for
A e {Y,W}. If iy (x) # 0, then the ratio identity £(x) = ((x) follows immediately. O

SA-8.23 Proof of Theorem SA-16

Theorem SA-4 applies to the reduced-form outcome estimator ﬁy(x). The same proof applies to 5W(x)

because Assumption SA-4(i)—(ii) gives the corresponding smoothness and moment conditions; boundedness
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of W;(t) gives the required moment bounds automatically. Thus, pointwise and uniformly,

D) = 04(0) = O (s + i+ 13400
with the uniform version replacing the first two terms by their logarithmic analogues. Because v > 2, the
pointwise condition (n(1T¥)/(2+v)pd)=1 — (1) implies (nh?)~1/2 = o(1). Uniformly, log(1/h)/(n+v)/C+v)pd) =
o(1) implies the corresponding logarithmic stochastic terms are o(1). The condition h = o(1) supplies the
shrinking-neighborhood requirement in the reduced-form distance-based rates, and Theorem SA-2 implies
the reduced-form approximation biases are o(1). Together, these restrictions imply that 3W(x) is bounded
away from zero with probability approaching one, pointwise or uniformly as appropriate. The exact Wald
expansion (SA-7) and the bound (SA-8) then give the stated rates. O

SA-8.24 Proof of Lemma SA-8

Fix A, B € {Y,W}. The proof of Lemma SA-5 applies to the cross-covariance kernel =4 g x, x, With

(Ai = 04 4 x, (Di(x1)))(Bi = 05 1 x, (Di(x2)))

in place of the squared residual product. The moment bounds needed for A = B =Y follow from Assump-
tion SA-1(v); those involving W follow from W;(¢) € {0,1} and Cauchy-Schwarz. Assumption SA-4(iii)

provides continuity of the reduced-form conditional covariance entries. Hence, uniformly over x;,xs € &,

Sup nhd’EA,B’Xl,Xz - EA,B,X1,X2| = OP(l)'
A,Be{Y,W}
Theorem SA-16 gives supycg ||0(x) — tv(x)|| = op(1) under the denominator condition and the stated

bandwidth restrictions. Combining the last two displays with the definitions of Zf and ép gives

sup  nh|Zrx, s — Erxi x| = 0B(1).
X1,X2ERB

The relative consistency statement follows from the imposed lower bound infxc nthF7x7x > 1. O

~

SA-8.25 Proof of Theorem SA-17

Because v > 2, the condition n?/?**)h¢ — 0o implies both nh? — oo and (n(1+v)/+v)pd)=1 0. Therefore
the reduced-form stochastic terms for Y and W are consistent. The condition A = o(1) gives shrinking local
neighborhoods, and Theorem SA-2 makes the first-stage approximation bias vanish.

For the fixed x, the exact expansion (SA-7) gives

~

€(x) — £(x) = Br(x) + Le(x) + op((nh?)~1/?),

because the reduced-form nonlinear remainders are op((nh®)~'/2) by the pointwise analogue of Lemma SA-4,
and the pointwise reduced-form rates give 1/9\A(x) —VJ4(x) = Op(pnx) for A € {Y,W}. Since |[dw(x)| > 0
and pp x = o(1), 3{/{/ (x) is bounded away from zero with probability approaching one. Therefore the exact
Wald remainder satisfies Re(x) = Op(p2 ) = op((nh?)=1/2) by the condition \/Wp,%’x — 0. The separate

small-bias condition makes Bg(x) = o((nh?)~1/2).
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The leading term £r¢(x) is a sum of independent mean-zero variables with variance Z¢ x x. The moment

assumptions and the bound nh9Zg  x =< 1 verify Lyapunov’s condition, giving

£F(X)

\V =F,x,x

The pointwise version of Lemma SA-8 gives §F7x7x /Er x.x —p 1. Slutsky’s theorem therefore gives the normal

~> Normal(0, 1).

approximation for 'T‘F (x) and the confidence interval coverage. O

SA-8.26 Proof of Theorem SA-18

Start from (SA-7). Lemma SA-4, applied to A = Y and A = W, gives the uniform bound for the reduced-form
nonlinear terms. Lemma SA-8 gives uniform consistency of the feasible standard error. The contribution of

the reduced-form approximation biases is

Vnhe sup [Bg(x)|.
XER
Finally, (SA-8) gives the Wald-ratio contribution v'nh?p?. Combining these bounds gives the displayed
result. O

SA-8.27 Proof of Theorem SA-19

The proof is the fuzzy analogue of the proof of Theorem SA-9. The linearized fuzzy statistic can be written

as an empirical process indexed by x € &:

Te(x) = % S (X5, Vi, W),
=1

where fr x is centered and equals a bounded linear combination, with coefficients tv(x), of the reduced-form
distance-kernel terms for Y; and W;. The denominator condition infxecg |Jw (x)| > 0, the smooth reduced-
form conditional means, and the metric equivalence in Assumption SA-2(ii) imply that w(x) is bounded
and Lipschitz on &B. The entropy calculation for Theorem SA-9 is therefore unchanged up to constants:
adding the bounded treatment-receipt coordinate and bounded Lipschitz weights preserves the same VC-
type covering bound. The envelope can be taken as Ch~% 2(]Y;] + 1), because W; is binary. The moment
bounds follow from Assumption SA-1(v) and boundedness of W;.

Applying Lemma SA-16 to {frx : x € B} U{—frx : x € B} gives the displayed Gaussian approximation

rate. The covariance of the constructed Gaussian process is, by construction, the covariance of Tk. O

SA-8.28 Proof of Theorem SA-20

Theorem SA-18 and the stated rate conditions imply

sup |Te(x) — Te(x)| = op((logn)~/?).
xXERB

Theorem SA-19 approximates the supremum of the infeasible linearized statistic by the supremum of a Gaus-

sian process. Lemma SA-8, together with the same finite-net Gaussian comparison and anti-concentration
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argument used in the proof of Theorem SA-10, replaces this infeasible Gaussian process by the feasible

conditional process Z\F. Thus,

P (sup [Toto)] < u) ~ (sup |23 < u | v)' — op(1).

sup
u€R XER
The coverage statement follows from the definition of TQ,F and the conditional quantile q. O

SA-8.29 Proof of Lemma SA-9

By Fubini’s theorem and the definition of Zf x, x,,

V[Ceysare] = /@ /@ Cov[ (1), S (x2)w(x1 Jw(x2) A5 (1) 9% (xc2)

= ZF,WBATE-

The denominator condition implies that to(-) is uniformly bounded on %. Compact support of K and
equivalence of « and the Euclidean distance imply that Z x, x, = 0 unless ||x1 — x2|| < h. Therefore, as
in the proof of Lemma SA-6, the effective integration set has product boundary measure O(h?~!) under
(SA-4). The reduced-form covariance kernels are uniformly of order (nh?)~!, and hence

ha-1 1

= <t
ZF,WBATE = —.
’ ~ nhd nh

The matching lower bound follows from (SA-10).

For the plug-in variance, the proof of Lemma SA-8 gives the uniform covariance approximation

sup nhd E'F,xl,xQ - EF,Xl,XQ = O]P’(l)a
X1,X2ERB
using only the denominator nondegeneracy and the stated rate conditions for the consistency of fo(-). The
same compact-support restriction applies to the feasible covariance kernel. Integrating the uniform error
over the effective set of measure O(h?1) gives

~
—
—

F,WBATE — —F,WBATE

d—1
=or(Gr) = ()

The relative consistency statement follows after dividing by the lower bound in (SA-10). O

SA-8.30 Proof of Lemma SA-10

Because infxeg [9w (x)| > 0 and the reduced-form conditional means are continuous, the weight vector tv(x)
is uniformly bounded over &. The fuzzy nonlinear term can be written as a finite linear combination of

reduced-form WBATE nonlinear terms:

T

Oryoars — / ()T (Qy (%), Qi (x)) " w(x) A (x).
B

The proof of Lemma SA-7 applies to each reduced-form component, with the bounded deterministic weights

w(x)oy (x) and w(x)ow (x) in place of w(x). The moment bounds for terms involving Y follow from
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Assumption SA-1(v), and those involving W are immediate from W;(¢) € {0,1}. Hence

Qr ueate = Op (#)

For the Wald-ratio remainder, (SA-8) and the integrability of w give
Stesare] < [ M0l 9% 1) o g2,
%

The final negligibility claim follows because

1/(nh®) 1
1/vnh — Vnh?d1

which is o(1) under nh??~! — oo, while v/nhp? — 0 by assumption. O

SA-8.31 Proof of Theorem SA-21

The decomposition (SA-9), Lemma SA-9, and Lemma SA-10 give

—~ 1 1
Eumate — Sumate| < |Br upate| + OP(ﬁ) + Op (W> + OP(PZ)a

which is the stated rate. O

SA-8.32 Proof of Theorem SA-22

By (SA-9), Lemma SA-10, the small-bias condition, the condition v'nhp? — 0, and the aggregate nonde-

generacy condition,

gWBATE B €WBATE — *QF,WBATE
= 0]p><1).

\/ SF,WBATE

Lemma SA-9 gives éF,WBATE /EF yeate —p 1.

Write £ ypate = Z?:l {; r, where the /;  are the independent mean-zero summands obtained by integrating
the reduced-form fuzzy linear influence functions over %. By construction, > ., E[&%F] = Epumate. The
same localization calculation used in the proof of Theorem SA-12, now with envelope proportional to |Y;|+ 1

because W; is binary and w(-) is bounded, gives
3

1
E|l—E—| | <—— >0
Z vV *—*FWBATE ~ \/m

Thus Lyapunov’s central limit theorem yields

LF WBATE

\/ &F ,WBATE

Slutsky’s theorem gives the feasible statistic result, and the confidence interval coverage follows from the

~ Normal(0, 1).

standard normal critical value. O
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SA-8.33 Proof of Theorem SA-23

The supremum functional is one-Lipschitz under the sup-norm:

ELBATE — &pate| < sup |§(X) —&(x)].
XEB

The result follows from the uniform part of Theorem SA-16. O

SA-8.34 Proof of Theorem SA-24

On the event

£(x) € [§<x> ey Ern E) + qa\/énx,x} for all x € B,

taking suprema over x € % implies

&eate € Lo F iBate-

Theorem SA-20 gives the first event probability 1 — o + o(1), which proves the result. O

SA-8.35 Proof of Theorem 6

Let 0 < s < 1/6 be a parameter that is chosen later. Consider a C! function ©; : [0,1] — [0, 7], for some
fixed 6 > 0, satisfying

Os(r)=7m (0<r<2s), Mzz—

0.0 - (3s <7 <1), sup r|OL(r)| <C,

0<r<1

S| ®»

with a smooth interpolation on [2s,3s]. Such a function exists because 6 — sin(6),/6 maps (0, 7] continuously

and monotonically onto [0, 1).

Data Generating Process Py.

Let
Lo ={r(cosh,sinh) : 0<r <1, 0<6<0O4r)}

Suppose X; has Lebesgue density

2
fo.x(r(cosf,sinf)) = ) 0<r<1, 0<6<06r),
' O4(r)
and define
(z x)—l—&—ﬂ (z1,22) € R?
//LO 1, 2 _2 1007 1, 2 .

Let YV; = 1(e; < po(X;)), where (g; : 4 = 1,...,n) are i.i.d. Uniform([0, 1]) random variables independent
of (X;:4=1,...,n). Let no(r) = Ep,[Yi| ||X;|| = r]. The boundary bd(2p) is rectifiable with uniformly
bounded length.
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Data Generating Process P;.

Let
X1 = {r(cosf,sinf) : 0<r <1, 0<60<m/2},

let X; have density f1 x =4/m on 1, and define

1 x1—s
M1($1,$2)=§+ 100

(£E1,ZL'2) S RQ.

Let Y; = 1(g; < pp(X;)) with the same independent uniform construction as above. Let 11 (r) = Ep, [V;] [|X;]| =
r]. The boundary bd(21) is rectifiable.

Figure SA-2 displays the two support sets used in the minimax lower-bound construction.

Minimax Lower Bound.

First, under both models, P;(||X;|| <r)=r%forall 0 <r < 1:

Os(p) 2
Pl <n)= [ [ gTsdvdn=r —// 2 panap=By(IX) < 7).

The two data-generating processes belong to Pyp for a fixed sufficiently large L: the supports are compact
subsets of [~ L, L)? with rectifiable boundaries of uniformly bounded length, the densities are continuous and
uniformly bounded above and below on their supports, and the Bernoulli conditional means and variances
satisfy the required smoothness and boundedness conditions. Hence, choosing (0, 0) as the point of evaluation
in both Py and Py, the one-observation KL distance for the distance-based experiment based on (||X;||,Y7)

1
dx,(Po (| Xs ]|, Y2), P1 (|| X ], Y7)) = 2/0 dx1,(Bernoulli(no(r)), Bernoulli(n (r)))r dr.

Under Py and Py,

no(r) =5+

T sm( s(r)) _1 1 /2r
w0 e, ¢ M=zt 100( 8)

[N

Thus no(r) = m(r) for all r € [3s,1]. For r € [0, 3s], both probabilities are bounded away from zero and one,
and |no(r) — n1(r)| < Cs. Therefore,

1 3s
/0 dk,(Bernoulli(no(r)), Bernoulli(n; (r)))r dr < C/O (no(r) —m(r))?rdr < Cs*.

Moreover, |10(0,0) — 11(0,0)| = s/100. Hence, by Tsybakov [2008, Theorem 2.2 (iii)], take C's? = log(2)/n,
and conclude that the pointwise risk at x = 0 is bounded below by a constant multiple of s,. Since the

uniform loss dominates the pointwise loss at any boundary point,

I

1
{ sup Ep| (U, (x)) - > s, 2n i,
it sup Ep XS;I()m' (Un(x)) = ux)l| 2 {555« 2 ™

This concludes the proof. O
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2y from DGP Py

21 from DGP Py

Figure SA-2: Support sets in the two-point minimax lower-bound construction.
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SA-9 Simulation Study

The score X; = (X1, Xo;) " is generated as (100By; — 25, 100By; —25) ", where By; and Bo; are independent
Beta(3,4) random variables, a choice that approximately reproduces salient features of the SPP dataset. The

treatment assignment region is the same L-shaped region used in the empirical application,
oy ={x=(21,22)" 12120, 23>0}, o=\,

with boundary @& given by the two coordinate-axis segments and a kink at x = (0,0)T. The simulation uses
21 evaluation points {by,...,bs;} C &, with by; = (0,0)T corresponding to the kink.

The simulation design sets n = 20,000 and uses 5,000 Monte Carlo replications. We evaluate performance
in terms of point estimation and uncertainty quantification, both pointwise and uniformly over the evaluation
grid. We consider two related Monte Carlo exercises. The first is a sharp-design exercise, which uses only
the reduced-form or intention-to-treat (ITT) outcome equation and therefore reports sharp distance-based
results for the BATEC. The second is a fuzzy-design exercise, which jointly generates the reduced-form
outcome and treatment-receipt status so that the ITT, first-stage (FS), and fuzzy Wald analyses can all be
performed on the same simulated samples.

Throughout the simulation study, the distance-based estimator uses a local linear polynomial, p = 1.
The DGP varies the polynomial order s of the underlying bivariate conditional mean surfaces. We consider
s € {1, 2}, corresponding to linear and quadratic specifications. In addition, each mean specification is paired

with either homoskedastic or heteroskedastic outcome disturbances.

SA-9.1 Data-Generating Process

For each Monte Carlo replication, draw X; = (Xh-,Xgi)—r independently from the distribution described

above and set T; = 1(X; € &/1). Let m(-) be a monomial vector of degree s, that is,
_ _ T _ 2 2T
my(x) =1, my (x) = (1,21,22) ', and my(x) = (1,21, X2, 7, 122, T3)

We consider DGP polynomial specifications of order s € {1, 2}, using the monomial vector evaluated at the

unscaled score.

Sharp Design: ITT Equation.

The sharp-design simulation uses an outcome-only DGP. For each ¢t € {0,1} and ¢ = 1,...,n, define

/f['Y,t(Xi) = ms(Xi)T/gY,t,sa U%’t U(Xz) = eXp(mv(Xi)T(sY,t,v) ;

sy

where v € {0,2} indexes the homoskedastic and heteroskedastic specifications. Draw wuy,;; ~ Normal(0, 1)

independently across ¢ and ¢ and independently of all score variables, and set

eyt = 0y to(Xi)uy e

Then

Yi(t) = py,e(Xi) + €y,
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The observed sharp-design outcome is
Yi =Yi(0)(1 = T3) + Yi(1)T;.
The target at each boundary point b € % is
7(b) = E[Y;(1) — Y;(0) | X; = b] = py,1(b) — py,0(b).

This is the design presented in the paper, where we suppress the outcome subscript and write u, o, and

uy,; in place of py, oy, and uy,; for notation simplicity.

Fuzzy Design: ITT, FS, and Wald Equations.

For each t € {0,1} and i = 1,...,n, define

py(Xi) = my(X;) " By s
pw,e(Xi) = AMnw. (X)), nw,e(Xi) = me(Xs) " By o

where A(a) = 1/(1 + exp(—a)). We also consider homoskedastic and heteroskedastic specifications for the
residualized outcome innovation. Let v € {0, 2} index the variance specification, where v = 0 is homoskedas-

tic and v = 2 is heteroskedastic:
O—%’,t,v(x) = exp(mv(X)TJY,t,v) .

Given these conditional mean and variance functions, draw Uy ; ~ Uniform(0,1) and wy+; ~ Normal(0, 1)

mutually independently across ¢ and t and independently of all score variables, and set

eyt = Oy t0(Xi)Uy 1 -

The potential treatment statuses and treatment-indexed potential outcomes are

Wi(t) = W{Uw,,i < pw,e(Xi)}s
Yi(t,w) = py,e(Xs) + Ae{w — pw,o(Xe) } + evie, w € {0,1}.

The reduced-form potential outcome induced by assignment ¢ is Y;(¢, W;(¢)). Equivalently,
Yi(t, Wi(t)) = py,t(Xs) + AedWilt) — pw,e(Xi)} + eyt
The observed outcomes and treatment status are

WZ:Wz(O)(l—TZ)—FWZ(l)TZ, TZ‘:]].(XZ'Edl)7
fori=1,2,...,n.

In the reduced-form notation used for sharp estimation and inference, Y;(t) is shorthand for Y;(t, W;(t)).

This centered specification preserves the reduced-form outcome surface because E[Y;(t, W;(¢))|X; = x] =
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ty,+(x), while allowing the potential outcome and potential treatment status equations to be correlated:

E[W;(#)|1X; = x] = pw(x),
Cov(Yi(t, W;(1)), Wi(t)|Xi = x) = Aepw,e () {1 — pwe(x) }-

The heteroskedastic specification changes the conditional variance of the residualized outcome innovation
€y,t,i, but it does not change the conditional mean surfaces or the first-stage equation. In the fuzzy design,
the conditional variance of the reduced-form outcome also includes the treatment-receipt component induced
by A {W;(t) — uw,(X;)}. Consequently, for each boundary point b € %,

mw (b) = E[W;(1) — W;(0)|X; = b] = pw,1(b) — pw,0(b),
7y (b) = E[Y;(1, W;(1)) — Yi(0, Wi(0))|X; = b] = piy;1(b) — py,0(b) =my(b)" (By1 . — Byo.)

Within each fuzzy-design Monte Carlo replication, the sharp estimator applied to Y; targets the reduced-
form or ITT curve 7y (b), the same estimator applied to W; targets the first-stage curve 7 (b), and the
fuzzy estimator targets the Wald curve {(b). Thus, the ITT, first-stage, and fuzzy simulation results are
different summaries of the same simulated samples rather than results from separate fuzzy DGPs. The fuzzy
design therefore extends the sharp ITT equation by adding a treatment-receipt equation and allowing the

reduced-form outcome and treatment-receipt shocks to be correlated through \;.

SA-9.2 Calibration from the SPP Data

The DGP parameters are calibrated once from the SPP data and then held fixed across Monte Carlo replica-
tions. We use the following steps separately for each DGP polynomial order s € {1,2}. The conditional mean
calibration follows the JASA simulation design; the additional calibration determines the homoskedastic or
heteroskedastic variance of the innovation entering the outcome equation. The sharp-design exercise uses
the calibrated ITT objects By ; ; and dy ¢ ; the fuzzy-design exercise additionally uses the treatment-receipt

coefficients By, ; and the residual-dependence parameters A;.

Step 1. Fix the DGP polynomial order s € {1,2} and define the side-specific calibration samples % = {i :
T; =t} and N; = | %], for t € {0, 1}.

Step 2. For each side t, estimate the outcome regression coefficients by side-specific least squares:

By, =argmin ¥ _{¥; —m,(X,)" B}
B

i€t
This gives the fitted reduced-form outcome surface fiy¢(x) = mj (X)TBY¢7S.

Step 3. For each side t, estimate the treatment-status regression coefficients by side-specific logit:

BW,t,s = arg max Z [WimS(Xi)T,B —log{1+ exp(mS(Xi)T,B)}} .
i€,

This gives the fitted first-stage surface fiy,(x) = A(m, (X)T,CA'IW’LS).
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Step 4. Construct side-specific residuals in the calibration sample:
ey, =Y — by (Xy), Ew,i =W — iwr (Xy).

Step 5. Estimate the residual dependence parameter on each side:

L EViEW
Lics EviEwi DU teqo,1}).

At =
Yies Ewi

Define the estimated residualized outcome innovation, distinct from the standardized simulation
draw uy ¢ ;,

Wy,i = Ev,i — AT,Ewi-
For the homoskedastic specification, estimate the intercept-only log-variance coefficient
SYtOZIOg LZQQ tE{Ol}
sty Nt ‘ Yo | ’ .
1€ES

For the heteroskedastic specification, estimate the side-specific log-variance regression for the resid-

ualized outcome innovation:

3y¢}2 = arg min Z [log{max(@%/)i, €0)} — mo (Xi)Té]2 ,
1€It

where ¢y > 0 is a small truncation constant used only to avoid taking logs of zero.

Step 6. Set the Monte Carlo DGP parameters equal to the calibration estimates: By, = [Aiy%s, Bwts =
Bw.is» At = Aty Oy,t.0 = Oy,t0, and dy,s 2 = Oy, 2 for t € {0,1}.

Step 7. Before running the Monte Carlo replications, compute the true target functions analytically from the

calibrated conditional mean surfaces. For each evaluation point b € %, the sharp-design BATEC is

7(b) = ms(b)T(BY,l,s - ﬁy,o,s)-

For the fuzzy-design exercise, the reduced-form/ITT, first-stage, and Wald targets are

v (b) =my(b) (By .~ Byo.):  Tw(b) =Ams(b) By, ) — Almy(b) By.),

and ((b) = :V‘;((z)) . The same calibrated outcome surface is used in both exercises, so 7(b) and 7y (b)
have the same algebraic form under this calibration; they are kept notationally distinct because they

refer to different Monte Carlo exercises and different causal objects.

This calibration reproduces the empirical residual covariance between the outcome and take-up equations
on each side of the boundary, while keeping the marginal reduced-form and first-stage surfaces fixed by the
fitted SPP models. The homoskedastic and heteroskedastic DGPs share the same target curves for a given
mean specification; they differ only in the conditional variance of the residualized outcome innovation.
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SA-9.3 Monte Carlo Implementation

The following steps describe how to simulate from the calibrated model. They are repeated separately for

each pair (s,v) € {1,2} x {0,2}. For the sharp-design exercise, the same score draws, assignment rule,

evaluation grid, polynomial order, and bandwidth choices are used, but Steps 4-6 are simplified by keeping

only the outcome equation Y; and dropping W;(t), uw,, A¢, and the Wald ratio.

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Fix the Monte Carlo inputs: the sample size n, the number of replications M, the evaluation grid
{b1,...,bo1} with by; at the kink, the assignment regions &, and &, the local polynomial order
p =1, and the calibrated parameters. The sharp-design exercise uses only {8y, ¢, dv,t,0,0v;t2 : t €

{0,1}}, while the fuzzy-design exercise uses the full set
{ﬁY,t,s’ ﬁW,t7s7 >\ta 5Y,t,0a 5Y,t,2 (te {07 1}}

Before entering the Monte Carlo loop, evaluate the true target functions on the grid. For the sharp-

design exercise this is only the BATEC target 7(b;). For the fuzzy-design exercise the targets are

Ty(bj), Tw(bj), C(bj), j=1,...,21.

These target values are fixed across Monte Carlo replications and are common to the homoskedastic

and heteroskedastic versions of a given mean specification.

For replication m = 1,..., M, draw independent score vectors X; = (100B;; — 25,100By; — 25) T,
with By; and Bs; independent Beta(3,4) random variables, and set T; = 1(X; € ).

Form the design vectors m4(X;) and compute the side-specific conditional outcome means and

variances

MY,t(Xi)’ O—%’,t,v(Xi)’ te {O> 1}'

Under homoskedasticity, U%,m (X;) is constant within side ¢. Under heteroskedasticity, it changes

with X; through the fitted log-variance model. For the fuzzy-design exercise, also compute piyy ¢ (X;).

For the sharp-design exercise, draw uy,;; ~ Normal(0, 1) independently across ¢ and ¢ and indepen-

dently of all score variables, and set
eyt = Oy t0(Xi)Uy 1

Then construct Y;(t) = py,(X;) + €y,t,i- For the fuzzy-design exercise, draw Uy, ; ~ Uniform(0, 1)
and uy,; ~ Normal(0,1) mutually independently across ¢ and ¢ and independently of all score

variables, define ey ; as above, and construct

Wi(t) = MH{Uw,i,i < pw,e(Xi)}s
Yi(t, Wi(t)) = py,e(Xi) + MdWi(t) — pwe(Xi) } + evi,ie

Select observed variables using the assignment indicator. For the sharp-design exercise, Y; =
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Y:(0)(1 — T;) 4+ Y;(1)T;. For the fuzzy-design exercise,

W; = W;(0)(1 — T;) + Wi (1) T3,
Y; = Yi(0,W;(0))(1 = T3) + Y (1, Wi(1))T:.

The simulated dataset for replication m is therefore {Y;,7;,X; : i« = 1,...,n} in the sharp-design

exercise and {Y;, W;,T;,X; : i = 1,...,n} in the fuzzy-design exercise.

Step 7. For each evaluation point b;, compute the signed distance score D;(b;) using the Euclidean distance

and the assignment side. Estimate the target curves using the distance-based local linear estimator.

Step 8. Sharp/ITT Analysis. In the sharp-design exercise, apply the sharp distance-based estimator to Y;
for the target 7(b;). In the fuzzy-design exercise, apply the same sharp estimator to the reduced-form
outcome Y; for the ITT target 7y (b;).

Step 9. FS Analysis. In the fuzzy-design exercise, apply the sharp distance-based estimator to W; for the
target T (b;).

Step 10. Fuzzy Analysis. In the fuzzy-design exercise, apply the fuzzy distance-based estimator using Y; as
the outcome and W; as the treatment-receipt status for the Wald target ¢(b;).

Step 11. Repeat the analysis using the bandwidth choices considered in the main text: the smooth-boundary
selector, the kink-adaptive selector using the known kink location, the unknown-kink bandwidth

rule, and the bandwidth induced by the univariate rdrobust selector.

Step 12. After all M replications, compute Monte Carlo summaries by comparing the stored estimates and
confidence sets with the fixed analytic targets. For each target and each grid point, report bias,
standard deviation, root mean squared error, pointwise coverage, and average interval length. For
uniform inference, report simultaneous coverage and average band length over the grid. Finally, also

recover WBATE and LBATE summaries and report their associated performance.

We use the sharp simulations to study the finite-sample behavior of the sharp BATEC estimator for 7(b).
The fuzzy simulations additionally study the reduced-form/ITT estimators, the first-stage estimators, and the
fuzzy Wald estimator. A complier-average causal interpretation of ¢(b) would require additional assumptions
that are not imposed in the simulations. In particular, one would need a local exclusion restriction ruling out
a direct effect of assignment on the outcome except through treatment take-up, a monotonicity condition
ruling out defiers near the boundary, and a nonzero first-stage effect. Under those conditions, the Wald

curve ((b) can be interpreted as a local average treatment effect for compliers at the boundary point b.

SA-9.4 Results

The following tables report Monte Carlo summaries separately for the sharp estimator and, in the fuzzy-
design simulations, for the reduced-form/ITT, first-stage, and fuzzy estimators. Results are reported sepa-
rately by DGP polynomial order s € {1,2} and by homoskedastic or heteroskedastic outcome disturbances.
We first report the sharp-design results. We then report two sets of fuzzy-design results: one using the ITT
bandwidth selector, matching the main empirical specification, and one using the fuzzy bandwidth selector.

The sharp-design simulation results are reported first. Specifically:
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Tables SA-1-SA-4 report the sharp simulation results for the linear homoskedastic specification.
Tables SA-5-SA-8 report the sharp simulation results for the linear heteroskedastic specification.
Tables SA-9-SA-12 report the sharp simulation results for the quadratic homoskedastic specification.

Tables SA-13-SA-16 report the sharp simulation results for the quadratic heteroskedastic specification.

The first set of fuzzy-design simulation results uses the ITT bandwidth selector. Specifically:

Tables SA-17-SA-20 report the reduced-form (ITT) simulation results for the linear homoskedastic

specification.

Tables SA-21-SA-24 report the reduced-form (ITT) simulation results for the linear heteroskedastic

specification.

Tables SA-25-SA-28 report the reduced-form (ITT) simulation results for the quadratic homoskedastic

specification.

Tables SA-29-SA-32 report the reduced-form (ITT) simulation results for the quadratic heteroskedastic

specification.

Tables SA-33-SA-36 report the take-up (FS) simulation results for the linear homoskedastic specifica-

tion.

Tables SA-37-SA-40 report the take-up (FS) simulation results for the linear heteroskedastic specifi-

cation.

Tables SA-41-SA-44 report the take-up (FS) simulation results for the quadratic homoskedastic spec-

ification.

Tables SA-45-SA-48 report the take-up (FS) simulation results for the quadratic heteroskedastic spec-

ification.

Tables SA-49-SA-52 report the fuzzy simulation results for the linear homoskedastic specification.
Tables SA-53-SA-56 report the fuzzy simulation results for the linear heteroskedastic specification.
Tables SA-57-SA-60 report the fuzzy simulation results for the quadratic homoskedastic specification.

Tables SA-61-SA-64 report the fuzzy simulation results for the quadratic heteroskedastic specification.

The second set of fuzzy-design simulation results uses the fuzzy bandwidth selector. Specifically:

Tables SA-65-SA-68 report the reduced-form (ITT) simulation results for the linear homoskedastic

specification.

Tables SA-69-SA-72 report the reduced-form (ITT) simulation results for the linear heteroskedastic

specification.

Tables SA-73-SA-76 report the reduced-form (ITT) simulation results for the quadratic homoskedastic

specification.
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e Tables SA-77-SA-80 report the reduced-form (ITT) simulation results for the quadratic heteroskedastic

specification.

e Tables SA-81-SA-84 report the take-up (FS) simulation results for the linear homoskedastic specifica-

tion.

e Tables SA-85-SA-88 report the take-up (FS) simulation results for the linear heteroskedastic specifi-

cation.

e Tables SA-89-SA-92 report the take-up (F'S) simulation results for the quadratic homoskedastic spec-

ification.

e Tables SA-93-SA-96 report the take-up (FS) simulation results for the quadratic heteroskedastic spec-

ification.
e Tables SA-97-SA-100 report the fuzzy simulation results for the linear homoskedastic specification.
e Tables SA-101-SA-104 report the fuzzy simulation results for the linear heteroskedastic specification.
e Tables SA-105-SA-108 report the fuzzy simulation results for the quadratic homoskedastic specification.

e Tables SA-109-SA-112 report the fuzzy simulation results for the quadratic heteroskedastic specifica-

tion.

The columns report the average bandwidths, average bias, standard deviation, root mean squared error,
empirical coverage, and average interval or band length. For the Uniform row, empirical coverage and

average length refer to uniform coverage and average uniform band length.
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 19.531 19.531 2120 4259 -0.001 0.033 0.033 0.958 0.240
by 19.133 19.133 2135 4107 -0.001 0.034 0.034 0.956 0.243
bs 18.879 18.879 2182 3953 -0.000 0.035 0.035 0.955 0.245
b, 18.784 18.784 2267 3798  0.002 0.036 0.036 0.952 0.246
bs 18.826 18.826 2383 3637 0.004 0.035 0.036 0.947 0.246
bg 18.978 18.978 2512 3469  0.007 0.035 0.035 0.953 0.245
b~ 19.090 19.090 2617 3257 0.008 0.034 0.035 0.960 0.247
bg 19.093 19.093 2675 2989  0.008 0.035 0.036 0.959 0.252
bo 19.128  19.128 2711 2714  0.006 0.036 0.037 0.953 0.258
b1g 19.376 19.376 2758 2482  0.003 0.038 0.038 0.955 0.268
b1 21.264 21.264 3050 2652 0.000 0.038 0.038 0.951 0.279
b1s 19.240 19.240 2736 2567 -0.006 0.037 0.038 0.955 0.263
b3 19.204 19.204 2705 2964 -0.012 0.036 0.038 0.954 0.252
b1y 19.259 19.259 2637 3357 -0.014 0.035 0.038 0.951 0.245
bis 19.026 19.026 2464 3617 -0.011 0.035 0.037 0.953 0.244
big 18.641 18.641 2239 3751 -0.004 0.035 0.036 0.955 0.248
b1~ 18.403 18.403 2065 3814 0.000 0.035 0.035 0.950 0.251
bis 18.665 18.665 2013 3929 0.002 0.033 0.034 0.951 0.250
b1g 19.455 19.455 2039 4153  0.002 0.034 0.034 0.953 0.245
bag 20.632 20.632 2094 4449 0.001 0.033 0.033 0.948 0.237
baq 21.791 21.791 2110 4669 0.000 0.033 0.033 0.950 0.232
Uniform 0.946 0.373
WBATE -0.000 0.017 0.017 0.948 0.093
LBATE 0.043 0.027 0.050 0.984 0.390

Table SA-1: Sharp BATEC Effects (Simulations, Linear Homoskedastic, Smooth-Boundary Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 18.845 18.845 2020 3988 -0.000 0.034 0.034 0.958 0.247
b, 17.539 17.539 1876 3510 -0.000 0.035 0.035 0.953 0.261
bs 15.909 15.909 1661 2913 0.000 0.038 0.038 0.948 0.285
b, 13.996 13.996 1382 2256 0.000 0.043 0.043 0.950 0.322
bs 12.000 12.000 1081 1641 -0.000 0.050 0.050 0.947 0.375
bg 10.000 10.000 788 1113 -0.000 0.060 0.060 0.947 0.451
b~ 8.547 8.547 594 781 0.000 0.071 0.071 0.942 0.532
bg 8.365 8.365 597 678 0.001 0.075 0.075 0.939 0.559
bg 8.380 8.380 641 580 0.002 0.077 0.077 0.942 0.572
b1g 8.489 8.489 701 479 0.002 0.080 0.080 0.942 0.586
b1 9.316 9.316 871 442 -0.000 0.086 0.086 0.931 0.636
b1s 8.429 8.429 675 519  -0.005 0.078 0.078 0.939 0.580
b3 8.414 8.414 612 667 -0.005 0.075 0.075 0.940 0.557
b1 8.724 8.724 615 822  -0.002 0.070 0.070 0.942 0.522
bis 11.200 11.200 961 1419 -0.001 0.054 0.0564 0.941 0.402
bis 13.996 13.996 1382 2258 -0.000 0.043 0.043 0.942 0.322
b1~ 16.487 16.487 1740 3124  0.000 0.037 0.037 0.946 0.275
big 18.113 18.113 1931 3712 0.001 0.034 0.034 0.951 0.256
b1g 19.403 19.403 2033 4132 0.002 0.034 0.034 0.953 0.245
bag 20.632 20.632 2094 4449 0.001 0.033 0.033 0.948 0.237
baq 21.791 21.791 2110 4669 0.000 0.033 0.033 0.950 0.232
Uniform 0.934 0.616
WBATE -0.000 0.021 0.021 0.952 0.120
LBATE 0.089 0.046 0.100 0.973 0.757

Table SA-2: Sharp BATEC Effects (Simulations, Linear Homoskedastic, Kink-Adaptive Bandwidth).
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ho hy Nco Nty Bias SD RMSE EC IL

b 8.557 8557 609 823  0.000 0.069 0.069 0.957 0.276
bs 8.382 8.382 597 801 -0.000 0.072 0.072 0.950 0.280
bs 8271 8271 588 78 -0.001 0.074 0.074 0.949 0.282
by 8.229 8.229 582 777 -0.001 0.073 0.073 0.956 0.284
bs 8.248 8.248 579 772 -0.002 0.074 0.074 0.952 0.283
bg 8.314 8314 576 770 -0.000 0.073 0.073 0.952 0.283
b~ 8.364 8.364 574 750 -0.000 0.073 0.073 0.951 0.285
bg 8.365 8.365 597 678  0.001 0.075 0.075 0.951 0.291
bo 8.380 8.380 641 580  0.002 0.077 0.077 0.950 0.298
big 8.489 8.489 701 479  0.002 0.080 0.080 0.951 0.309
b1 9.316 9.316 871 442 -0.000 0.086 0.086 0.947 0.330
bio 8.429 8.429 675 519 -0.005 0.078 0.078 0.950 0.303
bis 8.414 8.414 612 667 -0.005 0.075 0.075 0.953 0.291
big 8.437 8437 582 773 -0.002 0.074 0.074 0.949 0.282
bis 8.335 8335 585 784 -0.001 0.074 0.074 0.945 0.281
big 8.167 &8.167 574 765  0.001 0.075 0.075 0.944 0.286
b7 8.063 8.063 561 746  0.001 0.075 0.075 0.947 0.289
b1s 8.177 8.177 565 755  0.000 0.075 0.075 0.947 0.288
b1g 8.523 8.523 588 795  0.002 0.073 0.073 0.947 0.282
bog 9.039 9.039 621 853 0.002 0.071 0.071 0.947 0.272
boy 9.547 9.547 640 896  0.001 0.069 0.069 0.945 0.266
Uniform 0.944 0.438
WBATE -0.000 0.024 0.024 0.953 0.095
LBATE 0.123 0.049 0.132 0.981 0.457

Table SA-3: Sharp BATEC Effects (Simulations, Linear Homoskedastic, Unknown-Kink Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 19.346 19.346 2103 4191 -0.002 0.035 0.035 0.960 0.244
by 19.187 19.187 2155 4130 -0.002 0.036 0.036 0.957 0.245
bs 19.183 19.183 2247 4066 -0.001 0.037 0.037 0.958 0.244
b, 19.301 19.301 2372 3985 0.001 0.037 0.037 0.959 0.244
bs 19.499 19.499 2514 3876 0.004 0.037 0.038 0.953 0.242
bg 19.771  19.771 2662 3744  0.006 0.037 0.037 0.953 0.241
b~ 20.043 20.043 2791 3576 0.008 0.036 0.037 0.960 0.241
bg 20.290 20.290 2888 3372 0.007 0.036 0.037 0.958 0.243
bo 20.611 20.611 2967 3165 0.006 0.037 0.037 0.955 0.246
b1 21.431 21.431 3097 3076 0.003 0.037 0.038 0.957 0.248
b1 23.256 23.256 3339 3247 0.000 0.038 0.038 0.956 0.260
b1s 21.129 21.129 3057 3118 -0.006 0.037 0.038 0.957 0.246
b3 20.504 20.504 2936 3371 -0.012 0.037 0.039 0.956 0.242
b1 20.155 20.155 2800 3662 -0.014 0.037 0.039 0.953 0.240
bis 19.764 19.764 2605 3882 -0.010 0.038 0.039 0.956 0.241
big 19.102 19.102 2335 3923 -0.004 0.038 0.038 0.957 0.247
b1~ 18.429 18.429 2083 3831 0.001 0.037 0.037 0.956 0.254
bis 18.250 18.250 1960 3778  0.003 0.036 0.036 0.954 0.258
b1g 18.549 18.549 1927 3806 0.003 0.036 0.036 0.952 0.257
bag 19.074 19.074 1909 3854  0.002 0.037 0.038 0.949 0.256
boy 19.668 19.668 1873 3873 0.001 0.038 0.038 0.949 0.258
Uniform 0.949 0.371
WBATE -0.000 0.017 0.017 0.945 0.092
LBATE 0.047 0.031 0.057 0.983 0.409

Table SA-4: Sharp BATEC Effects (Simulations, Linear Homoskedastic, rdrobust Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 19.917 19.917 2174 4411 -0.002 0.044 0.044 0.956 0.312
by 19.329 19.329 2166 4181 -0.002 0.044 0.045 0.958 0.315
bs 18.839 18.839 2175 3939 -0.001 0.045 0.045 0.957 0.318
b4 18.488 18.488 2211 3699 0.001 0.046 0.046 0.953 0.320
bs 18.264 18.264 2270 3459 0.003 0.046 0.046 0.954 0.321
bg 18.133 18.133 2338 3215 0.006 0.046 0.046 0.958 0.323
b; 18.010 18.010 2394 2947 0.008 0.046 0.046 0.960 0.325
bs 17712 17.712 2394 2613  0.008 0.047 0.047 0.956 0.332
bg 17.533 17.533 2395 2303 0.007 0.048 0.048 0.949 0.339
b1 17.461 17.461 2393 2015 0.005 0.048 0.049 0.954 0.343
b1 18.552 18.552 2578 1984  0.002 0.048 0.048 0.949 0.340
b1s 17414 17.414 2382 2113 -0.004 0.050 0.050 0.953 0.351
b3 17.561 17.561 2372 2520 -0.010 0.050 0.051  0.959 0.351
b1 17.865 17.865 2349 2953 -0.011 0.051 0.0562 0.953 0.349
bis 17984 17.984 2251 3296 -0.008 0.052 0.0563 0.957 0.354
bis 18.195 18.195 2153 3603 -0.003 0.053 0.0563 0.956 0.361
b7 18.627 18.627 2099 3896  0.000 0.054 0.0564 0.954 0.367
bis 19.308 19.308 2100 4180  0.002 0.054 0.0564 0.952 0.372
b1g 20.440 20.440 2160 4548 0.002 0.053 0.063 0.952 0.371
bag 21.899 21.899 2232 4967 0.001 0.053 0.0563 0.951 0.370
baq 23.484 23.484 2276 5358 0.000 0.054 0.0564 0.957 0.371
Uniform 0.950 0.516
WBATE 0.000 0.022 0.022 0.952 0.121
LBATE 0.066 0.038 0.076  0.982 0.553

Table SA-5: Sharp BATEC Effects (Simulations, Linear Heteroskedastic, Smooth-Boundary Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 19.062 19.062 2049 4073 -0.002 0.045 0.045 0.954 0.324
b, 17.606 17.606 1887 3536 -0.001 0.046 0.046 0.951 0.342
bs 15.908 15.908 1661 2914 -0.000 0.050 0.050 0.948 0.371
b, 13.995 13.995 1382 2256 -0.000 0.055 0.065 0.945 0.414
bs 12.000 12.000 1082 1641 0.000 0.063 0.063 0.943 0477
bg 10.000 10.000 789 1112 -0.000 0.075 0.075 0.944 0.571
b; 8.241 8.241 553 727  -0.001 0.090 0.090 0.937 0.688
bg 7.762 7.762 511 593 0.002 0.099 0.099 0.942 0.736
bg 7.681 7.681 537 496 0.004 0.103 0.103 0.934 0.751
b1g 7.650 7.650 574 392 0.006 0.102 0.102 0.938 0.769
b1 8.128 8.128 681 328 0.003 0.101 0.101 0.938 0.759
b1s 7.629 7.629 554 431  -0.004 0.105 0.105 0.937 0.776
b3 7.694 7.694 508 569 -0.003 0.104 0.105 0.942 0.775
b1y 8.450 8.450 578 772 0.001 0.095 0.095 0.941 0.710
bis 11.200 11.200 962 1418 -0.001 0.074 0.074 0.946 0.551
bis 13.992 13.992 1382 2256 -0.001 0.062 0.062 0.943 0.459
b1~ 16.564 16.564 1751 3153 -0.001 0.056 0.056 0.949 0.407
big 18.582 18.582 1993 3894  0.001 0.054 0.0564 0.950 0.384
b1g 20.310 20.310 2144 4494 0.001 0.053 0.063 0.952 0.373
bag 21.890 21.890 2231 4963 0.001 0.053 0.0563 0.951 0.370
boy 23.483 23.483 2276 5358  0.000 0.054 0.0564 0.957 0.371
Uniform 0.927 0.829
WBATE 0.000 0.027 0.027 0.949 0.153
LBATE 0.127 0.061 0.141 0.967 1.012

Table SA-6: Sharp BATEC Effects (Simulations, Linear Heteroskedastic, Kink-Adaptive Bandwidth).
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ho h1 Nco Nty Bias SD RMSE EC IL

b 8.726 8.726 630 856 -0.003 0.093 0.093 0.950 0.356
b, 8.468 8.468 608 818 -0.002 0.093 0.093 0.948 0.360
bs 8.253 8.2563 585 781 0.000 0.094 0.094 0.949 0.365
by 8.100 8.100 566 751 0.001 0.095 0.095 0.947 0.369
bs 8.002 8.002 549 725 0.000 0.096 0.096 0.949 0.371
bg 7.944 7.944 532 701 -0.001 0.096 0.096 0.954 0.374
b~ 7.890 7.890 514 670 -0.001 0.096 0.096 0.957 0.377
bg 7.760 7.760 511 593 0.002 0.099 0.100 0.951 0.384
by 7.681 7.681 537 496 0.004 0.103 0.103 0.941 0.393
b1g 7.650 7.650 574 392 0.006 0.102 0.102 0.951 0.397
b1 8.128 8.128 681 328 0.003 0.101 0.101 0.954 0.395
bio 7.629 7.629 554 431 -0.004 0.105 0.105 0.949 0.406
b3 7.693 7.693 508 569 -0.003 0.105 0.105 0.955 0.405
b1y 7.827 7.827 507 665 0.001 0.104 0.104 0.953 0.403
bis 7.879 7.879 530 698 0.000 0.105 0.105 0.952 0.406
big 7.971 7.971 550 726 -0.003 0.106 0.106 0.947 0.411
b7 8.161 8.161 573 762 -0.003 0.107 0.107 0.951 0.416
bis 8.459 8.459 600 807 -0.000 0.109 0.109 0.945 0.419
b1g 8.955 8.955 641 878 -0.001 0.109 0.109 0.947 0.416
bog 9.594 9.594 688 963 -0.002 0.107 0.107 0.946 0.412
boy 10.288 10.288 727 1044 -0.001 0.106 0.106 0.953 0.411
Uniform 0.942 0.600
WBATE -0.000 0.032 0.032 0.952 0.124
LBATE 0.175 0.069 0.188 0.979 0.636

Table SA-7: Sharp BATEC Effects (Simulations, Linear Heteroskedastic, Unknown-Kink Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 19.141 19.141 2074 4119 -0.003 0.049 0.049 0.958 0.328
b, 18.748 18.748 2087 3973 -0.003 0.049 0.049 0.955 0.329
bs 18.546 18.546 2138 3846 -0.002 0.050 0.050 0.959 0.328
b4 18.409 18.409 2206 3689 -0.001 0.051 0.061 0.954 0.327
bs 18.352 18.352 2291 3510 0.002 0.051 0.051 0.954 0.326
bg 18.342 18.342 2380 3306 0.004 0.050 0.051 0.964 0.325
b~ 17.995 17.995 2387 2973 0.006 0.050 0.050 0.963 0.331
bs 17.794 17.794 2404 2669 0.007 0.051 0.052 0.957 0.337
bo 17.707  17.707 2421 2387 0.006 0.053 0.063 0.954 0.343
b1 17.845 17.845 2456 2148 0.004 0.053 0.0563 0.957 0.344
b1 18.868 18.868 2619 2107 0.001 0.052 0.052 0.957 0.341
b1s 17.862 17.862 2459 2264 -0.004 0.054 0.0564 0.956 0.350
b3 18.205 18.205 2495 2731 -0.009 0.055 0.055 0.960 0.347
b1y 18.657 18.657 2506 3220 -0.010 0.055 0.0566 0.954 0.343
bis 18.922 18.922 2442 3620 -0.007 0.057 0.057 0.960 0.347
bis 18.870 18.870 2297 3851 -0.002 0.058 0.058 0.960 0.359
b1~ 18.966 18.966 2179 4030 0.001 0.060 0.060 0.959 0.370
big 19.187 19.187 2096 4149 0.003 0.060 0.061 0.958 0.381
b1g 19.676 19.676 2065 4268 0.004 0.061 0.061 0.957 0.390
bag 20.508 20.508 2065 4446  0.003 0.063 0.063 0.953 0.399
baq 21.347 21.347 2041 4551  0.004 0.065 0.065 0.959 0.411
Uniform 0.949 0.528
WBATE 0.000 0.023 0.023 0.947 0.122
LBATE 0.080 0.052 0.095 0.980 0.616

Table SA-8: Sharp BATEC Effects (Simulations, Linear Heteroskedastic, rdrobust Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 17917 17.917 1899 3638 -0.002 0.036 0.036 0.948 0.260
b, 17.386 17.386 1869 3461 -0.002 0.037 0.037 0.950 0.266
bs 17.186 17.186 1889 3364 -0.001 0.038 0.038 0.957 0.268
b4 17.352  17.352 1993 3331 0.002 0.038 0.039 0.957 0.265
bs 17.854 17.854 2186 3338 0.009 0.038 0.039 0.953 0.259
bg 18.432 18.432 2398 3310 0.016 0.037 0.041 0.950 0.253
b~ 18.885 18.885 2573 3201 0.021 0.036 0.042 0.958 0.250
bg 19.002 19.002 2655 2966 0.022 0.035 0.041 0.952 0.253
bo 19.131  19.131 2712 2716  0.017 0.036 0.040 0.950 0.258
b1g 19.388 19.388 2760 2485 0.008 0.038 0.039 0.951 0.267
b1 21.252  21.252 3048 2650 -0.002 0.038 0.038 0.947 0.279
b1s 19.198 19.198 2728 2557 -0.010 0.037 0.039 0.947 0.263
b3 19.022 19.022 2668 2915 -0.017 0.036 0.040 0.954 0.254
b1y 18.697 18.697 2520 3197 -0.018 0.037 0.041 0.951 0.252
bis 17.741 17741 2201 3228 -0.012 0.039 0.041 0.948 0.261
bis 16.747 16.747 1880 3135 -0.004 0.040 0.040 0.956 0.274
b1~ 16.235 16.235 1717 3042 -0.001 0.039 0.039 0.947 0.282
bis 16.400 16.400 1699 3076 -0.001 0.038 0.038 0.945 0.282
b1g 17.082 17.082 1739 3239 -0.002 0.037 0.037 0.946 0.276
bog 17.979 17.979 1779 3429 -0.003 0.037 0.037 0.947 0.269
boy 18.924 18.924 1793 3580 -0.005 0.036 0.037 0.952 0.265
Uniform 0.948 0.398
WBATE 0.001 0.017 0.017 0.950 0.095
LBATE 0.031 0.029 0.043 0.990 0.417

Table SA-9: Sharp BATEC Effects (Simulations, Quadratic Homoskedastic, Smooth-Boundary Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 17.644 17.644 1860 3529 -0.002 0.036 0.036 0.948 0.263
b, 16.703 16.703 1759 3205 -0.001 0.038 0.038 0.948 0.274
b3 15.611 15.611 1617 2813 -0.001 0.039 0.039 0.951 0.290
b, 13.979 13.979 1378 2252 -0.001 0.043 0.043 0.949 0.322
bs 12.000 12.000 1080 1642 -0.001 0.050 0.050 0.945 0.375
bg 10.000 10.000 787 1114 -0.001 0.059 0.059 0.947 0.450
b~ 8.509 8.509 589 775 -0.001 0.070 0.070 0.944 0.535
bg 8.325 8.325 592 674 0.003 0.075 0.075 0.942 0.559
bg 8.381 8.381 641 581 0.009 0.076 0.077 0.940 0.571
b1 8.494 8.494 702 480 0.007 0.080 0.080 0.942 0.585
b1 9.311 9.311 870 442  -0.001 0.086 0.086 0.933 0.636
b1s 8.411 8.411 672 517  -0.007 0.079 0.079 0.942 0.580
b3 8.334 8.334 601 656 -0.004 0.076 0.076 0.941 0.562
b1y 8.644 8.644 605 807  -0.000 0.070 0.070 0.943 0.524
bis 11.200 11.200 962 1419 -0.001 0.053 0.0563 0.945 0.401
bis 13.955 13.955 1376 2245 -0.002 0.044 0.044 0.947 0.322
b1~ 15.651 15.651 1620 2831 -0.001 0.040 0.040 0.944 0.290
big 16.293 16.293 1684 3034 -0.001 0.038 0.038 0.945 0.283
b1g 17.074 17.074 1738 3236 -0.002 0.037 0.037 0.946 0.276
bog 17.979 17.979 1779 3429 -0.003 0.037 0.037 0.947 0.269
boy 18.924 18.924 1793 3580 -0.005 0.036 0.037 0.952 0.265
Uniform 0.930 0.629
WBATE -0.001  0.021 0.021 0.947 0.121
LBATE 0.085 0.054 0.100 0.981 0.792

Table SA-10: Sharp BATEC Effects (Simulations, Quadratic Homoskedastic, Kink-Adaptive Bandwidth).
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ho hy Nco Nty Bias SD RMSE EC IL

b 7.849 7.849 524 693 0.001 0.078 0.078 0.945 0.300
bs 7.617 7.617 504 662 0.002 0.079 0.079 0.949 0.307
bs 7.529 7.529 498 651 0.001 0.079 0.079 0.948 0.310
by 7.602 7.602 506 663 -0.001 0.080 0.080 0.946 0.307
bs 7.822  7.822 527 696 -0.002 0.078 0.078 0.945 0.300
bg 8.075 8.075 547 729 -0.001 0.075 0.075 0.954 0.292
b~ 8.274 8274 563 736 -0.001 0.073 0.073 0.954 0.288
bg 8.325 8.325 592 674 0.003 0.075 0.075 0.950 0.292
bo 8.381 8.381 641 581 0.009 0.076 0.077 0.951 0.298
big 8.494 8.494 702 480  0.007 0.080 0.080 0.946 0.308
b1 9.311 9.311 870 442 -0.001 0.086 0.086 0.947 0.329
bio 8.411 8411 672 517 -0.007 0.079 0.079 0.946 0.303
b3 8.333 8.333 601 656 -0.004 0.076 0.076 0.951 0.293
big 8.191 &8.191 553 729 -0.000 0.075 0.075 0.947 0.290
bis T2 7772 519 0 682 0.000 0.078 0.078 0.949 0.302
big 7.337 7.337 476 616  0.001 0.082 0.082 0.945 0.317
b7 7113  7.113 449 577  0.001 0.086 0.086 0.944 0.327
b1s 7.185 7.185 449 579  0.001 0.084 0.084 0.945 0.327
big 7.484 7.484 468 609 -0.001 0.084 0.084 0.943 0.319
bog 7877  7.877 488 645 -0.002 0.080 0.080 0.947 0.311
boy 8.291 &8.291 502 673 -0.001 0.078 0.078 0.948 0.306
Uniform 0.937 0.467
WBATE 0.000 0.025 0.025 0.948 0.098
LBATE 0.114 0.052 0.126  0.988 0.488

Table SA-11: Sharp BATEC Effects (Simulations, Quadratic Homoskedastic, Unknown-Kink Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 17.226 17.226 1805 3381 -0.004 0.038 0.038 0.951 0.271
by 16.871 16.871 1794 3282 -0.004 0.039 0.039 0.955 0.275
bs 16.770 16.770 1829 3228 -0.003 0.040 0.040 0.963 0.277
b, 16.999 16.999 1940 3229 -0.000 0.041 0.041 0.961 0.275
bs 17.517 17.517 2124 3259 0.006 0.042 0.043 0.956 0.270
bg 18.251 18.251 2356 3293 0.013 0.042 0.044 0.955 0.262
b~ 18.950 18.950 2571 3265 0.018 0.040 0.044 0.956 0.256
bg 19.610 19.610 2754 3184 0.019 0.038 0.043 0.953 0.252
bo 20.292  20.292 2907 3079 0.016 0.037 0.040 0.950 0.249
b1 21.262 21.262 3066 3032 0.008 0.038 0.039 0.954 0.250
b1 23.045 23.045 3306 3188 -0.002 0.039 0.039 0.953 0.262
bio 20.859 20.859 3010 3043 -0.011 0.038 0.039 0.956 0.248
b3 19.881 19.881 2820 3194 -0.017 0.038 0.041 0.954 0.248
b1y 18.689 18.689 2509 3233 -0.017 0.041 0.044 0.951 0.258
bis 17.167 17.167 2091 3088 -0.009 0.045 0.045 0.956 0.276
bis 15.870 15.870 1740 2869 -0.001 0.044 0.044 0.957 0.294
b1~ 15.296 15.296 1578 2731 0.002 0.043 0.043 0.948 0.302
big 15.414 15.414 1561 2731 0.001 0.041 0.041 0.947 0.300
b1g 15.959 15.959 1591 2833 0.000 0.041 0.041 0.949 0.294
bog 16.585 16.585 1605 2925 -0.001 0.041 0.041 0.955 0.290
boy 17.091 17.091 1577 2934 -0.003 0.042 0.042 0.955 0.292
Uniform 0.947 0.409
WBATE 0.001 0.018 0.018 0.949 0.096
LBATE 0.037 0.034 0.050 0.990 0.447

Table SA-12: Sharp BATEC Effects (Simulations, Quadratic Homoskedastic, rdrobust Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 18.550 18.550 1986 3881 -0.002 0.042 0.042 0.949 0.302
bo 17.907 17.907 1948 3654 -0.001 0.042 0.042 0.955 0.304
bs 17.562 17.562 1954 3494 0.000 0.042 0.042 0.960 0.303
by 17483 17.483 2019 3373 0.003 0.043 0.043 0.960 0.299
bs 17.596 17.596 2134 3256 0.009 0.042 0.043 0.958 0.293
bg 17.768 17.768 2262 3110 0.016 0.042 0.045 0.958 0.287
b~ 17.881 17.881 2367 2912 0.021 0.041 0.046 0.951 0.283
bs 17.656 17.656 2382 2600 0.021 0.041 0.046 0.950 0.287
by 17.529 17529 2394 2304 0.017 0.041 0.045 0.949 0.291
b1 17.409 17.409 2382 2004 0.009 0.042 0.043 0.952 0.294
b1 18.492 18.492 2566 1971 -0.001 0.042 0.042 0.951 0.293
bi2 17.353 17.353 2369 2100 -0.009 0.043 0.044 0.956 0.300
b3 17.438 17.438 2346 2490 -0.016 0.043 0.046 0.954 0.298
bis 17.577 17.577 2288 2874 -0.017 0.043 0.046 0.952 0.296
bis 17.244 17.244 2100 3076 -0.010 0.045 0.046 0.957 0.305
bis 16.769 16.769 1884 3142 -0.003 0.046 0.046 0.962 0.318
b7 16.620 16.620 1777 3181 -0.000 0.046 0.046 0.954 0.328
bis 17.013 17.013 1784 3306 -0.001 0.046 0.046 0.947 0.329
big 17.833 17.833 1836 3526 -0.002 0.045 0.045 0.953 0.325
bao 18.869 18.869 1887 3768 -0.004 0.045 0.045 0.954 0.321
b 20.049 20.049 1920 4002 -0.006 0.045 0.045 0.945 0.318
Uniform 0.952 0.458
WBATE 0.001 0.019 0.019 0.950 0.105
LBATE 0.042 0.033 0.053 0.988 0.481

Table SA-13: Sharp BATEC Effects (Simulations, Quadratic Heteroskedastic, Smooth-Boundary Band-
width).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 18.127 18.127 1925 3713 -0.001 0.043 0.043 0.950 0.307
b, 16.987 16.987 1800 3309 -0.000 0.044 0.043 0.950 0.317
bs 15.693 15.693 1630 2842 0.001 0.045 0.045 0.955 0.333
b, 13.973 13.973 1379 2251 0.001 0.048 0.048 0.948 0.366
bs 12.000 12.000 1082 1642 0.000 0.055 0.055 0.945 0.418
bg 10.000 10.000 788 1113 -0.001 0.065 0.065 0.942 0.494
b; 8.216 8.216 549 723 0.001 0.081 0.081 0.940 0.595
bg 7.739 7.739 508 590 0.005 0.088 0.088 0.934 0.634
bg 7.680 7.680 536 496 0.011 0.088 0.088 0.943 0.641
b1g 7.627 7.627 570 390 0.008 0.087 0.087 0.946 0.651
b1 8.101 8.101 677 326  -0.001 0.090 0.090 0.937 0.648
bio 7.602 7.602 550 428  -0.006 0.091 0.091 0.937 0.659
b3 7.640 7.640 500 562  -0.003 0.089 0.089 0.944 0.651
b1y 8.433 8.433 576 770  -0.002 0.080 0.080 0.943 0.590
bis 11.200 11.200 962 1419 -0.001 0.060 0.060 0.946 0.452
big 13.943 13.943 1374 2241 -0.001 0.049 0.049 0.951 0.373
b1~ 15.831 15.831 1646 2896 -0.001 0.047 0.047 0.951 0.340
big 16.848 16.848 1760 3241 -0.001 0.046 0.046 0.948 0.331
b1g 17.819 17.819 1834 3520 -0.002 0.045 0.045 0.953 0.326
bog 18.869 18.869 1887 3768 -0.004 0.045 0.045 0.954 0.321
boy 20.049 20.049 1920 4002 -0.006 0.045 0.045 0.945 0.318
Uniform 0.932 0.713
WBATE -0.000 0.023 0.023 0.950 0.131
LBATE 0.102 0.058 0.117 0.979 0.888

Table SA-14: Sharp BATEC Effects (Simulations, Quadratic Heteroskedastic, Kink-Adaptive Bandwidth).
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ho hy Nco Nty Bias SD RMSE EC IL

b 8.127 8.127 558 743  0.001 0.090 0.090 0.948 0.347
bs 7.845 7.845 533 703  0.001 0.090 0.090 0.946 0.350
bs 7.694 7.694 518 680 0.001 0.088 0.088 0.953 0.349
by 7.659 7.659 513 673  0.000 0.088 0.088 0.947 0.345
bs 7.709 7.709 514 674 -0.002 0.087 0.087 0.952 0.338
bg 7.785 7.785 513 674 -0.002 0.086 0.086 0.951 0.332
b~ 7.834 7.834 507 661 0.000 0.086 0.086 0.947 0.328
bg 7.735 7.735 508 590  0.005 0.088 0.088 0.947 0.331
bo 7.680 7.680 536 496  0.011 0.088 0.088 0.948 0.335
b1g 7.627 7.627 570 390  0.008 0.087 0.087 0.950 0.338
b1 8.101 8.101 677 326 -0.001 0.090 0.090 0.946 0.339
b1o 7.602 7.602 550 428 -0.006 0.091 0.091 0.945 0.345
b3 7.640 7.640 500 562 -0.003 0.089 0.089 0.950 0.342
b1y 7.701 7.701 493 645 -0.002 0.088 0.088 0.951 0.341
bis 7.555 7.555 492 643 -0.000 0.089 0.089 0.948 0.348
big 7.347 7.347 476 618 -0.001 0.093 0.093 0.946 0.362
b7 7.281 7.281 468 606 0.001 0.096 0.096 0.945 0.372
b1s 7.453 7.453 480 625 -0.001 0.097 0.097 0.941 0.372
b1g 7.813 7.813 505 667 -0.002 0.094 0.094 0.950 0.367
bog 8.267 8.267 533 714  0.000 0.093 0.093 0.947 0.361
boy 8.784 8.784 556 759  0.000 0.094 0.094 0.941 0.357
Uniform 0.943 0.531
WBATE 0.000 0.028 0.028 0.947 0.107
LBATE 0.137 0.059 0.149 0.986 0.556

Table SA-15: Sharp BATEC Effects (Simulations, Quadratic Heteroskedastic, Unknown-Kink Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b 17.834 17.834 1890 3614 -0.003 0.045 0.045 0.951 0.315
by 17.392  17.392 1874 3473 -0.003 0.045 0.045 0.953 0.315
bs 17.123  17.123 1890 3353 -0.002 0.046 0.046 0.959 0.314
b, 17.070 17.070 1956 3254  0.001 0.047 0.047 0.964 0.311
bs 17.206 17.206 2067 3162 0.006 0.048 0.048 0.959 0.306
bg 17.450 17.450 2199 3053 0.011 0.048 0.049 0.958 0.299
b; 17.514 17.514 2288 2849 0.016 0.047 0.050 0.949 0.296
bg 17.563 17.563 2356 2616  0.018 0.047 0.050 0.948 0.295
bg 17.567 17.567 2393 2354 0.015 0.046 0.048 0.954 0.296
b1 17.679 17.679 2426 2107 0.008 0.045 0.046 0.956 0.296
b1 18.549 18.549 2564 2029 -0.002 0.046 0.046 0.958 0.298
b1s 17.600 17.600 2410 2197 -0.009 0.047 0.048 0.957 0.302
b3 17.641 17.641 2383 2579 -0.014 0.047 0.050 0.956 0.301
b1 17.575 17.575 2288 2913 -0.013 0.049 0.061 0.953 0.303
bis 16.976 16.976 2057 3031 -0.006 0.051 0.052 0.962 0.318
bis 16.166 16.166 1798 2969 0.001 0.050 0.050 0.961 0.337
b7 15.779 15.779 1656 2908 0.004 0.051 0.0561  0.960 0.349
big 15.962 15.962 1637 2940 0.003 0.051 0.0561  0.950 0.351
b1g 16.531 16.531 1665 3054 0.001 0.050 0.050 0.955 0.350
bog 17.189 17.189 1679 3159  0.000 0.051 0.0561 0.954 0.351
baq 17.845 17.845 1664 3220 -0.000 0.053 0.0563 0.947 0.356
Uniform 0.954 0.480
WBATE 0.001 0.020 0.020 0.947 0.107
LBATE 0.052 0.042 0.067 0.991 0.540

Table SA-16: Sharp BATEC Effects (Simulations, Quadratic Heteroskedastic, rdrobust Bandwidth).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 19.534 19.534 2120 4260 0.000 0.033 0.033 0.950 0.241
bo 19.152 19.152 2138 4114  0.000 0.034 0.034 0.952 0.244
bs 18.902 18.902 2185 3961 0.001 0.035 0.035 0.950 0.246
by 18.805 18.805 2271 3805 0.002 0.035 0.036 0.952 0.247
bs 18.832  18.832 2383 3639 0.004 0.035 0.036 0.955 0.247
bg 19.003 19.003 2517 3478 0.006 0.035 0.036 0.958 0.247
b~ 19.115 19.115 2621 3265 0.008 0.035 0.036 0.955 0.248
bs 19.116 19.116 2679 2996  0.008 0.036 0.037 0.953 0.253
by 19.218 19.218 2729 2738 0.007 0.037 0.038 0.952 0.259
b1 19.480 19.480 2777 2508 0.004 0.038 0.038 0.952 0.268
b1 21.345 21.345 3064 2673 0.001 0.039 0.039 0.954 0.280
bi2 19.319 19.319 2751 2587 -0.005 0.038 0.038 0.954 0.264
b3 19.199 19.199 2704 2962 -0.011 0.037 0.038 0.949 0.254
by 19.204 19.204 2625 3342 -0.012 0.036 0.038 0.946 0.247
bis 18.993 18.993 2458 3608 -0.009 0.036 0.037 0.950 0.245
bis 18.625 18.625 2237 3746 -0.003 0.037 0.037 0.955 0.249
b7 18.421 18.421 2068 3821  0.001 0.035 0.035 0.959 0.252
bis 18.678 18.678 2014 3935 0.001 0.034 0.034 0.957 0.251
big 19.490 19.490 2043 4167 0.001 0.033 0.033 0949 0.244
bao 20.668 20.668 2098 4464 0.001 0.033 0.033 0.956 0.236
b 21.765 21.765 2107 4658 -0.000 0.033 0.033 0.953 0.232
Uniform 0.950 0.374
WBATE 0.000 0.017 0.017 0.949 0.093
LBATE 0.044 0.027 0.052 0.982 0.391

Table SA-17: Intention-to-Treat Effects (Simulations, Linear Homoskedastic, Smooth-Boundary Bandwidth,
ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 18.862 18.862 2022 3994 0.001 0.034 0.034 0.950 0.248
bo 17.546 17.546 1877 3512 0.001 0.036 0.036 0.947 0.262
bs 15.909 15.909 1661 2914 0.001 0.039 0.039 0.948 0.286
by 13.997 13.997 1382 2257 0.001 0.044 0.044 0949 0.324
bs 12.000 12.000 1081 1641 -0.000 0.050 0.050 0.943 0.378
bg 10.000 10.000 788 1113 -0.002 0.059 0.059 0.943 0.454
b7 8.562 8562 596 783 -0.002 0.071 0.071 0.947 0.535
bs 8375 8375 599 680 0.001 0.076 0.076 0.938 0.560
by 8.420 8420 647 585 0.004 0.077 0.077 0944 0.574
b1 8.534 8534 708 483 0.003 0.079 0.079  0.940 0.586
b1 9.351  9.351 877 445 -0.000 0.086 0.086 0.936 0.639
b1 8.464 8464 680 522 -0.006 0.077 0.078 0.943 0.582
bis 8.411 8411 612 667 -0.004 0.076 0.076 0.948 0.561
bis 8717 8717 614 821 0.001 0.071 0.071 0.939 0.524
bis 11.200 11.200 961 1419 0.002 0.054 0.054 0.943 0.403
bis 13.996 13.996 1382 2258 0.001 0.043 0.043 0.946 0.323
b7 16.483 16.483 1739 3123  0.000 0.037 0.037 0949 0.277
bis 18.112  18.112 1930 3712 0.001 0.034 0.034 0.954 0.257
big 19.440 19.440 2038 4146 0.001 0.033 0.033 0.949 0.245
bao 20.668 20.668 2098 4464 0.001 0.033 0.033 0.956 0.236
b 21.765 21.765 2107 4658 -0.000 0.033 0.033 0.953 0.232
Uniform 0.929 0.618
WBATE 0.000 0.021 0.021 0951 0.120
LBATE 0.091 0.048 0.103 0.967 0.752

Table SA-18: Intention-to-Treat Effects (Simulations, Linear Homoskedastic, Kink-Adaptive Bandwidth,
ITT Bandwidth Selector).
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ho hy Nco Nty Bias SD RMSE EC IL

b 8.558 8.558 609 823  0.001 0.072 0.072 0.944 0.277
bs 8.391 8.391 598 803 0.001 0.073 0.073 0.942 0.281
bs 8.281 8.281 589 788  0.001 0.073 0.073 0.950 0.283
by 8.239 8.239 583 779 0.001 0.074 0.074 0.948 0.285
bs 8.251 &8.251 579 773 -0.001 0.073 0.073 0.948 0.285
bg 8.325 8325 577 772 -0.002 0.073 0.073 0.951 0.285
b~ 8375 8375 575 752 -0.002 0.073 0.073 0.952 0.286
bg 8.375 8375 599 680 0.001 0.076 0.076 0.947 0.292
bg 8.420 8.420 647 585  0.004 0.077 0.077 0.951 0.299
b1g 8.534 8534 708 483  0.003 0.079 0.079 0.950 0.309
b1y 9.351 9.351 877 445 -0.000 0.086 0.086 0.947 0.331
bio 8.464 8.464 680 522 -0.006 0.077 0.078 0.951 0.304
bis 8411 8.411 612 667 -0.004 0.076 0.076 0.952 0.293
big 8413 8413 579 768  0.001 0.075 0.075 0.945 0.284
bis 8.321 8.321 583 781 0.002 0.074 0.074 0.947 0.283
big 8.160 &8.160 573 764  0.001 0.074 0.074 0.950 0.287
b17 8.070 8.070 561 747 -0.000 0.075 0.075 0.947 0.291
b1s 8.183 &8.183 566 756 -0.001 0.074 0.074 0.952 0.289
b1g 8.539 8539 590 798 -0.000 0.074 0.074 0.942 0.281
bog 9.055 9.055 623 856 -0.000 0.070 0.070 0.952 0.271
boy 9.535 9.535 639 893 -0.001 0.069 0.069 0.950 0.266
Uniform 0.943 0.439
WBATE -0.000 0.024 0.024 0.951 0.095
LBATE 0.124 0.049 0.134 0.980 0.457

Table SA-19: Intention-to-Treat Effects (Simulations, Linear Homoskedastic, Unknown-Kink Bandwidth,
ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 19.325 19.325 2100 4182 -0.001 0.036 0.036 0.953 0.246
bo 19.171 19.171 2152 4123 -0.000 0.036 0.036 0.952 0.246
bs 19.127 19.127 2235 4046  0.000 0.037 0.037 0.953 0.246
by 19.198 19.198 2351 3949 0.001 0.037 0.037 0.955 0.246
bs 19.404 19.404 2495 3845 0.003 0.037 0.038 0.958 0.245
bg 19.638 19.638 2635 3703 0.005 0.037 0.038 0.962 0.244
b7 19.901 19.901 2763 3534 0.007 0.037 0.038 0.957 0.244
bs 20.219 20.219 2874 3351 0.007 0.038 0.039 0.954 0.245
by 20.701 20.701 2983 3189 0.006 0.038 0.038 0.953 0.246
bio 21.556 21.556 3119 3110 0.004 0.038 0.038 0.953 0.249
b1 23.400 23.400 3362 3287 0.001 0.039 0.039 0.956 0.261
b1 21.216 21.216 3072 3143 -0.006 0.038 0.038 0.957 0.246
b3 20.499 20.499 2936 3369 -0.011 0.037 0.039 0.953 0.243
by 20.118 20.118 2793 3651 -0.012 0.038 0.039 0.950 0.241
bis 19.695 19.695 2591 3862 -0.008 0.039 0.040 0.957 0.243
bis 19.024 19.024 2321 3897 -0.002 0.039 0.039 0.958 0.249
b7 18.414 18.414 2081 3827 0.002 0.038 0.038 0.962 0.256
bis 18.243 18.243 1959 3776  0.003 0.036 0.036 0.961 0.259
big 18.530 18.530 1924 3797 0.002 0.036 0.036 0.950 0.257
boo 19.104 19.104 1912 3865 0.001 0.037 0.037 0.953 0.256
b 19.617 19.617 1867 3854 0.000 0.038 0.038 0.953 0.258
Uniform 0.948 0.373
WBATE 0.000 0.017 0.017 0.946 0.093
LBATE 0.049 0.032 0.059 0.982 0.410

Table SA-20: Intention-to-Treat Effects (Simulations, Linear Homoskedastic, rdrobust Bandwidth, ITT
Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 19.822 19.822 2159 4374 -0.001 0.042 0.042 0.955 0.300
bo 19.210 19.210 2146 4137 -0.000 0.043 0.043 0.958 0.303
bs 18.737 18.737 2155 3903  0.000 0.043 0.043 0.959 0.306
by 18.364 18.364 2185 3658 0.002 0.043 0.043 0.957 0.307
bs 18.091 18.091 2234 3405 0.003 0.044 0.044 0.954 0.309
bg 17917 17917 2293 3150 0.006 0.044 0.045 0.954 0.311
b7 17759  17.759 2342 2876  0.007 0.045 0.046 0.952 0.313
bs 17.432 17432 2336 2540 0.007 0.046 0.047 0.957 0.321
by 17.290 17.290 2346 2244 0.006 0.047 0.047 0.950 0.327
bio 17.153 17.153 2333 1945 0.004 0.047 0.047 0951 0.330
b1 18.116 18.116 2499 1885 0.001 0.046 0.046 0.950 0.322
b1 17.198 17.198 2339 2062 -0.005 0.048 0.048 0.953 0.340
b3 17.364 17.364 2332 2471 -0.010 0.049 0.050 0.954 0.342
by 17720 17720 2319 2912 -0.011 0.050 0.052 0.952 0.340
bis 17.870 17.870 2228 3261 -0.008 0.052 0.053 0.947 0.347
bis 18.113 18113 2137 3576 -0.003 0.052 0.052 0.952 0.354
b7 18.540 18.540 2085 3865 0.001 0.052 0.052 0.955 0.362
bis 19.281 19.281 2097 4170  0.002 0.053 0.053 0.951 0.367
big 20.431 20.431 2159 4545 0.002 0.053 0.053 0.954 0.367
boo 21.957 21.957 2239 4992 0.001 0.053 0.053 0.955 0.366
b 23.561 23.561 2283 5391 0.000 0.054 0.054 0.957 0.368
Uniform 0.946 0.502
WBATE 0.000 0.021 0.021 0.950 0.116
LBATE 0.065 0.038 0.075 0.979 0.539

Table SA-21: Intention-to-Treat Effects (Simulations, Linear Heteroskedastic, Smooth-Boundary Bandwidth,
ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 19.027 19.027 2044 4060 -0.000 0.043 0.043 0.952 0.311
bo 17.579 17.579 1882 3526  0.000 0.045 0.045 0.954 0.328
bs 15.902 15902 1660 2912 0.001 0.047 0.047 0.953 0.354
by 13.995 13.995 1382 2257 0.001 0.052 0.052 0.948 0.395
bs 12.000 12.000 1081 1641 -0.001 0.061 0.061 0.946 0.456
bg 10.000 10.000 788 1112 -0.002 0.072 0.072 0.945 0.542
b~ 8.181 8181 545 717 -0.003 0.089 0.089 0.945 0.660
bs 7.642 7.642 495 577  0.000 0.096 0.096 0945 0.714
by 7.575  7.5975 521 483 0.003 0.101 0.101 0934 0.725
b1 7.515  7.515 554 378 0.002  0.100 0.100 0.940 0.742
b1 7937 7937 653 311 -0.001 0.098 0.098 0.932 0.718
bi2 7.534 7.534 540 421 -0.006 0.101 0.101 0945 0.755
b3 7.608 7.608 496 557 -0.002 0.102 0.102 0.942 0.755
by 8.434 8434 576 769 0.000 0.093 0.093 0.938 0.688
bis 11.200 11.200 962 1419 -0.001 0.074 0.074 0.939 0.535
bis 13.991 13.991 1382 2256 -0.000 0.061 0.061 0.941 0.448
b7 16.545 16.545 1748 3147 0.000 0.055 0.055 0.949 0.399
bis 18.559 18.559 1990 3886  0.001 0.054 0.0564 0.949 0.378
big 20.288 20.288 2142 4486 0.001 0.053 0.053 0.953 0.369
boo 21.947 21.947 2238 4988 0.001 0.053 0.053 0.955 0.366
b 23.560 23.560 2283 5391 0.000 0.054 0.054 0.957 0.368
Uniform 0.924 0.802
WBATE -0.000 0.026 0.026 0.946 0.147
LBATE 0.123  0.060 0.137 0966 0.974

Table SA-22: Intention-to-Treat Effects (Simulations, Linear Heteroskedastic, Kink-Adaptive Bandwidth,
ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD RMSE EC IL

b1 8.684 8.684 625 848 -0.001 0.088 0.088 0.951 0.341
bo 8.416 8.416 601 807 0.000 0.088 0.088 0.951 0.346
bs 8.209 8.209 580 773 0.001  0.090 0.090 0.952 0.350
by 8.045 8.045 559 740 -0.000 0.092 0.092 0.950 0.353
bs 7.926 7.926 539 711 -0.002 0.093 0.093 0.952 0.357
bg 7.850 7.850 521 684 -0.003 0.093 0.093 0.952 0.360
b~ 7.780 7.780 501 651 -0.002 0.094 0.094 0.951 0.365
bg 7.637 7.637 495 576 0.000 0.096 0.096 0.952 0.373
by 7.575 7.575 521 483 0.003 0.101 0.101 0.948 0.379
b1g 7.515 7.515 554 378 0.002 0.100 0.100 0.944 0.383
b1y 7.937 7.937 653 311 -0.001 0.098 0.098 0.948 0.373
bio 7.534 7.534 540 421 -0.006 0.101 0.101 0.952 0.394
b3 7.607 7.607 496 557 -0.002 0.102 0.102 0.950 0.395
b1y 7.763 7.763 500 654 -0.000 0.103 0.103 0.947 0.394
b1s 7.829 7.829 524 689 -0.002 0.105 0.105 0.945 0.397
big 7.935 7.935 546 720 0.000 0.105 0.105 0.944 0.403
b1~ 8.122 8.122 568 755 0.001 0.105 0.105 0.952 0.409
bis 8.447  8.447 598 805 -0.000 0.108 0.108 0.946 0.412
b1g 8.951 8.951 640 877 -0.000 0.107 0.107 0.947 0.411
bog 9.620 9.620 691 969 0.002 0.105 0.105 0.948 0.408
boy 10.322 10.322 731 1051 0.001 0.106 0.106 0.951 0.408
Uniform 0.938 0.583
WBATE -0.001 0.031 0.031 0.946 0.120
LBATE 0.170  0.068 0.184 0.975 0.618

Table SA-23: Intention-to-Treat Effects (Simulations, Linear Heteroskedastic, Unknown-Kink Bandwidth,
ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 18.920 18.920 2042 4036 -0.002 0.048 0.048 0.954 0.318
bo 18.614 18.614 2065 3924 -0.001 0.047 0.047 0.963 0.317
bs 18.397 18.397 2110 3794 -0.001 0.048 0.048 0.960 0.316
by 18.284 18.284 2182 3647 -0.000 0.048 0.048 0.958 0.314
bs 18.172 18.172 2256 3454  0.002 0.049 0.049 0.955 0.314
bg 18.104 18.104 2332 3236 0.004 0.049 0.049 0.957 0.314
b7 17715 17715 2330 2898  0.005 0.051 0.051 0.954 0.321
bs 17474 17474 2340 2587 0.006 0.051 0.052 0.958 0.327
by 17.306 17.306 2344 2288 0.005 0.053 0.053 0.955 0.334
b1 17.385 17.385 2370 2040 0.003 0.052 0.053 0.954 0.334
b1 18.282 18.282 2516 1968  0.000 0.051 0.051 0.954 0.326
b1 17.522  17.522 2395 2180 -0.005 0.052 0.053 0.955 0.341
b3 17.903 17.903 2435 2652 -0.010 0.054 0.055 0.958 0.340
by 18.374 18374 2449 3140 -0.010 0.055 0.056 0.959 0.337
bis 18.805 18.805 2421 3586 -0.006 0.057 0.058 0.955 0.340
bis 18.919 18919 2307 3867 -0.002 0.058 0.058 0.956 0.350
b7 18.942 18.942 2175 4021 0.002 0.057 0.057 0.960 0.363
bis 19.136  19.136 2090 4131  0.003 0.060 0.060 0.958 0.376
big 19.695 19.695 2068 4278 0.003 0.061 0.061 0.955 0.386
boo 20.557 20.557 2072 4464 0.004 0.061 0.062 0.955 0.395
b 21.470 21.470 2054 4601 0.005 0.064 0.064 0.959 0.407
Uniform 0.949 0.515
WBATE 0.000 0.022 0.022 0942 0.118
LBATE 0.079  0.052 0.094 0.979 0.604

Table SA-24: Intention-to-Treat Effects (Simulations, Linear Heteroskedastic, rdrobust Bandwidth, ITT
Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 17945 17945 1903 3648 -0.002 0.035 0.035 0.948 0.262
bo 17.380 17.380 1868 3459 -0.002 0.036 0.036 0.950 0.268
bs 17.202 17.202 1891 3370 -0.001 0.037 0.037 0.959 0.269
by 17.380 17.380 1997 3341 0.002 0.039 0.039 0.956 0.267
bs 17.857 17.857 2186 3339  0.009 0.039 0.040 0.954 0.260
bg 18.430 18.430 2397 3310 0.016 0.038 0.042 0.951 0.254
b7 18.889 18.889 2574 3202 0.021 0.037 0.043 0.948 0.251
bs 18.988 18.988 2653 2961 0.022 0.036 0.042 0.948 0.254
by 19.108 19.108 2707 2710 0.017 0.036 0.040 0.947 0.259
b1 19.393 19.393 2761 2487  0.009 0.037 0.038 0.951 0.268
b1 21.303 21.303 3057 2662 -0.000 0.038 0.038 0.953 0.279
b1 19.219 19.219 2732 2561 -0.008 0.037 0.038 0.953 0.263
b3 19.004 19.004 2665 2911 -0.015 0.037 0.040 0.948 0.254
bis 18.692 18.692 2519 3196 -0.017 0.037 0.041 0.947 0.252
bis 17796 17.796 2212 3246 -0.012 0.039 0.041 0.952 0.260
bis 16.806 16.806 1891 3154 -0.004 0.039 0.039 0.953 0.273
b7 16.262 16.262 1722 3052 -0.001 0.038 0.038 0.954 0.282
bis 16.380 16.380 1697 3070 -0.001 0.038 0.038 0.952 0.282
big 17.047 17.047 1735 3229 -0.001 0.038 0.038 0.942 0.276
bao 17934 17934 1774 3415 -0.002 0.038 0.038 0.944 0.269
b 18.901 18901 1791 3574 -0.005 0.037 0.038 0.949 0.264
Uniform 0.947  0.398
WBATE 0.001 0.017 0.018 0.950 0.096
LBATE 0.032 0.029 0.043 0.988 0.416

Table SA-25: Intention-to-Treat Effects (Simulations, Quadratic Homoskedastic, Smooth-Boundary Band-
width, ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b, 17.655 17.655 1862 3533 -0.002 0.036 0.036 0.949 0.265
bs 16.710 16.710 1760 3207 -0.001 0.037 0.037 0.950 0.275
bs 15.625 15.625 1619 2818 -0.001 0.039 0.039 0.954 0.291
b, 13.979 13.979 1379 2252 -0.000 0.043 0.043 0.948 0.324
bs 12.000 12.000 1080 1642 0.000 0.050 0.050 0.950 0.377
bg 10.000 10.000 787 1114  0.000 0.060 0.060 0.950 0.453
b~ 8.509  8.509 589 775  -0.000 0.073 0.073 0.940 0.538
bg 8.319  &.319 591 673 0.004 0.077 0.077 0.944 0.563
by 8.372 8.372 639 580 0.010 0.077 0.077 0.940 0.572
b1g 8.496  8.496 702 480 0.009 0.078 0.079 0.942 0.586
b1 9.333  9.333 873 444 0.002 0.085 0.085 0.932 0.637
bis 8.420  8.420 673 518 -0.004 0.078 0.078 0.945 0.580
b3 8.326  8.326 600 655 -0.001 0.076 0.076  0.944 0.562
b1y 8.643  8.643 604 807 0.001 0.070 0.070  0.947 0.525
bis 11.200 11.200 962 1419 -0.001 0.054 0.054 0.945 0.401
big 13.958 13.958 1377 2246 -0.002 0.043 0.043 0.946 0.322
b7 15.667 15.667 1623 2837 -0.002 0.039 0.039 0.952 0.290
bis 16.274 16.274 1681 3028 -0.001 0.038 0.038 0.953 0.283
b1g 17.039 17.039 1734 3226 -0.001 0.038 0.038 0.942 0.276
bsg 17.934 17.934 1774 3415 -0.002 0.038 0.038 0.944 0.269
bo1 18.901 18.901 1791 3574 -0.005 0.037 0.038 0.949 0.264
Uniform 0.930 0.631
WBATE 0.000 0.021 0.021 0.949 0.121
LBATE 0.086  0.052 0.101  0.979 0.791

Table SA-26: Intention-to-Treat Effects (Simulations, Quadratic Homoskedastic, Kink-Adaptive Bandwidth,
ITT Bandwidth Selector).
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ho hy Nco Nty Bias SD RMSE EC IL

b 7.862 7.862 525 695 0.001 0.079 0.079 0.944 0.302
bo 7.614 7.614 504 661 0.001 0.082 0.082 0.941 0.310
bs 7.536 7.536 498 652 -0.000 0.080 0.080 0.949 0.312
by 7.614 7.614 507 666 -0.001 0.080 0.080 0.947 0.309
bs 7.823 7.823 527 697 -0.000 0.077 0.077 0.953 0.301
bg 8.074 8.074 547 729 -0.000 0.076 0.076 0.951 0.294
b~ 8.275 8275 563 736 -0.000 0.076 0.076  0.950 0.290
bg 8.319 8319 591 673 0.004 0.077 0.077 0.945 0.293
bg 8372 8372 639 580 0.010 0.077 0.077 0.948 0.299
b1g 8.496 8.496 702 480 0.009 0.078 0.079 0.954 0.309
b1y 9.333 9.333 873 444  0.002 0.085 0.085 0.950 0.330
bio 8.420 8.420 673 518 -0.004 0.078 0.078 0.948 0.304
b3 8.326 8.326 600 655 -0.001 0.076 0.076 0.951 0.293
big 8.189 &8.189 553 729  0.001 0.075 0.075 0.947 0.290
b1s 7797 7797 522 687 -0.001 0.078 0.078 0.946 0.301
big 7.363 7.363 479 620 -0.001 0.083 0.083 0.943 0.316
b7 7.124 7.124 450 579 -0.004 0.084 0.084 0.944 0.327
b1s 7.176  7.176 448 577 -0.001 0.082 0.082 0.949 0.326
b1g 7.468 7.468 466 607  0.003 0.084 0.084 0.940 0.319
bog 7.857 7.857 486 643  0.000 0.082 0.082 0.940 0.311
bay 8281 8.281 501 672 -0.001 0.078 0.078 0.946 0.305
Uniform 0.938 0.468
WBATE 0.001 0.025 0.025 0.946 0.098
LBATE 0.115 0.052 0.126  0.989 0.486

Table SA-27: Intention-to-Treat Effects (Simulations, Quadratic Homoskedastic, Unknown-Kink Bandwidth,
ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 17.303 17.303 1816 3409 -0.003 0.038 0.038 0.950 0.271
bo 16.910 16.910 1799 3295 -0.004 0.039 0.039 0951 0.276
bs 16.825 16.825 1837 3247 -0.003 0.040 0.040 0.959 0.278
by 17.058 17.058 1950 3248 0.000 0.042 0.042 0.963 0.276
bs 17.578 17.578 2135 3278 0.006 0.043 0.044 0.958 0.270
bg 18.313 18313 2368 3312  0.013 0.043 0.045 0.954 0.262
b~ 19.002 19.002 2581 3280 0.019 0.041 0.045 0.950 0.256
bs 19.652 19.652 2762 3196 0.020 0.039 0.044 0.944 0.252
by 20.340 20.340 2915 3094 0.016 0.037 0.041 0.946 0.250
bio 21.331 21.331 3079 3051 0.008 0.037 0.038 0.954 0.250
b1 23.114 23.114 3319 3205 -0.001 0.038 0.038 0.957 0.262
bi2 20.904 20.904 3020 3053 -0.009 0.037 0.038 0.958 0.248
b3 19.854 19.854 2815 3187 -0.015 0.039 0.042 0.954 0.249
bis 18.695 18.695 2510 3236 -0.015 0.041 0.044 0.951 0.258
bis 17.220 17.220 2101 3104 -0.008 0.044 0.045 0.958 0.275
bis 15.920 15920 1748 2886 -0.000 0.044 0.044 0.956 0.293
b7 15.326  15.326 1584 2741 0.001 0.041 0.041 0.952 0.301
bis 15.400 15400 1560 2726  0.001 0.041 0.041 0.954 0.299
big 15.907 15.907 1584 2816 0.001 0.042 0.042 0946 0.294
bao 16.537 16.537 1600 2910 -0.001 0.043 0.043 0.949 0.290
b 17.049 17.049 1573 2921 -0.003 0.043 0.043 0.955 0.291
Uniform 0.948 0.409
WBATE 0.001 0.018 0.018 0.946 0.096
LBATE 0.037 0.033 0.050 0.989 0.444

Table SA-28: Intention-to-Treat Effects (Simulations, Quadratic Homoskedastic, rdrobust Bandwidth, ITT
Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 18.213 18.213 1939 3752 -0.004 0.040 0.040 0.953 0.286
bo 17.557 17.557 1894 3525 -0.003 0.040 0.040 0.956 0.289
bs 17.203 17.203 1893 3370 -0.002 0.041 0.041 0.958 0.289
by 17.159 17.159 1958 3268 0.002 0.042 0.042 0.953 0.285
bs 17.317 17317 2078 3171  0.008 0.042 0.043 0.950 0.279
bg 17.528 17.528 2213 3041 0.015 0.041 0.044 0951 0.274
b7 17.616 17.616 2312 2838 0.020 0.040 0.045 0.952 0.272
bs 17424 17424 2334 2539 0.021 0.040 0.046 0.950 0.278
by 17.357 17357 2359 2261 0.017 0.040 0.044 0949 0.283
bio 17274 17274 2356 1973  0.009 0.040 0.041 0.951 0.288
b1 18.406 18.406 2551 1951 -0.000 0.040 0.040 0.954 0.285
bi2 17.297 17.297 2359 2086 -0.009 0.042 0.043 0.953 0.294
b3 17.369 17.369 2333 2472 -0.015 0.042 0.045 0.955 0.293
by 17.534 17.534 2280 2862 -0.016 0.043 0.046 0.958 0.291
bis 17.147 17.147 2080 3047 -0.009 0.045 0.046 0.952 0.302
bis 16.682 16.682 1869 3114 -0.001 0.046 0.046 0.955 0.315
b7 16.578 16.578 1771 3166  0.001 0.046 0.046 0.949 0.325
bis 16.978 16.978 1779 3293  0.000 0.045 0.045 0.951 0.327
big 17.884 17.884 1843 3543 -0.002 0.045 0.045 0.949 0.323
bao 18.952 18.952 1897 3799 -0.003 0.046 0.046 0.946 0.319
b 20.130 20.130 1928 4034 -0.005 0.045 0.046 0.951 0.318
Uniform 0.948 0.447
WBATE 0.001 0.018 0.018 0.951 0.101
LBATE 0.041 0.032 0.052 0.985 0.473

Table SA-29: Intention-to-Treat Effects (Simulations, Quadratic Heteroskedastic, Smooth-Boundary Band-
width, ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 17.887 17.887 1892 3622 -0.003 0.040 0.040 0.952 0.290
bo 16.808 16.808 1774 3244 -0.002 0.041 0.041 0.956 0.299
bs 15.591 15.591 1615 2807 -0.001 0.043 0.043 0.954 0.313
by 13.963 13.963 1377 2248 0.000 0.047 0.047 0945 0.342
bs 12.000 12.000 1082 1642 0.001 0.053 0.053 0.939 0.392
bg 10.000 10.000 788 1113  0.002 0.062 0.062 0.940 0.466
b7 8.168  8.168 543 715 0.001 0.077 0.077 0941 0.568
bs 7.637  7.637 494 577  0.003 0.084 0.084 0.940 0.614
by 7.604 7.604 526 487  0.010 0.086 0.086 0.940 0.627
b1 7.568  7.568 562 384 0.008 0.086 0.087 0.942 0.641
b1 8.064  8.064 672 322 0.001  0.085 0.085 0.937 0.638
bi2 7.578  7.578 547 425 -0.005 0.088 0.089 0.940 0.651
b3 7.610 7.610 496 558 -0.003 0.086 0.086 0.944 0.644
bis 8.430 8430 576 769 -0.001 0.078 0.078 0.942 0.582
bis 11.200 11.200 962 1418 -0.000 0.061 0.061 0.942 0.447
bis 13.926 13.926 1372 2236  0.000 0.050 0.050 0.947 0.369
b7 15794 15.794 1641 2883 0.001 0.047 0.047 0945 0.338
bis 16.820 16.820 1756 3230 -0.000 0.046 0.046 0.952 0.329
big 17.866 17.866 1841 3536 -0.002 0.045 0.045 0.950 0.323
bao 18.951 18.951 1897 3799 -0.003 0.046 0.046 0.946 0.319
b 20.130 20.130 1928 4034 -0.005 0.045 0.046 0.951 0.318
Uniform 0.921 0.694
WBATE 0.000 0.022 0.022 0.944 0.127
LBATE 0.099 0.057 0.115 0.973 0.863

Table SA-30: Intention-to-Treat Effects (Simulations, Quadratic Heteroskedastic, Kink-Adaptive Bandwidth,
ITT Bandwidth Selector).

100



ho hy Nco Nty Bias SD RMSE EC IL

b 7979 7.979 540 716 -0.003 0.084 0.084 0.950 0.327
bs 7.692 7.692 514 675 -0.001 0.084 0.084 0.954 0.331
bs 7.537 7.537 499 652 -0.000 0.084 0.084 0.955 0.332
by 7.517 7.517 497 648 -0.000 0.086 0.086 0.944 0.328
bs 7.587 7.587 500 653 0.001 0.085 0.085 0.945 0.322
bg 7.679 7.679 501 656  0.001 0.083 0.083 0.949 0.317
b~ 7718  7.718 493 643  0.001 0.083 0.083 0.951 0.316
bg 7.634 7.634 494 576  0.003 0.084 0.084 0.951 0.321
bg 7.604 7.604 526 487  0.010 0.086 0.086 0.947 0.327
b1g 7.568 7.568 562 384  0.008 0.086 0.087 0.949 0.332
b1y 8.064 8.064 672 322 0.001 0.085 0.085 0.952 0.332
bio 7.578 7.578 547 425 -0.005 0.088 0.089 0.952 0.340
b3 7.609 7.609 496 558 -0.003 0.086 0.086 0.953 0.337
big 7.682 7.682 490 642 -0.000 0.086 0.086 0.951 0.336
bis 7.512 7.512 488 636  0.000 0.091 0.091 0.942 0.346
big 7.309 7.309 472 612 0.005 0.094 0.094 0.946 0.360
b17 7.263 7.263 466 603  0.004 0.098 0.098 0.943 0.370
b1s 7.438 7.438 478 622 0.001 0.096 0.096 0.947 0.371
b1g 7.835 7.835 508 670 -0.002 0.094 0.094 0.950 0.364
bog 8.303 &8.303 537 720 -0.000 0.093 0.093 0.946 0.360
boy 8.819 8819 560 766  0.000 0.092 0.092 0.947 0.357
Uniform 0.933 0.519
WBATE 0.001 0.027 0.027 0.949 0.104
LBATE 0.134 0.058 0.146 0.983 0.545

Table SA-31: Intention-to-Treat Effects (Simulations, Quadratic Heteroskedastic, Unknown-Kink Band-
width, ITT Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 17.349 17.349 1823 3432 -0.005 0.044 0.044 0.957 0.301
bo 16.879 16.879 1796 3288 -0.004 0.044 0.044 0.959 0.302
bs 16.600 16.600 1802 3173 -0.004 0.044 0.044 0.960 0.302
by 16.606 16.606 1872 3104 -0.001 0.046 0.046 0.958 0.299
bs 16.893 16.893 2007 3068  0.005 0.048 0.048 0.951 0.293
bg 17.267 17.267 2163 3001  0.011 0.047 0.049 0.952 0.286
b~ 17.265 17.265 2238 2782 0.016 0.047 0.050 0.952 0.285
bs 17.338 17.338 2311 2557 0.018 0.046 0.049 0.949 0.286
by 17379 17379 2356 2307 0.015 0.044 0.047 0.956 0.289
bio 17.542 17542 2399 2077 0.008 0.044 0.045 0.956 0.290
b1 18.603 18.603 2573 2042 -0.001 0.043 0.043 0.959 0.288
b1 17.562 17.562 2403 2187 -0.009 0.045 0.046 0.956 0.296
b3 17.605 17.605 2376 2569 -0.014 0.046 0.048 0.958 0.295
by 17.447 17447 2262 2877 -0.012 0.049 0.050 0.957 0.300
bis 16.875 16.875 2039 3004 -0.005 0.053 0.053 0.960 0.316
bis 16.081 16.081 1785 2944  0.003 0.052 0.052 0.959 0.335
b7 15.755  15.755 1653 2902  0.005 0.051 0.052 0.950 0.346
bis 15.961 15961 1637 2941 0.003 0.051 0.051 0.953 0.349
big 16.555 16.555 1669 3063  0.001 0.051 0.051 0.952 0.347
boo 17.249 17.249 1687 3182 0.000 0.052 0.052 0.951 0.349
b 17.956 17.956 1676 3259 -0.000 0.053 0.053 0.954 0.355
Uniform 0.946 0.469
WBATE 0.002 0.019 0.019 0.948 0.104
LBATE 0.053 0.042 0.067 0.985 0.532

Table SA-32: Intention-to-Treat Effects (Simulations, Quadratic Heteroskedastic, rdrobust Bandwidth, ITT
Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b, 19.534 19.534 2120 4260 -0.002 0.027 0.028 0.949 0.207
bs 19.152 19.152 2138 4114 -0.002 0.028 0.028 0.945 0.210
bs 18.902 18.902 2185 3961 -0.002 0.028 0.028 0.944 0.212
b, 18.805 18.805 2271 3805 -0.002 0.029 0.029 0.945 0.214
bs 18.832 18.832 2383 3639 -0.002 0.029 0.029 0.945 0.215
bg 19.003 19.003 2517 3478 -0.002 0.029 0.029 0.945 0.216
b; 19.115 19.115 2621 3265 -0.002 0.030 0.030 0.944 0.219
bg 19.116 19.116 2679 2996 -0.001 0.031 0.031 0.948 0.224
bo 19.218 19.218 2729 2738  0.000 0.032 0.032 0.945 0.232
b1 19.480 19.480 2777 2508 0.000 0.035 0.035 0.945 0.250
b1 21.345 21.345 3064 2673 -0.001 0.036 0.036 0.942 0.281
bis 19.319 19.319 2751 2587 -0.004 0.033 0.033 0.946 0.240
b3 19.199 19.199 2704 2962 -0.006 0.030 0.031 0.942 0.224
b1 19.204 19.204 2625 3342 -0.007 0.029 0.029 0.944 0.216
bis 18.993 18.993 2458 3608 -0.005 0.029 0.029 0.948 0.213
big 18.625 18.625 2237 3746 -0.002 0.029 0.029 0.950 0.214
b1~ 18.421 18.421 2068 3821 0.000 0.029 0.029 0.948 0.215
bis 18.678 18.678 2014 3935 0.001 0.028 0.028 0.944 0.213
b1g 19.490 19.490 2043 4167 0.002 0.027 0.027 0.948 0.206
bog 20.668 20.668 2098 4464 0.003 0.026 0.026 0.948 0.198
boy 21.765 21.765 2107 4658 0.004 0.026 0.026 0.949 0.193
Uniform 0.935 0.328
WBATE -0.001 0.015 0.015 0.949 0.085
LBATE 0.011 0.024 0.026 0.993 0.324

Table SA-33: First-Stage Effects (Simulations, Linear Homoskedastic, Smooth-Boundary Bandwidth, ITT
Bandwidth Selector).
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by 18.862 18.862 2022 3994 -0.002 0.028 0.028 0.948 0.213
bo 17.546 17.546 1877 3512 -0.001 0.030 0.030 0.948 0.226
bs 15.909 15.909 1661 2914 -0.001 0.033 0.033 0.943 0.248
by 13.997 13.997 1382 2257 -0.000 0.038 0.038 0.942 0.282
bs 12.000 12.000 1081 1641 -0.001 0.044 0.044 0.940 0.331
bg 10.000 10.000 788 1113 -0.001 0.053 0.053 0.948 0.401
b7 8.562 8562 596 783 -0.002 0.062 0.063 0.941 0.477
bs 8375 8375 599 680 -0.002 0.068 0.068 0.935 0.501
by 8.420 8420 647 585 -0.000 0.070 0.070  0.932 0.519
b1 8.534 8534 708 483 -0.000 0.075 0.075 0.931 0.539
b1 9.351  9.351 877 445 -0.001 0.088 0.088 0.919 0.659
b1 8.464 8464 680 522 -0.004 0.072 0.072  0.933 0.531
bis 8.411 8411 612 667 -0.003 0.068 0.068 0.935 0.501
bis 8717 8717 614 821 -0.002 0.062 0.062 0.940 0.463
bis 11.200 11.200 961 1419 -0.000 0.047 0.047 0.936 0.353
bis 13.996 13.996 1382 2258 -0.000 0.037 0.037 0.942 0.279
b7 16.483 16.483 1739 3123  0.000 0.031 0.031 0.949 0.237
bis 18.112  18.112 1930 3712  0.001 0.029 0.029 0945 0.218
big 19.440 19.440 2038 4146 0.002 0.027 0.027 0.948 0.207
bao 20.668 20.668 2098 4464 0.003 0.026 0.026 0.948 0.198
b 21.765 21.765 2107 4658 0.004 0.026 0.026 0.949 0.193
Uniform 0.884 0.551
WBATE -0.001  0.019 0.019 0.952 0.110
LBATE 0.034 0.035 0.049 0.979 0.637

Table SA-34: First-Stage Effects (Simulations, Linear Homoskedastic, Kink-Adaptive Bandwidth, ITT Band-
width Selector).
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b 8.558 8.558 609 823 -0.001 0.064 0.064 0.948 0.244
bs 8.391 8.391 598 803 -0.001 0.064 0.064 0.946 0.247
bs 8.281 8.281 589 788 -0.001 0.065 0.065 0.943 0.250
by 8.239 8.239 583 779 -0.000 0.066 0.066 0.939 0.251
bs 8.251 &8.251 579 773 -0.001 0.066 0.066 0.941 0.251
bg 8.325 8.325 577 772 -0.002 0.065 0.065 0.946 0.251
b~ 8375 8375 575 752 -0.003 0.065 0.065 0.950 0.253
bg 8.375 8375 599 680 -0.002 0.068 0.068 0.943 0.260
bg 8.420 8.420 647 585 -0.000 0.070 0.070 0.942 0.269
b1g 8.534 8.534 708 483 -0.000 0.075 0.075 0.941 0.289
b1y 9.351 9.351 877 445 -0.001 0.088 0.088 0.940 0.339
bio 8.464 8.464 680 522 -0.004 0.072 0.072 0.944 0.278
bis 8411 8.411 612 667 -0.003 0.068 0.068 0.946 0.260
big 8.413 8.413 579 768 -0.001 0.065 0.065 0.939 0.249
bis 8.321 8.321 583 781 -0.000 0.065 0.065 0.939 0.247
big 8.160 &8.160 573 764  0.001 0.065 0.065 0.943 0.251
b17 8.070 8.070 561 747  0.000 0.065 0.065 0.948 0.254
b1s 8.183 &8.183 566 756 -0.001 0.066 0.066 0.939 0.252
b1g 8.539 8539 590 798 -0.002 0.063 0.063 0.944 0.244
bog 9.055 9.055 623 856 -0.000 0.060 0.060 0.946 0.234
boy 9.535 9.535 639 893  0.001 0.059 0.059 0.943 0.228
Uniform 0.921 0.391
WBATE -0.001 0.022 0.022 0.955 0.087
LBATE 0.069 0.043 0.082 0.989 0.386

Table SA-35: First-Stage Effects (Simulations, Linear Homoskedastic, Unknown-Kink Bandwidth, ITT
Bandwidth Selector).
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b1 19.325 19.325 2100 4182 -0.002 0.029 0.029 0.949 0.212
bs 19.171  19.171 2152 4123 -0.002 0.029 0.029 0.948 0.213
bs 19.127 19.127 2235 4046 -0.002 0.029 0.029 0.948 0.213
b4 19.198 19.198 2351 3949 -0.003 0.029 0.030 0.948 0.213
bs 19.404 19.404 2495 3845 -0.003 0.030 0.030 0.945 0.213
bg 19.638 19.638 2635 3703 -0.002 0.030 0.030 0.946 0.214
b~ 19.901 19.901 2763 3534 -0.002 0.030 0.030 0.945 0.215
bg 20.219 20.219 2874 3351 -0.001 0.031 0.031 0.949 0.217
by 20.701 20.701 2983 3189 0.000 0.031 0.031 0.949 0.220
b1 21.556 21.556 3119 3110 0.000 0.033 0.033 0.950 0.232
b1 23.400 23.400 3362 3287 -0.001 0.035 0.035 0.947 0.261
bis 21.216 21.216 3072 3143 -0.004 0.032 0.032 0.947 0.225
b3 20.499 20.499 2936 3369 -0.007 0.030 0.031 0.946 0.215
b1 20.118 20.118 2793 3651 -0.007 0.029 0.030 0.945 0.211
bis 19.695 19.695 2591 3862 -0.005 0.030 0.030 0.946 0.210
big 19.024 19.024 2321 3897 -0.001 0.030 0.030 0.951 0.215
b1~ 18.414 18.414 2081 3827 0.001 0.030 0.030 0.951 0.219
bis 18.243 18.243 1959 3776 0.001 0.030 0.030 0.943 0.220
b1g 18.530 18.530 1924 3797 0.002 0.030 0.030 0.950 0.218
bsg 19.104 19.104 1912 3865 0.002 0.030 0.030 0.948 0.216
boy 19.617 19.617 1867 3854  0.002 0.030 0.030 0.952 0.217
Uniform 0.935 0.326
WBATE -0.002 0.015 0.015 0.948 0.084
LBATE 0.013 0.027 0.030 0.991 0.343

Table SA-36: First-Stage Effects (Simulations, Linear Homoskedastic, rdrobust Bandwidth, ITT Bandwidth
Selector).
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b; 19.822 19.822 2159 4374 -0.001 0.027 0.027 0.949 0.204
bo 19.210 19.210 2146 4137 -0.001 0.027 0.028 0.951 0.209
bs 18.737 18.737 2155 3903 -0.001 0.028 0.028 0.950 0.214
by 18.364 18.364 2185 3658 -0.001 0.029 0.029 0949 0.218
bs 18.091 18.091 2234 3405 -0.002 0.030 0.030 0.948 0.223
bg 17917 17917 2293 3150 -0.002 0.031 0.031 0.942 0.229
b7 17759 17.759 2342 2876 -0.001 0.032 0.032 0945 0.235
bs 17.432 17432 2336 2540 -0.001 0.034 0.034 0945 0.246
by 17.290 17.290 2346 2244 0.000 0.036 0.036 0.942 0.257
b1 17.153 17.153 2333 1945 0.000 0.040 0.040 0.939 0.281
b1 18.116 18.116 2499 1885 -0.000 0.044 0.044 0942 0.334
bi2 17.198 17.198 2339 2062 -0.003 0.038 0.038 0.943 0.268
b3 17.364 17.364 2332 2471 -0.005 0.033 0.034 0.946 0.247
by 17720 17720 2319 2912 -0.005 0.031 0.032 0945 0.233
bis 17.870 17.870 2228 3261 -0.004 0.031 0.031 0941 0.225
bis 18.113 18.113 2137 3576 -0.001 0.030 0.030 0.939 0.219
b7 18.540 18.540 2085 3865 0.001 0.029 0.029 0945 0.213
bis 19.281 19.281 2097 4170  0.002 0.028 0.028 0.948 0.206
big 20.431 20.431 2159 4545 0.003 0.026 0.026 0.950 0.196
boo 21.957 21.957 2239 4992 0.004 0.025 0.025 0.945 0.186
b 23.561 23.561 2283 5391 0.005 0.024 0.024 0.948 0.178
Uniform 0.928 0.344
WBATE -0.001 0.015 0.016 0.950 0.087
LBATE 0.011 0.023 0.025 0.992 0.336

Table SA-37: First-Stage Effects (Simulations, Linear Heteroskedastic, Smooth-Boundary Bandwidth, ITT
Bandwidth Selector).
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b, 19.027 19.027 2044 4060 -0.001 0.028 0.028 0.951 0.211
b, 17.579 17.579 1882 3526 -0.001 0.029 0.029 0.951 0.226
bs 15.902 15.902 1660 2912 -0.000 0.032 0.032 0.952 0.248
b, 13.995 13.995 1382 2257 -0.000 0.037 0.037 0.946 0.282
bs 12.000 12.000 1081 1641 -0.000 0.043 0.043 0.945 0.331
bg 10.000 10.000 788 1112 -0.001 0.052 0.052 0.941 0.401
b; 8.181 8.181 545 717 -0.000 0.066 0.066 0.941 0.498
bg 7.642 7.642 495 577 -0.000 0.073 0.073 0.936 0.550
by 7.575 7.575 521 483  -0.002 0.077 0.077 0.936 0.574
b1g 7.515 7.515 554 378 -0.002 0.085 0.085 0.925 0.611
b1 7.937 7937 653 311  -0.001 0.107 0.107 0.908 0.777
bis 7.534 7.534 540 421 -0.003 0.080 0.080 0.927 0.593
b3 7.608 7.608 496 557 -0.000 0.073 0.073 0.935 0.553
b1 8.434  8.434 576 769 0.001 0.063 0.063 0.934 0477
bis 11.200 11.200 962 1419 0.000 0.047 0.047 0.940 0.353
big 13.991 13.991 1382 2256  0.000 0.037 0.037 0.941 0.279
b1~ 16.545 16.545 1748 3147 0.001 0.032 0.032 0.938 0.236
bis 18.559 18.559 1990 3886  0.001 0.028 0.028 0.947 0.212
b1g 20.288 20.288 2142 4486  0.002 0.026 0.027 0.950 0.197
bsg 21.947 21.947 2238 4988 0.004 0.025 0.025 0.945 0.186
boy 23.560 23.560 2283 5391 0.005 0.024 0.024 0.948 0.178
Uniform 0.873 0.580
WBATE 0.000 0.020 0.020 0.946 0.113
LBATE 0.043 0.042 0.060 0.973 0.721

Table SA-38: First-Stage Effects (Simulations, Linear Heteroskedastic, Kink-Adaptive Bandwidth, ITT
Bandwidth Selector).
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b1 8.684 8.684 625 848 -0.001 0.062 0.061 0.949 0.241
bo 8.416 8.416 601 807 -0.000 0.062 0.062 0.953 0.247
bs 8.209 8.209 580 773 -0.000 0.065 0.065 0.947 0.252
by 8.045 8.045 559 740 -0.000 0.067 0.067 0.941 0.256
bs 7.926 7.926 539 711 -0.001 0.068 0.068 0.944 0.261
bg 7.850 7.850 521 684 -0.001 0.068 0.068 0.946 0.266
b~ 7.780 7.780 501 651 -0.000 0.070 0.070 0.942 0.272
bg 7.637 7.637 495 576 -0.000 0.073 0.073 0.948 0.285
by 7.575 7.575 521 483 -0.002 0.077 0.077 0.945 0.298
b1g 7.515 7.515 554 378 -0.002 0.085 0.085 0.937 0.325
b1y 7.937 7.937 653 311 -0.001 0.107 0.107 0.930 0.402
bio 7.534 7.534 540 421 -0.003 0.080 0.080 0.943 0.310
b3 7.607 7.607 496 557 -0.000 0.073 0.073 0.946 0.287
b1y 7.763 7.763 500 654 0.001 0.070 0.070 0.943 0.270
bis 7.829 7.829 524 689 0.000 0.069 0.069 0.942 0.263
big 7.935 7.935 546 720 0.001 0.067 0.067 0.944 0.257
b1~ 8.122 8.122 568 755 0.002 0.066 0.066 0.942 0.251
bis 8.447  8.447 598 805 0.000 0.063 0.063 0.944 0.243
b1g 8.951 8.951 640 877 0.001 0.059 0.059 0.949 0.232
bog 9.620 9.620 691 969 0.002 0.057 0.057 0.944 0.220
boy 10.322 10.322 731 1051  0.002 0.055 0.055 0.942 0.210
Uniform 0.910 0.410
WBATE -0.000 0.023 0.023 0.947 0.089
LBATE 0.074 0.044 0.086 0.985 0.405

Table SA-39: First-Stage Effects (Simulations, Linear Heteroskedastic, Unknown-Kink Bandwidth, ITT
Bandwidth Selector).
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by 18.920 18.920 2042 4036 -0.002 0.029 0.029 0.947 0.217
bo 18.614 18.614 2065 3924 -0.002 0.029 0.029 0.952 0.220
bs 18.397 18.397 2110 3794 -0.002 0.030 0.030 0.949 0.222
by 18.284 18.284 2182 3647 -0.002 0.031 0.031 0949 0.224
bs 18.172 18.172 2256 3454 -0.002 0.031 0.031 0.950 0.227
bg 18.104 18.104 2332 3236 -0.002 0.032 0.032 0945 0.232
b7 17715 17715 2330 2898 -0.002 0.034 0.034 0945 0.241
bs 17474 17474 2340 2587 -0.001 0.035 0.035 0.947 0.251
by 17.306 17.306 2344 2288 0.000 0.038 0.038 0.946 0.263
b1 17.385 17.385 2370 2040 0.000 0.041 0.041 0.939 0.284
b1 18.282 18.282 2516 1968 -0.000 0.046 0.046 0.943 0.339
b1 17.522 17522 2395 2180 -0.003 0.038 0.039 0.943 0.269
b3 17.903 17.903 2435 2652 -0.005 0.034 0.034 0.950 0.246
by 18.374 18.374 2449 3140 -0.005 0.032 0.032 0945 0.231
bis 18.805 18.805 2421 3586 -0.004 0.031 0.031 0.941 0.221
bis 18.919 18919 2307 3867 -0.001 0.031 0.031 0.941 0.217
b7 18.942 18942 2175 4021  0.001 0.030 0.030 0944 0.214
bis 19.136  19.136 2090 4131  0.001 0.029 0.029 0946 0.212
big 19.695 19.695 2068 4278 0.003 0.028 0.028 0.948 0.208
bao 20.557 20.557 2072 4464 0.003 0.027 0.028 0.948 0.204
b 21.470 21.470 2054 4601 0.004 0.028 0.028 0.947 0.201
Uniform 0.926 0.354
WBATE -0.001 0.016 0.016 0.945 0.088
LBATE 0.014 0.026 0.029 0.991 0.366

Table SA-40: First-Stage Effects (Simulations, Linear Heteroskedastic, rdrobust Bandwidth, ITT Band-
width Selector).
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by 17945 17945 1903 3648 -0.005 0.030 0.030 0.947 0.226
bo 17.380 17.380 1868 3459 -0.004 0.030 0.031 0.950 0.232
bs 17.202 17.202 1891 3370 -0.004 0.031 0.031 0947 0.234
by 17.380 17.380 1997 3341 -0.002 0.031 0.031 0.947 0.232
bs 17.857 17.857 2186 3339  0.000 0.031 0.031 0.947 0.227
bg 18.430 18.430 2397 3310 0.003 0.030 0.030 0.946 0.223
b7 18.889 18.889 2574 3202 0.006 0.030 0.030 0.947 0.221
bs 18.988 18.988 2653 2961 0.006 0.030 0.031 0.947 0.225
by 19.108 19.108 2707 2710 0.005 0.032 0.032 0944 0.231
b1 19.393 19.393 2761 2487 0.001 0.034 0.034 0947 0.248
b1 21.303 21.303 3057 2662 -0.006 0.036 0.037 0.947 0.278
b1 19.219 19.219 2732 2561 -0.007 0.033 0.034 0949 0.238
b3 19.004 19.004 2665 2911 -0.007 0.030 0.031 0.943 0.223
bis 18.692 18.692 2519 3196 -0.006 0.030 0.030 0.939 0.219
bis 17796 17.796 2212 3246 -0.003 0.030 0.031 0947 0.224
bis 16.806 16.806 1891 3154 -0.002 0.031 0.031 0.943 0.234
b7 16.262 16.262 1722 3052 -0.001 0.032 0.032 0.946 0.240
bis 16.380 16.380 1697 3070 -0.000 0.031 0.031 0.944 0.239
big 17.047 17.047 1735 3229 -0.000 0.031 0.031 0.943 0.233
bao 17934 17934 1774 3415 0.000 0.030 0.030 0.950 0.226
b 18.901 18901 1791 3574  0.000 0.029 0.029 0.947 0.221
Uniform 0.924 0.348
WBATE -0.001 0.015 0.015 0.947 0.087
LBATE 0.017 0.026 0.031 0.985 0.354

Table SA-41: First-Stage Effects (Simulations, Quadratic Homoskedastic, Smooth-Boundary Bandwidth,
ITT Bandwidth Selector).
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b, 17.655 17.655 1862 3533 -0.005 0.030 0.030 0.946 0.229
bs 16.710 16.710 1760 3207 -0.004 0.031 0.031 0.951 0.239
bs 15.625 15.625 1619 2818 -0.003 0.033 0.033 0.947 0.253
b, 13.979 13.979 1379 2252 -0.002 0.037 0.037 0.944 0.283
bs 12.000 12.000 1080 1642 -0.001 0.044 0.044 0.942 0.331
bg 10.000 10.000 787 1114 -0.000 0.053 0.053 0.943 0.400
b~ 8.509  8.509 589 775  -0.000 0.064 0.064 0.935 0477
bg 8.319  &.319 591 673 0.001 0.067 0.067 0.938 0.503
by 8.372 8.372 639 580 0.004 0.068 0.068 0.932 0.516
b1 8.496  8.496 702 480 0.003 0.073 0.073 0.933 0.536
b1 9.333  9.333 873 444  -0.002 0.086 0.086 0.918 0.652
bis 8.420  8.420 673 518 -0.002 0.070 0.070  0.933 0.525
b3 8.326  8.326 600 655 -0.000 0.067 0.067 0.931 0.498
b1y 8.643  8.643 604 807 0.000 0.062 0.062 0.935 0.460
bis 11.200 11.200 962 1419 -0.001 0.046 0.046 0.945 0.348
big 13.958 13.958 1377 2246 -0.002 0.037 0.037 0.940 0.276
b7 15.667 15.667 1623 2837 -0.001 0.033 0.033 0.945 0.247
bis 16.274 16.274 1681 3028 -0.001 0.032 0.032 0.944 0.240
b1g 17.039 17.039 1734 3226 -0.000 0.031 0.031 0.943 0.233
bsg 17.934 17.934 1774 3415 0.000 0.030 0.030 0.950 0.226
boy 18.901 18.901 1791 3574 0.000 0.029 0.029 0.947 0.221
Uniform 0.882 0.560
WBATE -0.001 0.019 0.019 0.947 0.110
LBATE 0.044 0.038 0.059 0.967 0.646

Table SA-42: First-Stage Effects (Simulations, Quadratic Homoskedastic, Kink-Adaptive Bandwidth, ITT
Bandwidth Selector).
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b 7.862 7.862 525 695  0.000 0.069 0.069 0.943 0.268
bs 7.614 7.614 504 661 0.000 0.071 0.071 0.944 0.274
bs 7.536 7.536 498 652 -0.000 0.072 0.072 0.942 0.276
by 7.614 7.614 507 666 -0.001 0.070 0.070 0.946 0.273
bs 7.823 7.823 527 697 -0.000 0.069 0.069 0.944 0.266
bg 8.074 8.074 547 729 -0.000 0.067 0.067 0.944 0.259
b~ 8.275 8.275 563 736 -0.000 0.067 0.067 0.944 0.255
bg 8.319 8319 591 673 0.001 0.067 0.067 0.942 0.260
bg 8372 8372 639 580 0.004 0.068 0.068 0.942 0.268
b1g 8.496 8.496 702 480 0.003 0.073 0.073 0.945 0.287
b1y 9.333 9.333 873 444 -0.002 0.086 0.086 0.943 0.335
bio 8.420 8.420 673 518 -0.002 0.070 0.070 0.947 0.275
b3 8.326 8.326 600 655 -0.000 0.067 0.067 0.944 0.259
big 8.189 &8.189 553 729  0.000 0.067 0.067 0.940 0.253
b1s 7797 7797 522 687  -0.000 0.068 0.068 0.945 0.262
big 7.363 7.363 479 620 -0.000 0.072 0.072 0.934 0.275
b7 7.124 7.124 450 579 -0.001 0.073 0.073 0.942 0.283
b1s 7176  7.176 448 577  0.001 0.074 0.074 0.938 0.283
b1g 7.468 7.468 466 607  0.003 0.071 0.071 0.941 0.275
bog 7.857 7.857 486 643  0.001 0.070 0.070 0.945 0.267
bay 8.281 8.281 501 672 -0.000 0.067 0.067 0.942 0.261
Uniform 0.909 0.415
WBATE 0.000 0.023 0.023 0.947 0.089
LBATE 0.086 0.047 0.099 0.979 0.414

Table SA-43: First-Stage Effects (Simulations, Quadratic Homoskedastic, Unknown-Kink Bandwidth, ITT
Bandwidth Selector).
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by 17.303 17.303 1816 3409 -0.005 0.031 0.032 0.946 0.235
bo 16.910 16.910 1799 3295 -0.005 0.032 0.032  0.952 0.240
bs 16.825 16.825 1837 3247 -0.004 0.032 0.032 0.950 0.242
by 17.058 17.058 1950 3248 -0.003 0.032 0.033 0.948 0.240
bs 17.578 17.578 2135 3278 -0.000 0.032 0.032 0949 0.236
bg 18.313 18313 2368 3312  0.003 0.032 0.032 0945 0.230
b7 19.002 19.002 2581 3280 0.005 0.032 0.032 0.944 0.226
bs 19.652 19.652 2762 3196 0.006 0.031 0.031 0945 0.223
by 20.340 20.340 2915 3094 0.004 0.031 0.032 0943 0.223
b1 21.331 21.331 3079 3051 -0.000 0.033 0.033 0948 0.232
b1 23.114 23.114 3319 3205 -0.007 0.035 0.036 0.947 0.261
bi2 20.904 20.904 3020 3053 -0.009 0.032 0.033 0949 0.225
b3 19.854 19.854 2815 3187 -0.008 0.031 0.032 0942 0.218
bis 18.695 18.695 2510 3236 -0.006 0.032 0.032 0.939 0.225
bis 17.220 17.220 2101 3104 -0.003 0.033 0.033 0945 0.238
bis 15.920 15920 1748 2886 -0.001 0.034 0.034 0941 0.251
b7 15.326  15.326 1584 2741 -0.000 0.034 0.034 0.942 0.257
bis 15.400 15.400 1560 2726  0.000 0.034 0.034 0943 0.255
big 15.907 15.907 1584 2816 0.000 0.033 0.033 0.943 0.249
bao 16.537 16.537 1600 2910 -0.000 0.033 0.033 0.950 0.245
b 17.049 17.049 1573 2921 -0.001 0.033 0.033 0.948 0.245
Uniform 0.926 0.357
WBATE -0.002 0.016 0.016 0.944 0.087
LBATE 0.021 0.029 0.036 0.984 0.380

Table SA-44: First-Stage Effects (Simulations, Quadratic Homoskedastic, rdrobust Bandwidth, ITT Band-
width Selector).
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b, 18.213 18.213 1939 3752 -0.005 0.029 0.030 0.951 0.223
b, 17.557 17.557 1894 3525 -0.005 0.030 0.030 0.947 0.230
bs 17.203 17.203 1893 3370 -0.004 0.030 0.030 0.950 0.234
b4 17.159 17.159 1958 3268 -0.002 0.031 0.031 0.949 0.235
bs 17.317 17.317 2078 3171 0.000 0.031 0.031 0.945 0.234
bg 17.528 17.528 2213 3041 0.003 0.031 0.031 0.943 0.234
b; 17.616 17.616 2312 2838 0.006 0.031 0.031 0.948 0.236
bg 17.424 17.424 2334 2539 0.007 0.032 0.033 0.944 0.244
by 17.357 17.357 2359 2261 0.006 0.035 0.035 0.938 0.253
b1 17.274 17.274 2356 1973  0.002 0.038 0.038 0.941 0.276
b1 18.406 18.406 2551 1951 -0.004 0.042 0.042 0.944 0.325
bis 17.297 17.297 2359 2086 -0.007 0.037 0.037 0.946 0.263
b3 17.369 17.369 2333 2472 -0.007 0.032 0.033 0.947 0.244
b1 17.534 17.534 2280 2862 -0.006 0.031 0.031 0.951 0.233
bis 17.147 17.147 2080 3047 -0.004 0.031 0.031 0.946 0.232
big 16.682 16.682 1869 3114 -0.002 0.031 0.031 0.947 0.235
b7 16.578 16.578 1771 3166 -0.002 0.031 0.031 0.952 0.236
bis 16.978 16.978 1779 3293 -0.002 0.030 0.030 0.950 0.231
b1g 17.884 17.884 1843 3543 -0.001 0.029 0.029 0.948 0.223
bog 18.952 18.952 1897 3799 -0.001 0.028 0.028 0.942 0.214
boy 20.130 20.130 1928 4034 0.000 0.027 0.027 0.946 0.208
Uniform 0.935 0.361
WBATE -0.001 0.015 0.015 0.948 0.088
LBATE 0.016 0.025 0.029 0.990 0.363

Table SA-45: First-Stage Effects (Simulations, Quadratic Heteroskedastic, Smooth-Boundary Bandwidth,
ITT Bandwidth Selector).
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b; 17.887 17.887 1892 3622 -0.005 0.030 0.030 0.952 0.226
bo 16.808 16.808 1774 3244 -0.004 0.031 0.031 0.948 0.238
bs 15.591 15.591 1615 2807 -0.003 0.033 0.033 0.952 0.254
by 13.963 13.963 1377 2248 -0.002 0.037 0.037 0.946 0.283
bs 12.000 12.000 1082 1642 -0.000 0.043 0.043 0943 0.331
bg 10.000 10.000 788 1113  0.001 0.053 0.053 0.939 0.400
b7 8.168  8.168 543 715 0.001  0.066 0.066 0.935 0.495
bs 7.637 7.637 494 577  0.003 0.074 0.074 0.923 0.545
by 7.604 7.604 526 487  0.006 0.078 0.078 0.925 0.566
b1 7.568  7.568 562 384 0.005 0.083 0.083 0.925 0.598
b1 8.064 8.064 672 322 -0.000 0.102 0.102 0.913 0.756
bi2 7.578  7.578 547 425 -0.002 0.079 0.079 0.925 0.582
b3 7.610 7.610 496 558 0.000 0.073 0.073 0.929 0.543
bis 8.430 8430 576 769 -0.000 0.062 0.062 0.932 0471
bis 11.200 11.200 962 1418 -0.001 0.046 0.046 0.936 0.348
bis 13.926 13.926 1372 2236 -0.001 0.036 0.036 0.943 0.277
b7 15794 15.794 1641 2883 -0.002 0.032 0.032 0951 0.245
bis 16.820 16.820 1756 3230 -0.002 0.030 0.030 0.950 0.233
big 17.866 17.866 1841 3536 -0.001 0.029 0.029 0948 0.223
bao 18.951 18.951 1897 3799 -0.001 0.028 0.028 0.942 0.214
b 20.130 20.130 1928 4034 0.000 0.027 0.027 0.946 0.208
Uniform 0.872  0.585
WBATE -0.000  0.020 0.020 0.942 0.113
LBATE 0.053 0.046 0.070 0.963 0.718

Table SA-46: First-Stage Effects (Simulations, Quadratic Heteroskedastic, Kink-Adaptive Bandwidth, ITT
Bandwidth Selector).
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b 7979 7.979 540 716 -0.003 0.069 0.069 0.942 0.264
bs 7.692 7.692 514 675 -0.002 0.070 0.070 0.945 0.272
bs 7.537 7.537 499 652 -0.002 0.070 0.070 0.952 0.276
by 7.517 7.517 497 648 -0.000 0.071 0.071 0.945 0.276
bs 7.587 7.587 500 653 0.002 0.071 0.071 0.944 0.274
bg 7.679 7.679 501 656  0.002 0.070 0.070 0.945 0.272
b~ 7718  7.718 493 643  0.001 0.071 0.071 0.944 0.273
bg 7.634 7.634 494 576  0.003 0.074 0.075 0.936 0.283
bg 7.604 7.604 526 487  0.006 0.078 0.078 0.938 0.295
b1g 7.568 7.568 562 384 0.005 0.083 0.083 0.936 0.319
b1y 8.064 8.064 672 322 -0.000 0.102 0.102 0.942 0.390
bio 7.578 7.578 547 425 -0.002 0.079 0.079 0.940 0.304
b3 7.609 7.609 496 558  0.000 0.073 0.073 0.942 0.283
big 7.682 7.682 490 642  0.000 0.069 0.069 0.947 0.269
bis 7.512 7.512 488 636  0.001 0.071 0.071 0.939 0.272
big 7.309 7.309 472 612 0.002 0.072 0.072 0.940 0.277
b17 7.263 7.263 466 603 -0.001 0.072 0.072 0.947 0.278
b1s 7.438 7.438 478 622 -0.001 0.070 0.070 0.948 0.273
b1g 7.835 7.835 508 670 -0.001 0.068 0.068 0.945 0.263
bog 8.303 8.303 537 720 -0.001 0.067 0.067 0.943 0.253
boy 8.819 8819 560 766 -0.001 0.063 0.063 0.944 0.245
Uniform 0.911 0.430
WBATE 0.000 0.023 0.023 0.948 0.090
LBATE 0.088 0.048 0.100 0.977 0.427

Table SA-47: First-Stage Effects (Simulations, Quadratic Heteroskedastic, Unknown-Kink Bandwidth, ITT
Bandwidth Selector).
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b, 17.349 17.349 1823 3432 -0.006 0.031 0.032 0.952 0.236
b, 16.879 16.879 1796 3288 -0.005 0.032 0.032 0.949 0.241
bs 16.600 16.600 1802 3173 -0.004 0.032 0.032 0.956 0.246
b, 16.606 16.606 1872 3104 -0.003 0.033 0.033 0.949 0.248
bs 16.893 16.893 2007 3068 -0.001 0.034 0.034 0.946 0.246
bg 17.267 17.267 2163 3001 0.002 0.034 0.034 0.946 0.244
b; 17.265 17.265 2238 2782 0.005 0.034 0.034 0.951 0.248
bg 17.338 17.338 2311 2557 0.006 0.035 0.035 0.947 0.252
by 17.379 17.379 2356 2307 0.005 0.036 0.037 0.940 0.260
b1 17.542 17.542 2399 2077 0.002 0.039 0.039 0.944 0.278
b1 18.603 18.603 2573 2042 -0.004 0.045 0.045 0.946 0.329
bis 17.562 17.562 2403 2187 -0.007 0.038 0.038 0.948 0.265
b3 17.605 17.605 2376 2569 -0.007 0.034 0.034 0.949 0.246
b1 17.447 17.447 2262 2877 -0.005 0.033 0.033 0.948 0.241
bis 16.875 16.875 2039 3004 -0.003 0.033 0.034 0.946 0.244
big 16.081 16.081 1785 2944 -0.001 0.034 0.034 0.945 0.251
b7 15.755 15.755 1653 2902 -0.001 0.033 0.033 0.950 0.253
bis 15.961 15.961 1637 2941 -0.001 0.032 0.032 0.948 0.248
b1g 16.555 16.555 1669 3063 -0.001 0.032 0.032 0.949 0.242
bsg 17.249 17.249 1687 3182 -0.001 0.032 0.032 0.942 0.237
bo1 17.956 17.956 1676 3259 -0.001 0.032 0.032 0.945 0.235
Uniform 0.929 0.380
WBATE -0.001 0.016 0.016 0.945 0.090
LBATE 0.021  0.029 0.036 0.986 0.400

Table SA-48: First-Stage Effects (Simulations, Quadratic Heteroskedastic, rdrobust Bandwidth, ITT Band-
width Selector).
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b; 19.534 19.534 2120 4260 0.003 0.055 0.055 0.960 0.397
bo 19.152  19.152 2138 4114 0.003 0.056 0.056 0.956 0.400
bs 18.902 18.902 2185 3961 0.004 0.057 0.057 0.959 0.403
by 18.805 18.805 2271 3805 0.007 0.058 0.058 0.957 0.404
bs 18.832  18.832 2383 3639 0.011 0.058 0.059 0.960 0.403
bg 19.003 19.003 2517 3478 0.015 0.057 0.059 0.958 0.402
b~ 19.115 19.115 2621 3265 0.017 0.057 0.059 0.957 0.406
bs 19.116 19.116 2679 2996 0.016 0.058 0.060 0.956 0.412
by 19.218 19.218 2729 2738 0.012 0.059 0.060 0.957 0.418
b1 19.480 19.480 2777 2508  0.007 0.060 0.060 0.965 0.427
b1 21.345 21.345 3064 2673 0.002 0.059 0.060 0.965 0.436
bi2 19.319 19.319 2751 2587 -0.005 0.059 0.059 0.961 0.419
b3 19.199 19.199 2704 2962 -0.012 0.058 0.059 0.957 0.400
by 19.204 19.204 2625 3342 -0.014 0.055 0.057 0.954 0.381
bis 18.993 18.993 2458 3608 -0.010 0.054 0.055 0.956 0.372
bis 18.625 18.625 2237 3746 -0.003 0.054 0.054 0.961 0.373
b7 18.421 18.421 2068 3821  0.001 0.052 0.052 0.963 0.375
bis 18.678 18.678 2014 3935 0.001 0.049 0.049 0.959 0.370
big 19.490 19.490 2043 4167 0.000 0.048 0.048 0.952 0.356
bao 20.668 20.668 2098 4464 -0.002 0.047 0.047 0.954 0.340
b 21.765 21.765 2107 4658 -0.004 0.046 0.046 0.951 0.329
Uniform 0.970 0.587
WBATE 0.002 0.026 0.026 0.952 0.146
LBATE 0.053 0.044 0.069 0.996 0.652

Table SA-49: Fuzzy Effects (Simulations, Linear Homoskedastic, Smooth-Boundary Bandwidth, ITT Band-
width Selector).
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b1 18.862 18.862 2022 3994 0.004 0.056 0.056 0.957  0.408
b, 17.546 17.546 1877 3512 0.004 0.058 0.058 0.953 0.432
bs 15.909 15.909 1661 2914 0.004 0.063 0.063 0.953 0.471
by 13.997 13.997 1382 2257 0.003 0.070 0.070 0.958 0.535
bs 12.000 12.000 1081 1641 0.001 0.081 0.081 0.961 0.629
bg 10.000 10.000 788 1113 -0.000 0.097 0.097 0.957 0.774
b, 8.562 8.562 596 783 0.001 0.118 0.118 0.967  0.956
bg 8.375 8.375 599 680 0.005 0.124 0.124 0.966 1.027
bg 8.420 8.420 647 585 0.009 0.124 0.124 0.975 1.048
b1 8.534 8.534 708 483 0.008 0.127 0.127 0.970 1.364
b1 9.351 9.351 877 445 0.004 0.136 0.136  0.977 22.769
bio 8.464 8.464 680 522 -0.005 0.126 0.126  0.970 1.213
bis 8.411 8.411 612 667 -0.003 0.122 0.122 0.970 0.960
b1y 8.717 8.717 614 821 0.004 0.110 0.110 0.967  0.867
bis 11.200 11.200 961 1419 0.004 0.083 0.083 0.958 0.631
big 13.996 13.996 1382 2258 0.002 0.064 0.064 0.954 0.491
b7 16.483 16.483 1739 3123 0.001 0.055 0.055 0.957  0.413
b1s 18.112 18.112 1930 3712 0.001 0.050 0.050 0.959 0.379
big 19.440 19.440 2038 4146 -0.000 0.048 0.048 0.951 0.357
bog 20.668 20.668 2098 4464 -0.002 0.047 0.047 0.954 0.340
boy 21.765 21.765 2107 4658 -0.004 0.046 0.046 0.951 0.329
Uniform 0.978 2.660
WBATE 0.002 0.033 0.033 0.959 1.263
LBATE 0.135 0.087 0.160 0.997 18.630

Table SA-50: Fuzzy Effects (Simulations, Linear Homoskedastic, Kink-Adaptive Bandwidth, ITT Bandwidth
Selector).
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b 8.558 8.558 609 823  0.005 0.118 0.119 0.956 0.458
bs 8.391 8.391 598 803 0.005 0.120 0.120 0.952 0.463
bs 8.281 8.281 589 788  0.004 0.120 0.120 0.958 0.467
by 8.239 8.239 583 779 0.003 0.122 0.122 0.959 0.468
bs 8.251 8.251 579 773  0.001 0.120 0.120 0.959 0.468
bg 8.325 8.325 577 772 -0.001 0.121 0.121 0.957 0.467
b~ 8.375 8.375 575 752  0.001 0.122 0.122 0.956 0.471
bg 8375 8375 599 680 0.005 0.124 0.124 0.957 0.478
bo 8.420 8.420 647 585  0.009 0.124 0.124 0.960 0.486
b1g 8.534 8.534 708 483 0.008 0.127 0.127 0.962 0.496
b1y 9.351 9.351 877 445 0.004 0.136 0.136 0.961 0.519
bio 8.464 8.464 680 522 -0.005 0.126 0.126 0.960 0.486
bis 8.411 8.411 612 667 -0.003 0.122 0.122 0.960 0.462
b1y 8.413 8.413 579 768 0.004 0.115 0.115 0.957 0.442
b1s 8.321 8.321 583 781 0.005 0.114 0.114 0.956 0.432
big 8.160 8.160 573 764 0.001 0.113 0.113 0.954 0.433
b17 8.070 8.070 561 747 -0.000 0.110 0.110 0.955 0.432
b1s 8.183 8.183 566 756 0.001 0.108 0.108 0.956 0.426
b1g 8539 8.539 590 798  0.002 0.107 0.107 0.951 0.409
bog 9.055 9.055 623 856 -0.000 0.100 0.100 0.952 0.388
boy 9.535 9.535 639 893 -0.002 0.097 0.097 0.951 0.375
Uniform 0.972 0.691
WBATE 0.002 0.039 0.039 0.953 0.151
LBATE 0.179 0.088 0.199 0.997 0.793

Table SA-51: Fuzzy Effects (Simulations, Linear Homoskedastic, Unknown-Kink Bandwidth, ITT Bandwidth
Selector).
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b; 19.325 19.325 2100 4182  0.002 0.058 0.058 0.961 0.406
bo 19.171 19.171 2152 4123  0.003 0.059 0.059 0.960 0.406
bs 19.127  19.127 2235 4046 0.004 0.059 0.060 0.960 0.404
by 19.198 19.198 2351 3949 0.006 0.061 0.061 0.959 0.403
bs 19.404 19.404 2495 3845 0.010 0.061 0.061 0.963 0.400
bg 19.638 19.638 2635 3703 0.013 0.060 0.061 0.959 0.399
b7 19.901 19.901 2763 3534 0.015 0.059 0.061 0.957 0.400
bs 20.219 20.219 2874 3351 0.014 0.060 0.062 0.958 0.400
by 20.701 20.701 2983 3189 0.011 0.059 0.060 0.959 0.398
bio 21.556 21.556 3119 3110 0.007 0.058 0.059 0.961 0.397
b1 23.400 23.400 3362 3287 0.002 0.058 0.058 0.961 0.406
b1 21.216 21.216 3072 3143 -0.005 0.059 0.059 0.963 0.392
b3 20.499 20.499 2936 3369 -0.012 0.058 0.060 0.958 0.385
by 20.118 20.118 2793 3651 -0.013 0.058 0.059 0.955 0.373
bis 19.695 19.695 2591 3862 -0.009 0.058 0.058 0.958 0.369
bis 19.024 19.024 2321 3897 -0.003 0.057 0.057 0.964 0.375
b7 18.414 18.414 2081 3827  0.002 0.055 0.055 0.966 0.380
bis 18.243 18.243 1959 3776  0.003 0.053 0.053 0.961 0.382
big 18.530 18.530 1924 3797  0.002 0.052 0.052 0.954 0.376
boo 19.104 19.104 1912 3865 0.000 0.052 0.052 0.957 0.369
b 19.617 19.617 1867 3854 -0.002 0.053 0.053 0.956 0.368
Uniform 0.971 0.585
WBATE 0.002 0.027 0.027 0948 0.145
LBATE 0.056  0.046 0.072  0.997 0.668

Table SA-52: Fuzzy Effects (Simulations, Linear Homoskedastic, rdrobust Bandwidth, ITT Bandwidth
Selector).
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b; 19.822 19.822 2159 4374  0.001 0.073 0.073 0.962 0.522
bo 19.210 19.210 2146 4137 0.001 0.074 0.074 0.962 0.525
bs 18.737 18.737 2155 3903 0.002 0.074 0.074 0.963 0.526
by 18.364 18.364 2185 3658 0.005 0.074 0.074 0.957 0.528
bs 18.091 18.091 2234 3405 0.009 0.075 0.076  0.957 0.530
bg 17917 17917 2293 3150 0.013 0.076 0.077 0961 0.531
b~ 17759 17.759 2342 2876  0.015 0.077 0.078 0.960 0.535
bs 17432 17432 2336 2540 0.015 0.078 0.079 0.958 0.547
by 17.290 17.290 2346 2244 0.012 0.078 0.079  0.957 0.553
bio 17.153 17.153 2333 1945 0.007 0.076 0.076  0.959 0.547
b1 18.116 18.116 2499 1885 0.002 0.070 0.070 0.965 0.497
b1 17.198 17.198 2339 2062 -0.005 0.078 0.078 0.962 0.567
bis 17.364 17.364 2332 2471 -0.012 0.082 0.083 0.958 0.570
by 17720 17720 2319 2912 -0.014 0.083 0.084 0.955 0.559
bis 17.870 17.870 2228 3261 -0.010 0.084 0.085 0.954 0.564
bis 18.113 18.113 2137 3576 -0.003 0.083 0.083 0.957 0.572
b7 18.540 18.540 2085 3865 0.001 0.082 0.082 0.955 0.581
bis 19.281 19.281 2097 4170 0.001 0.083 0.083 0.954 0.585
big 20.431 20.431 2159 4545 -0.000 0.083 0.083 0.954 0.581
boo 21.957 21.957 2239 4992 -0.002 0.082 0.082 0.957 0.574
b 23.561 23.561 2283 5391 -0.004 0.083 0.083 0.959 0.571
Uniform 0.971 0.830
WBATE 0.001 0.034 0.034 0946 0.191
LBATE 0.083 0.059 0.102 0.996 0.913

Table SA-53: Fuzzy Effects (Simulations, Linear Heteroskedastic, Smooth-Boundary Bandwidth, ITT Band-
width Selector).
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b1 19.027 19.027 2044 4060 0.001 0.074 0.074 0.962 0.540
bo 17.579 17.579 1882 3526  0.002 0.077 0.077 0.959 0.568
bs 15.902 15902 1660 2912 0.003 0.081 0.081 0.959 0.613
by 13.995 13.995 1382 2257 0.002 0.090 0.090 0.954 0.687
bs 12.000 12.000 1081 1641 0.000 0.103 0.103 0.957 0.798
bg 10.000 10.000 788 1112 -0.002 0.123 0.123 0.961 0.966
b 8.181 8.181 545 717  -0.003 0.152 0.152 0.966 1.360
bg 7.642 7.642 495 577 0.002 0.165 0.165 0.974 1.454
bo 7.575 7.575 521 483 0.009 0.174 0.174 0.971 1.570
b1 7.515 7.515 554 378 0.009 0.171 0.171  0.973 9.809
b1 7.937 7.937 653 311 0.004 0.155 0.155 0.984 1619.334
bio 7.534 7.534 540 421 -0.005 0.173 0.173 0.974 2.352
bis 7.608 7.608 496 557  -0.002 0.173 0.173 0.971 1.508
b1 8.434 8.434 576 769  -0.000 0.155 0.155 0.959 4.695
bis 11.200 11.200 962 1419 -0.002 0.120 0.120 0.950 0.897
big 13.991 13.991 1382 2256 -0.001 0.098 0.098 0.952 0.733
b7 16.545 16.545 1748 3147 -0.001 0.087 0.087 0.951 0.644
bis 18.559 18.559 1990 3886 -0.000 0.085 0.085 0.952 0.604
big 20.288 20.288 2142 4486 -0.000 0.083 0.083 0.953 0.585
bog 21.947 21.947 2238 4988 -0.002 0.082 0.082 0.957 0.574
boy 23.560 23.560 2283 5391 -0.004 0.083 0.083 0.959 0.571
Uniform 0.978 119.194
WBATE 0.000 0.043 0.043 0.960 77.948
LBATE 0.194 0.120 0.228 0.998 1248.167

Table SA-54: Fuzzy Effects (Simulations, Linear Heteroskedastic, Kink-Adaptive Bandwidth, ITT Band-
width Selector).
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b 8.684 8.684 625 848 0.001 0.153 0.153 0.959 0.593
bo 8.416 8.416 601 807 0.002 0.154 0.154 0.958 0.599
bs 8.209 8.209 580 773 0.003 0.156 0.156 0.958 0.605
by 8.045 8.045 559 740 0.001 0.160 0.160 0.955 0.610
bs 7.926 7.926 539 711 -0.002 0.160 0.160 0.955 0.616
bg 7.850 7.850 521 684 -0.004 0.161 0.161 0.962 0.619
b~ 7.780 7.780 501 651 -0.003 0.162 0.162 0.958 0.625
bg 7.637 7.637 495 576 0.002 0.165 0.165 0.961 0.637
by 7.575 7.575 521 483 0.009 0.174 0.174 0.954 0.647
b1g 7.515 7.515 554 378 0.009 0.171 0.171 0.956 0.643
b1y 7.937 7.937 653 311 0.004 0.155 0.155 0.966 0.582
bio 7.534 7.534 540 421 -0.005 0.173 0.173 0.958 0.664
b3 7.607 7.607 496 557 -0.002 0.174 0.174 0.953 0.660
b1y 7.763 7.763 500 654 -0.000 0.172 0.172 0.956 0.652
bis 7.829 7.829 524 689 -0.003 0.172 0.172 0.953 0.651
big 7.935 7.935 546 720 -0.000 0.171 0.171 0.955 0.654
b1~ 8.122 8.122 568 755 0.000 0.169 0.169 0.954 0.657
bis 8.447  8.447 598 805 -0.001 0.174 0.174 0.946 0.658
b1g 8.951 8.951 640 877 -0.001 0.168 0.168 0.952 0.649
bog 9.620 9.620 691 969 0.000 0.162 0.162 0.954 0.637
boy 10.322 10.322 731 1051 -0.000 0.163 0.163 0.956 0.631
Uniform 0.970 0.967
WBATE 0.001 0.052 0.052 0.947 0.199
LBATE 0.261 0.126 0.290 0.996 1.095

Table SA-55: Fuzzy Effects (Simulations, Linear Heteroskedastic, Unknown-Kink Bandwidth, ITT Band-
width Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 18.920 18.920 2042 4036 -0.000 0.084 0.084 0.962 0.554
bo 18.614 18.614 2065 3924 -0.000 0.083 0.083 0.961 0.551
bs 18.397 18.397 2110 3794 0.000 0.083 0.083 0.963 0.548
by 18.284 18.284 2182 3647 0.003 0.083 0.083 0.959 0.543
bs 18.172  18.172 2256 3454 0.006 0.084 0.084 0.960 0.541
bg 18.104 18.104 2332 3236 0.010 0.084 0.085 0.966 0.540
b7 17715 17715 2330 2898  0.011 0.086 0.086 0.962 0.551
bs 17474 17474 2340 2587 0.012 0.086 0.087 0.965 0.558
by 17.306 17.306 2344 2288 0.010 0.087 0.087 0.959 0.570
b1 17.385 17.385 2370 2040 0.005 0.084 0.084 0.964 0.556
b1 18.282 18.282 2516 1968  0.001 0.076 0.076 0.969 0.509
b1 17.522  17.522 2395 2180 -0.005 0.086 0.086 0.966 0.570
b3 17.903 17.903 2435 2652 -0.011 0.090 0.090 0.961 0.569
by 18.374 18.374 2449 3140 -0.011 0.091 0.092 0.964 0.556
bis 18.805 18.805 2421 3586 -0.007 0.093 0.093 0.960 0.555
bis 18.919 18919 2307 3867 -0.002 0.092 0.092 0.962 0.567
b7 18.942 18942 2175 4021  0.002 0.091 0.092 0.962 0.583
bis 19.136  19.136 2090 4131  0.003 0.096 0.096 0.964 0.600
big 19.695 19.695 2068 4278 0.003 0.097 0.097 0.958 0.611
bao 20.557 20.557 2072 4464 0.004 0.097 0.097 0.961 0.619
b 21.470 21.470 2054 4601 0.004 0.100 0.100 0.963 0.635
Uniform 0.976 0.854
WBATE 0.002 0.037 0.037 0941 0.195
LBATE 0.102 0.077 0.127 0.997 1.032

Table SA-56: Fuzzy Effects (Simulations, Linear Heteroskedastic, rdrobust Bandwidth, ITT Bandwidth
Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 17945 17945 1903 3648 0.002 0.060 0.060 0.957 0.443
bo 17.380 17.380 1868 3459  0.001 0.061 0.061 0.953 0.450
bs 17.202 17.202 1891 3370 0.002 0.062 0.063 0.960 0.448
by 17.380 17.380 1997 3341 0.007 0.063 0.064 0.960 0.439
bs 17.857 17.857 2186 3339 0.016 0.063 0.065 0.956 0.424
bg 18.430 18.430 2397 3310 0.026 0.060 0.065 0.950 0.407
b7 18.889 18.889 2574 3202 0.032 0.057 0.065 0.958 0.394
bs 18.988 18.988 2653 2961 0.031 0.055 0.063 0.956 0.389
by 19.108 19.108 2707 2710 0.025 0.054 0.059 0.957 0.387
b1 19.393 19.393 2761 2487 0.015 0.054 0.056 0.959 0.390
b1 21.303 21.303 3057 2662 0.006 0.053 0.054 0.959 0.391
b1 19.219 19.219 2732 2561 -0.006 0.054 0.054 0.959 0.379
b3 19.004 19.004 2665 2911 -0.018 0.053 0.056 0.953 0.365
by 18.692 18.692 2519 3196 -0.023 0.052 0.057 0.951 0.358
bis 17796 17.796 2212 3246 -0.016 0.054 0.056 0.957 0.368
bis 16.806 16.806 1891 3154 -0.005 0.054 0.055 0.958 0.385
b7 16.262 16.262 1722 3052 -0.001 0.053 0.053 0.954 0.395
bis 16.380 16.380 1697 3070 -0.002 0.052 0.052 0.956 0.392
big 17.047 17.047 1735 3229 -0.002 0.052 0.052 0.952 0.380
boo 17934 17934 1774 3415 -0.004 0.051 0.051 0.951 0.369
b 18.901 18901 1791 3574 -0.008 0.050 0.051 0.957 0.360
Uniform 0.966 0.596
WBATE 0.004 0.026 0.026 0951 0.143
LBATE 0.063 0.043 0.076  0.995 0.648

Table SA-57: Fuzzy Effects (Simulations, Quadratic Homoskedastic, Smooth-Boundary Bandwidth, ITT
Bandwidth Selector).
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ho hi Nco Nty Bias SD RMSE EC IL

b, 17.655 17.655 1862 3533  0.003 0.061 0.061 0.957  0.448
b, 16.710 16.710 1760 3207 0.002 0.063 0.063 0.952 0.463
bs 15.625 15.625 1619 2818 0.002 0.065 0.065 0.958 0.485
by 13.979 13.979 1379 2252 0.002 0.070 0.070 0.956 0.536
bs 12.000 12.000 1080 1642 0.002 0.081 0.081 0.958 0.622
bg 10.000 10.000 787 1114 0.001 0.096 0.096 0.962 0.752
b, 8.509 8.509 589 775 0.000 0.114 0.114 0.967  0.910
bg 8.319 8.319 591 673 0.006 0.118 0.118 0.971 0.952
by 8.372 8.372 639 580 0.014 0.117 0.118 0.964 0.960
b1 8.496 8.496 702 480 0.013 0.118 0.119 0.971 0.954
b1 9.333 9.333 873 444 0.006 0.123 0.123 0.968 14.087
bio 8.420 8.420 673 518  -0.004 0.115 0.115 0.965 0.905
bis 8.326 8.326 600 655 -0.002 0.110 0.110 0.969 0.871
b1y 8.643 8.643 604 807 0.001 0.102 0.102 0.962 0.787
bis 11.200 11.200 962 1419 -0.001 0.076 0.076  0.955 0.581
big 13.958 13.958 1377 2246 -0.002 0.060 0.060 0.953 0.458
b7 15.667 15.667 1623 2837 -0.002 0.054 0.054 0.954 0.407
b1s 16.274 16.274 1681 3028 -0.002 0.053 0.053 0.957  0.394
b1g 17.039 17.039 1734 3226 -0.002 0.052 0.052 0.952 0.380
bog 17.934 17.934 1774 3415 -0.004 0.051 0.051 0.951 0.369
boy 18.901 18.901 1791 3574 -0.008 0.050 0.051 0.957  0.360
Uniform 0.976 1.936
WBATE 0.001 0.032 0.032 0.953 0.819
LBATE 0.133 0.079 0.155 0.997 11.582

Table SA-58: Fuzzy Effects (Simulations, Quadratic Homoskedastic, Kink-Adaptive Bandwidth, ITT Band-
width Selector).
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b 7.862 7.862 525 695 0.002 0.133 0.133 0.952 0.512
bo 7.614 7.614 504 661 0.001 0.139 0.139 0.952 0.522
bs 7.536 7.536 498 652  0.001 0.135 0.135 0.960 0.520
by 7.614 7.614 507 666 -0.001 0.134 0.134 0.955 0.511
bs 7.823 7.823 527 697  0.001 0.128 0.127 0.958 0.491
bg 8.074 8.074 547 729 0.001 0.123 0.123 0.954 0.471
b~ 8275 8275 563 736 -0.000 0.120 0.120 0.956 0.458
bg 8.319 8319 591 673 0.006 0.118 0.118 0.956 0.454
bg 8372 8372 639 580 0.014 0.117 0.118 0.955 0.451
b1g 8.496 8.496 702 480 0.013 0.118 0.119 0.954 0.453
b1y 9.333 9.333 873 444  0.006 0.123 0.123 0.956 0.466
bio 8420 8.420 673 518 -0.004 0.115 0.115 0.951 0.440
b3 8.326 8.326 600 655 -0.002 0.110 0.110 0.955 0.423
big 8.189 &8.189 553 729  0.002 0.110 0.110 0.952 0.416
b1s 7797 7797 522 687 -0.001 0.110 0.110 0.951 0.428
big 7.363 7.363 479 620 -0.001 0.117 0.117 0.953 0.447
b7 7.124 7.124 450 579 -0.006 0.118 0.119 0.953 0.459
b1s 7176 7.176 448 577 -0.003 0.115 0.115 0.955 0.454
b1g 7.468 7.468 466 607 0.001 0.114 0.114 0.952 0.439
bog 7.857 7.857 486 643 -0.001 0.112 0.112 0.951 0.426
bay 8.281 8.281 501 672 -0.003 0.106 0.106 0.956 0.415
Uniform 0.966 0.702
WBATE 0.001 0.038 0.038 0.945 0.148
LBATE 0.181 0.085 0.200 0.995 0.783

Table SA-59: Fuzzy Effects (Simulations, Quadratic Homoskedastic, Unknown-Kink Bandwidth, ITT Band-
width Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 17.303 17.303 1816 3409 0.000 0.064 0.064 0.960 0.461
bo 16.910 16.910 1799 3295 -0.001 0.065 0.065 0.956 0.466
bs 16.825 16.825 1837 3247 -0.000 0.067 0.067 0.965 0.464
by 17.058 17.058 1950 3248 0.004 0.069 0.069 0.965 0.457
bs 17.578 17.578 2135 3278 0.012 0.070 0.071 0.963 0.441
bg 18.313 18313 2368 3312  0.021 0.068 0.071 0.958 0.422
b7 19.002 19.002 2581 3280 0.028 0.063 0.069 0.957 0.404
bs 19.652 19.652 2762 3196 0.028 0.059 0.065 0.955 0.388
by 20.340 20.340 2915 3094 0.023 0.055 0.060 0.957 0.374
bio 21.331 21.331 3079 3051 0.014 0.054 0.056 0.961 0.364
b1 23.114 23.114 3319 3205 0.005 0.053 0.054 0.960 0.368
bi2 20.904 20.904 3020 3053 -0.006 0.053 0.054 0.960 0.357
b3 19.854 19.854 2815 3187 -0.017 0.054 0.057 0.956 0.358
bis 18.695 18.695 2510 3236 -0.020 0.057 0.060 0.952 0.368
bis 17.220 17.220 2101 3104 -0.011 0.061 0.062 0.962 0.390
bis 15.920 15920 1748 2886 -0.000 0.061 0.061 0.963 0.414
b7 15.326  15.326 1584 2741  0.002 0.058 0.058 0.959 0.422
bis 15.400 15400 1560 2726  0.001 0.056 0.056 0.958 0.416
big 15.907 15.907 1584 2816 0.000 0.057 0.057 0.956 0.406
bao 16.537 16.537 1600 2910 -0.002 0.057 0.057 0.959 0.399
b 17.049 17.049 1573 2921 -0.004 0.058 0.058 0.958 0.399
Uniform 0.971 0.613
WBATE 0.004 0.027 0.027 0949 0.145
LBATE 0.066 0.043 0.079 0.995 0.678

Table SA-60: Fuzzy Effects (Simulations, Quadratic Homoskedastic, rdrobust Bandwidth, ITT Bandwidth
Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 18.213 18.213 1939 3752 -0.000 0.070 0.070  0.957 0.500
bo 17.557 17.557 1894 3525 0.000 0.070 0.070  0.955 0.499
bs 17.203 17.203 1893 3370 0.001 0.069 0.069 0.957 0.491
by 17.159 17.159 1958 3268 0.006 0.069 0.069 0.962 0.477
bs 17.317 17317 2078 3171  0.014 0.068 0.070  0.963 0.459
bg 17.528 17528 2213 3041 0.024 0.066 0.070 0.958 0.442
b7 17.616 17.616 2312 2838 0.030 0.063 0.070 0.954 0.429
bs 17424 17424 2334 2539 0.030 0.062 0.069 0.956 0.426
by 17.357 17.357 2359 2261 0.024 0.060 0.065 0.954 0.423
bio 17274 17274 2356 1973 0.014 0.058 0.059 0.962 0.413
b1 18.406 18.406 2551 1951  0.004 0.053 0.054 0.959 0.369
bi2 17.297 17.297 2359 2086 -0.008 0.060 0.060 0.962 0.426
b3 17.369 17.369 2333 2472 -0.019 0.062 0.065 0.960 0.428
bis 17.534 17.534 2280 2862 -0.021 0.063 0.067 0.959 0.424
bis 17.147 17.147 2080 3047 -0.012 0.067 0.068 0.954 0.441
bis 16.682 16.682 1869 3114  0.000 0.067 0.067 0.962 0.460
b7 16.578 16.578 1771 3166  0.004 0.067 0.067 0.952 0.476
bis 16.978 16.978 1779 3293 0.001 0.066 0.066 0.953 0.476
big 17.884 17.884 1843 3543 -0.002 0.066 0.066 0.951 0.468
bao 18.952 18.952 1897 3799 -0.005 0.066 0.066 0.946 0.462
b 20.130 20.130 1928 4034 -0.008 0.066 0.066 0.950 0.457
Uniform 0.969 0.680
WBATE 0.004 0.028 0.028 0.949 0.153
LBATE 0.074 0.047 0.087 0.995 0.729

Table SA-61: Fuzzy Effects (Simulations, Quadratic Heteroskedastic, Smooth-Boundary Bandwidth, ITT
Bandwidth Selector).

131



ho hi Nco Nty Bias SD RMSE EC IL

b, 17.887 17.887 1892 3622 0.000 0.071 0.071 0.958 0.506
b, 16.808 16.808 1774 3244 0.001 0.071 0.071 0.953 0.516
bs 15.591 15.591 1615 2807 0.002 0.073 0.073 0.954 0.534
by 13.963 13.963 1377 2248 0.002 0.077 0.077 0.956 0.576
bs 12.000 12.000 1082 1642 0.002 0.086 0.086 0.961 0.653
bg 10.000 10.000 788 1113 0.002 0.099 0.099 0.958 0.776
b, 8.168 8.168 543 715 0.001 0.122 0.122 0.964 0.970
bg 7.637 7.637 494 577 0.004 0.131 0.131 0.968 1.065
bg 7.604 7.604 526 487 0.011 0.130 0.130 0.970 1.065
b1 7.568 7.568 562 384 0.010 0.125 0.126  0.970 1.300
b1 8.064 8.064 672 322 0.003 0.112 0.112 0.982 11.299
bis 7.578 7.578 547 425 -0.006 0.129 0.129 0.966 2.008
bis 7.610 7.610 496 558  -0.005 0.128 0.128 0.967 1.014
b1y 8.430 8.430 576 769 -0.001 0.115 0.115 0.958 0.896
bis 11.200 11.200 962 1418 0.000 0.089 0.089 0.950 0.666
big 13.926 13.926 1372 2236 0.002 0.074 0.074 0.955 0.542
b7 15.794 15794 1641 2883 0.003 0.069 0.069 0.951 0.494
b1s 16.820 16.820 1756 3230 0.001 0.067 0.067 0.954 0.480
b1g 17.866 17.866 1841 3536 -0.002 0.066 0.066 0.951 0.468
bog 18.951 18.951 1897 3799 -0.005 0.066 0.066 0.946 0.462
boy 20.130 20.130 1928 4034 -0.008 0.066 0.066 0.950 0.457
Uniform 0.975 1.943
WBATE 0.001 0.034 0.034 0.961 0.759
LBATE 0.149 0.086 0.173 0.997 10.563

Table SA-62: Fuzzy Effects (Simulations, Quadratic Heteroskedastic, Kink-Adaptive Bandwidth, ITT Band-
width Selector).
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b 7.979 7.979 540 716 -0.001 0.149 0.149 0.955 0.573
bo 7.692 7.692 514 675 0.002 0.149 0.149 0.954 0.573
bs 7.537 7.537 499 652  0.002 0.144 0.144 0.957 0.566
by 7.517 7.517 497 648  0.000 0.144 0.144 0.953 0.549
bs 7.587 7.587 500 653  0.000 0.139 0.139 0.955 0.529
bg 7.679 7.679 501 656 0.001 0.132 0.132 0.956 0.512
b~ 7.718  7.718 493 643  0.000 0.132 0.132 0.954 0.502
bg 7.634 7.634 494 576  0.004 0.131 0.131 0.958 0.498
bo 7.604 7.604 526 487 0.011 0.130 0.130 0.955 0.494
b1g 7.568 7.568 562 384 0.010 0.125 0.126 0.959 0.481
b1y 8.064 8.064 672 322 0.003 0.112 0.112 0.963 0.425
bio 7.578 7.578 547 425 -0.006 0.129 0.129 0.955 0.497
b3 7.609 7.609 496 558 -0.005 0.127 0.128 0.959 0.495
b1y 7.682 7.682 490 642 -0.000 0.128 0.128 0.955 0.494
bis 7.512 7.512 488 636 -0.000 0.135 0.135 0.949 0.507
big 7.309 7.309 472 612 0.005 0.135 0.135 0.954 0.524
b17 7.263 7.263 466 603  0.007 0.142 0.142 0.948 0.540
b1s 7.438 7.438 478 622  0.001 0.139 0.139 0.949 0.539
b1g 7.835 7.835 508 670 -0.003 0.135 0.135 0.953 0.527
bog 8.303 8.303 537 720 -0.000 0.135 0.135 0.947 0.519
boy 8.819 8819 560 766 -0.000 0.132 0.132 0.951 0.512
Uniform 0.964 0.791
WBATE 0.001  0.041 0.041 0.954 0.160
LBATE 0.205 0.092 0.225 0.995 0.873

Table SA-63: Fuzzy Effects (Simulations, Quadratic Heteroskedastic, Unknown-Kink Bandwidth, ITT Band-
width Selector).
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b; 17.349 17.349 1823 3432 -0.002 0.078 0.078 0.961 0.527
bo 16.879 16.879 1796 3288 -0.002 0.076 0.076  0.959 0.524
bs 16.600 16.600 1802 3173 -0.002 0.076 0.076 0.964 0.516
by 16.606 16.606 1872 3104 0.002 0.078 0.078 0.963 0.505
bs 16.893 16.893 2007 3068  0.009 0.078 0.078 0.966 0.487
bg 17.267 17.267 2163 3001 0.018 0.076 0.078 0.959 0.465
b~ 17.265 17.265 2238 2782 0.023 0.074 0.078 0.955 0.453
bs 17.338 17.338 2311 2557 0.024 0.071 0.075 0.956 0.442
by 17379 17379 2356 2307 0.020 0.067 0.070  0.960 0.435
bio 17.542 17542 2399 2077 0.012 0.063 0.064 0.966 0.418
b1 18.603 18.603 2573 2042  0.003 0.057 0.057 0.964 0.377
b1 17.562 17.562 2403 2187 -0.008 0.065 0.065 0.965 0.431
b3 17.605 17.605 2376 2569 -0.016 0.067 0.069 0.962 0.431
by 17.447 17447 2262 2877 -0.015 0.072 0.073 0.961 0.438
bis 16.875 16.875 2039 3004 -0.005 0.077 0.077 0.962 0.461
bis 16.081 16.081 1785 2944  0.006 0.076 0.076 0.968 0.488
b7 15755  15.755 1653 2902  0.009 0.075 0.075 0.953 0.507
bis 15.961 15961 1637 2941 0.006 0.073 0.074 0.956 0.508
big 16.555 16.555 1669 3063  0.003 0.074 0.074 0.954 0.504
boo 17.249 17.249 1687 3182 0.001 0.076 0.076  0.949 0.506
b 17.956 17.956 1676 3259  0.000 0.077 0.077 0.957 0.512
Uniform 0.977 0.717
WBATE 0.004 0.030 0.030 0.949 0.158
LBATE 0.083 0.055 0.100 0.997 0.814

Table SA-64: Fuzzy Effects (Simulations, Quadratic Heteroskedastic, rdrobust Bandwidth, ITT Bandwidth
Selector).
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b1 18.940 18.940 2038 4030 0.000 0.034 0.034 0.947 0.248
b, 18.560 18.560 2046 3894  0.000 0.035 0.035 0.953 0.251
bs 18.341 18.341 2087 3764 0.000 0.035 0.035 0.948 0.253
b4 18.247 18.247 2164 3620 0.002 0.036 0.036 0.951 0.254
bs 18.265 18.265 2269 3460 0.004 0.036 0.036 0.955 0.255
bg 18.404 18.404 2394 3295 0.006 0.036 0.036 0.956 0.254
b; 18.492 18.492 2494 3084 0.007 0.036 0.037 0.954 0.256
bg 18.409 18.409 2536 2801 0.007 0.037 0.038 0.952 0.262
bo 18.445 18.445 2577 2534  0.006 0.038 0.038 0.951 0.269
b1g 18.570 18.570 2606 2280 0.004 0.039 0.040 0.952 0.280
b1 20.183 20.183 2867 2376  0.000 0.040 0.040 0.954 0.297
bis 18.471 18.471 2589 2371 -0.005 0.039 0.039 0.952 0.275
bis 18.461 18.461 2555 2759 -0.011 0.037 0.039 0.950 0.263
b1 18.567 18.567 2494 3154 -0.012 0.036 0.038 0.947 0.255
bis 18.485 18.485 2354 3449 -0.008 0.036 0.037 0.948 0.251
big 18.323 18.323 2178 3645 -0.003 0.036 0.036 0.954 0.252
b1~ 18.304 18.304 2048 3779 0.000 0.035 0.035 0.956 0.253
bis 18.620 18.620 2006 3912 0.001 0.034 0.034 0.956 0.252
b1g 19.300 19.300 2021 4091 0.001 0.033 0.033 0.949 0.247
bog 20.308 20.308 2057 4323  0.000 0.033 0.033 0.955 0.241
bo1 21.402 21.402 2067 4519 -0.000 0.033 0.033 0.950 0.236
Uniform 0.949 0.386
WBATE -0.000 0.017 0.017 0.948 0.095
LBATE 0.044 0.026 0.052 0.981 0.399

Table SA-65: Intention-to-Treat Effects (Simulations, Linear Homoskedastic, Smooth-Boundary Bandwidth,
Fuzzy Bandwidth Selector).
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b, 18.446 18.446 1967 3834 0.001 0.034 0.034 0.947 0.253
bs 17.301 17.301 1843 3422 0.001 0.036 0.036 0.948 0.266
bs 15.833 15.833 1650 2887  0.001 0.039 0.039 0.949 0.288
b, 13.993 13.993 1382 2255 0.001 0.044 0.044 0.950 0.324
bs 12.000 12.000 1081 1641 -0.000 0.050 0.050 0.943 0.378
bg 10.000 10.000 788 1113 -0.002 0.059 0.059 0.943 0.454
b~ 8.375 8.375 570 751  -0.002 0.072 0.072 0.945 0.546
bg 8.066  8.066 554 636 0.000 0.079 0.079 0.936 0.580
by 8.081 8.081 595 543 0.003 0.080 0.080 0.942 0.597
b1g 8.136  8.136 646 441 0.003 0.083 0.083 0.940 0.614
b1 8.842 8.842 794 394 -0.001 0.091 0.091 0.930 0.677
bio 8.092 8.092 623 480 -0.006 0.081 0.081 0.943 0.608
b3 8.088  8.088 564 622 -0.004 0.079 0.079 0.946 0.582
b1y 8.563  8.563 593 793 0.001 0.072 0.072 0.939 0.533
bis 11.200 11.200 961 1419 0.002 0.054 0.054 0.943 0.403
big 13.993 13.993 1381 2257 0.001 0.043 0.043 0.945 0.323
b1~ 16.467 16.467 1737 3117  0.000 0.037 0.037 0.949 0.277
bis 18.090 18.090 1927 3704 0.000 0.034 0.034 0.955 0.257
b1g 19.259 19.259 2016 4074 0.001 0.033 0.033 0.949 0.247
bog 20.308 20.308 2057 4323  0.000 0.033 0.033 0.955 0.241
bo1 21.402 21.402 2067 4519 -0.000 0.033 0.033 0.950 0.236
Uniform 0.925 0.633
WBATE -0.000 0.021 0.021 0.950 0.122
LBATE 0.094 0.049 0.106 0.966 0.783

Table SA-66: Intention-to-Treat Effects (Simulations, Linear Homoskedastic, Kink-Adaptive Bandwidth,
Fuzzy Bandwidth Selector).
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b 8.298 8.298 578 774  0.001 0.075 0.075 0.942 0.286
bo 8.131 &8.131 566 754  0.001 0.076 0.076 0.942 0.290
bs 8.035 8.035 559 741 0.001 0.076 0.076 0.951 0.293
by 7.994 7.994 553 733 0.000 0.076 0.076 0.946 0.294
bs 8.002 &8.002 549 726 -0.001 0.075 0.075 0.947 0.295
bg 8.063 8.063 546 723 -0.003 0.075 0.075 0.949 0.294
b~ 8.101 &8.101 540 706 -0.002 0.075 0.075 0.951 0.296
bg 8.065 8.065 554 636  0.000 0.079 0.079 0.947 0.303
bg 8.081 &8.081 595 543  0.003 0.080 0.080 0.949 0.311
big 8.136 8.136 646 441 0.003 0.083 0.083 0.950 0.324
b1 8.842 8842 794 394 -0.001 0.091 0.091 0.944 0.351
b1 8.092 8.092 623 480 -0.006 0.081 0.081 0.951 0.318
b3 8.088 8.088 564 622 -0.004 0.079 0.079 0.950 0.304
b4 8.134 8.134 544 719 0.001 0.077 0.077 0.946 0.294
b1s 8.098 8.098 556 739 0.002 0.076 0.076 0.949 0.290
big 8.028 8.028 556 738  0.000 0.075 0.075 0.950 0.292
b17 8.019 8.019 555 737 -0.001 0.075 0.075 0.948 0.292
b1s 8.157 &8.157 562 751 -0.001 0.074 0.074 0.951 0.290
b1g 8.456 8.456 580 782 -0.001 0.074 0.074 0.945 0.284
bog 8.897 8.897 604 827 -0.001 0.071 0.071 0.953 0.277
boy 9.376 9.376 621 865 -0.001 0.070 0.070 0.948 0.271
Uniform 0.942 0.454
WBATE -0.000 0.025 0.025 0.951 0.097
LBATE 0.127 0.048 0.136  0.979 0.468

Table SA-67: Intention-to-Treat Effects (Simulations, Linear Homoskedastic, Unknown-Kink Bandwidth,
Fuzzy Bandwidth Selector).
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b; 18.446 18.446 1976 3846 -0.001 0.036 0.036 0.951 0.257
bo 18.337 18.337 2020 3819 -0.001 0.037 0.037 0.951 0.257
bs 18.348 18.348 2101 3775 -0.000 0.037 0.037 0.951 0.257
by 18.488 18.488 2219 3716 0.001 0.038 0.038 0.952 0.256
bs 18.737 18.737 2365 3637  0.002 0.038 0.038 0.954 0.255
bg 18.966 18.966 2501 3501  0.004 0.038 0.038 0.955 0.253
b7 19.098 19.098 2604 3300 0.006 0.038 0.039 0.953 0.255
bs 19.288 19.288 2695 3089  0.006 0.039 0.040 0.953 0.257
by 19.613 19.613 2782 2892  0.005 0.039 0.039 0.953 0.260
bio 20.205 20.205 2884 2747  0.003 0.039 0.039 0.952 0.265
b1 21.806 21.806 3110 2852 -0.000 0.040 0.040 0.954 0.281
b1 19.941 19.941 2845 2797 -0.006 0.039 0.040 0.955 0.262
b3 19.520 19.520 2749 3093 -0.010 0.039 0.040 0.953 0.255
bis 19.298 19.298 2631 3407 -0.011 0.039 0.040 0.947 0.251
bis 19.009 19.009 2456 3648 -0.007 0.039 0.040 0.954 0.252
bis 18.515 18.515 2227 3730 -0.002 0.039 0.039 0.955 0.257
b7 18.115 18.115 2033 3722  0.002 0.038 0.038 0.960 0.261
bis 18.047 18.047 1931 3705 0.002 0.036 0.036 0.957 0.262
big 18.280 18.280 1892 3705 0.002 0.036 0.036 0.948 0.261
bao 18.825 18.825 1878 3762  0.002 0.037 0.037 0.954 0.260
b 19.374 19.374 1839 3766  0.001 0.038 0.038 0.952 0.261
Uniform 0.947  0.389
WBATE -0.000 0.017 0.017 0.948 0.095
LBATE 0.050  0.031 0.058 0.978 0.424

Table SA-68: Intention-to-Treat Effects (Simulations, Linear Homoskedastic, rdrobust Bandwidth, Fuzzy
Bandwidth Selector).
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b; 19.488 19.488 2114 4244 -0.001 0.042 0.042 0.952 0.305
bo 18.846 18.846 2089 4002 -0.001 0.043 0.043 0.957 0.309
bs 18.345 18.345 2087 3766 -0.000 0.043 0.043 0.958 0.312
by 17972 17972 2110 3530 0.001 0.044 0.044 0.957 0.314
bs 17.684 17.684 2151 3279 0.003 0.045 0.045 0.953 0.316
bg 17.475 17475 2202 3021  0.005 0.045 0.045 0.953 0.318
b~ 17.293 17.293 2244 2747  0.007 0.046 0.046 0.951 0.321
bs 16.916 16.916 2229 2406 0.007 0.047 0.048 0.956 0.330
by 16.732  16.732 2233 2109 0.006 0.048 0.048 0.950 0.337
bio 16.448 16.448 2194 1787 0.003 0.049 0.049 0.950 0.343
b1 16.857 16.857 2265 1614  0.000 0.049 0.049 0.948 0.345
b1 16.613 16.613 2223 1927 -0.005 0.049 0.049 0.952 0.351
b3 16.893 16.893 2234 2351 -0.010 0.050 0.051 0.953 0.351
by 17.334 17334 2239 2803 -0.011 0.051 0.052 0.952 0.347
bis 17.565 17.565 2165 3168 -0.008 0.052 0.053 0.947 0.352
bis 17.929 17929 2101 3515 -0.003 0.052 0.052 0.951 0.357
b7 18.505 18.505 2078 3852  0.000 0.051 0.051 0.956 0.362
bis 19.329 19.329 2103 4188 0.001 0.052 0.052 0.951 0.366
big 20.492 20.492 2167 4569 0.001 0.052 0.052 0.953 0.366
boo 21.968 21.968 2239 4998 0.001 0.053 0.053 0.953 0.366
b 23.598 23.598 2285 5410 0.000 0.054 0.054 0.955 0.368
Uniform 0.946 0.512
WBATE -0.000 0.021 0.021 0.948 0.118
LBATE 0.065 0.037 0.075 0.979 0.542

Table SA-69: Intention-to-Treat Effects (Simulations, Linear Heteroskedastic, Smooth-Boundary Bandwidth,
Fuzzy Bandwidth Selector).
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b; 18.811 18.811 2015 3976 -0.000 0.043 0.043 0951 0.314
bo 17441 17.441 1863 3475 0.000 0.045 0.045 0.954 0.330
bs 15.849 15.849 1652 2894 0.001 0.047 0.047 0.954 0.355
by 13.990 13.990 1381 2255 0.001 0.053 0.053 0.948 0.396
bs 12.000 12.000 1081 1641 -0.001 0.061 0.061 0.946 0.456
bg 10.000 10.000 788 1112 -0.002 0.072 0.072 0.945 0.542
b7 8.099 8.099 534 703 -0.003 0.090 0.090 0.944 0.666
bs 7421 7421 465 547  0.000 0.099 0.099 0946 0.734
by 7330  7.330 487 456 0.002 0.104 0.104 0.931 0.748
b1 7206 7.206 510 349 0.002 0.104 0.104 0.937 0.772
b1 7385 7.38 572 266 -0.001 0.106 0.106 0.932 0.769
bi2 7278 7278 504 395 -0.006 0.104 0.104 0.943 0.780
b3 7402 7402 469 531 -0.002 0.105 0.105 0.940 0.775
by 8.414  8.414 574 766 0.000  0.094 0.094 0.938 0.690
bis 11.200 11.200 962 1419 -0.001 0.074 0.074 0.939 0.535
bis 13.989 13.989 1381 2256 -0.000 0.061 0.061 0.941 0.448
b7 16.557 16.557 1750 3151 -0.000 0.054 0.054 0.949 0.399
bis 18.615 18.615 1998 3908 0.001 0.053 0.063 0.949 0.377
big 20.332 20.332 2147 4503 0.001 0.053 0.053 0.952 0.369
boo 21.947 21.947 2236 4989 0.001 0.053 0.053 0.953 0.367
b 23.593 23.593 2284 5408 0.000 0.054 0.054 0.955 0.368
Uniform 0.923 0.816
WBATE -0.000 0.026 0.026 0.946 0.149
LBATE 0.127  0.061 0.140 0.966 1.001

Table SA-70: Intention-to-Treat Effects (Simulations, Linear Heteroskedastic, Kink-Adaptive Bandwidth,
Fuzzy Bandwidth Selector).
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b1 8.538 8.538 607 820 -0.001 0.089 0.089 0.949 0.347
bo 8.257  8.257 582  T78 0.000 0.090 0.090 0.950 0.353
bs 8.037  8.037 559 741 0.001 0.092 0.092 0.952 0.357
by 7.874 7.874 538 709 -0.000 0.094 0.094 0.951 0.361
bs 7.747 7.747 518 679 -0.002 0.095 0.095 0.952 0.365
bg 7.656 7.656 498 650 -0.004 0.096 0.096 0.951 0.368
b~ 7.576 7.576 477 618 -0.003 0.096 0.096 0.950 0.374
bg 7.411 7.411 465 546 0.000 0.099 0.099 0.952 0.384
by 7.330 7.330 487 456 0.002 0.104 0.104 0.947 0.391
b1g 7.206 7.206 510 349 0.002 0.104 0.104 0.942 0.399
b1y 7.385 7.385 572 266 -0.001 0.106 0.106 0.945 0.401
bio 7.278 7.278 504 395 -0.006 0.104 0.104 0.952 0.408
b3 7.401 7.401 468 530 -0.002 0.105 0.105 0.949 0.406
b1y 7.594 7.594 480 625 -0.000 0.105 0.105 0.947 0.402
bis 7.695 7.695 508 665 -0.002 0.106 0.106 0.945 0.403
big 7.855 7.855 536 705 0.000 0.105 0.105 0.944 0.407
b7 8.107 8.107 566 752 0.000 0.104 0.104 0.952 0.410
bis 8.468 8.468 601 809 -0.001 0.107 0.107 0.946 0.411
b1g 8.978 8.978 644 883 -0.001 0.106 0.106 0.946 0.410
bag 9.624 9.624 692 970 0.001 0.105 0.105 0.946 0.408
boy 10.338 10.338 734 1056  0.001 0.106 0.106 0.948 0.408
Uniform 0.938 0.595
WBATE -0.001 0.031 0.031 0.946 0.121
LBATE 0.172 0.067 0.185 0.972 0.623

Table SA-71: Intention-to-Treat Effects (Simulations, Linear Heteroskedastic, Unknown-Kink Bandwidth,
Fuzzy Bandwidth Selector).
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by 18.343 18.343 1960 3818 -0.002 0.049 0.049 0.957 0.327
bo 18.051 18.051 1977 3719 -0.002 0.049 0.049 0.959 0.326
bs 17.855 17.855 2018 3608 -0.002 0.049 0.049 0.957 0.325
by 17785 17.785 2090 3485 -0.001 0.049 0.049 0.956 0.323
bs 17710 17.710 2166 3313 0.001 0.050 0.050 0.956 0.323
bg 17.660 17.660 2243 3107  0.003 0.050 0.050 0.957 0.322
b~ 17.157 17157 2217 2745 0.004 0.052 0.052 0.953 0.331
bs 16.803 16.803 2205 2415 0.005 0.052 0.053 0.959 0.340
by 16.462 16.462 2176 2085 0.005 0.054 0.055 0.952 0.351
bio 16.219 16.219 2146 1778 0.002 0.055 0.055 0.951 0.357
b1 16.492 16.492 2191 1581 -0.000 0.054 0.054 0.950 0.361
b1 16.520 16.520 2200 1947 -0.005 0.054 0.054 0.954 0.361
bis 17.243 17.243 2302 2481 -0.009 0.055 0.056 0.956 0.353
bis 17.877 17.877 2349 2999 -0.009 0.056 0.057 0.955 0.346
bis 18.466 18.466 2354 3483 -0.006 0.058 0.058 0.951 0.346
bis 18.673 18.673 2263 3788 -0.002 0.058 0.058 0.955 0.355
b7 18.855 18.855 2164 3992 0.002 0.058 0.058 0.961 0.365
bis 19.160 19.160 2095 4145 0.003 0.061 0.061 0.959 0.377
big 19.705 19.705 2067 4290 0.003 0.062 0.062 0.954 0.387
boo 20.543 20.543 2067 4467 0.004 0.062 0.063 0.954 0.397
b 21.462 21.462 2050 4606 0.004 0.065 0.065 0.960 0.409
Uniform 0.947 0.531
WBATE -0.000 0.023 0.023 0941 0.120
LBATE 0.080 0.050 0.095 0.976 0.617

Table SA-72: Intention-to-Treat Effects (Simulations, Linear Heteroskedastic, rdrobust Bandwidth, Fuzzy
Bandwidth Selector).
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b; 17.240 17.240 1807 3381 -0.002 0.037 0.037 0.947 0.272
bo 16.756 16.756 1775 3231 -0.002 0.038 0.038 0.948 0.277
bs 16.586 16.586 1790 3156 -0.001 0.038 0.038 0.956 0.279
by 16.714 16.714 1873 3125 0.001 0.039 0.039 0.954 0.277
bs 17.111  17.111 2036 3110  0.007 0.040 0.040 0.952 0.271
bg 17.598 17.598 2226 3064 0.014 0.039 0.042 0.952 0.266
b~ 18.024 18.024 2395 2954 0.020 0.038 0.043 0946 0.263
bs 18.133 18.133 2479 2728 0.021 0.037 0.042 0.946 0.266
by 18.233 18.233 2535 2481 0.017 0.037 0.041 0946 0.271
bio 18.423 18.423 2578 2245 0.009 0.039 0.040 0.951 0.281
b1 20.110 20.110 2855 2358 -0.001 0.039 0.039 0.953 0.296
bi2 18.393 18.393 2574 2351 -0.008 0.038 0.039 0.952 0.275
b3 18.366 18.366 2537 2735 -0.015 0.037 0.040 0.949 0.262
by 18.343 18.343 2448 3092 -0.017 0.037 0.041 0.947 0.256
bis 17.668 17.668 2187 3205 -0.012 0.038 0.040 0.952 0.262
bis 16.748 16.748 1880 3135 -0.004 0.039 0.039 0.951 0.274
b7 16.162 16.162 1707 3017 -0.002 0.038 0.038 0.952 0.284
bis 16.176  16.176 1668 2995 -0.001 0.038 0.038 0.950 0.285
big 16.736 16.736 1694 3114 -0.001 0.038 0.038 0.941 0.281
bao 17.551 17.551 1727 3273 -0.003 0.038 0.038 0941 0.274
b 18.491 18491 1744 3422 -0.005 0.037 0.038 0.948 0.269
Uniform 0.946 0.412
WBATE 0.001 0.018 0.018 0.951 0.097
LBATE 0.032 0.029 0.043 0.990 0.424

Table SA-73: Intention-to-Treat Effects (Simulations, Quadratic Homoskedastic, Smooth-Boundary Band-
width, Fuzzy Bandwidth Selector).
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b; 17.072 17.072 1783 3314 -0.001 0.037 0.037 0947 0.274
bo 16.314 16.314 1705 3064 -0.001 0.038 0.038 0.948 0.282
bs 15.415 15415 1589 2746 -0.001 0.040 0.040 0.954 0.296
by 13.947 13.947 1374 2243 -0.000 0.043 0.043 0948 0.325
bs 12.000 12.000 1080 1642  0.000 0.050 0.050 0.950 0.377
bg 10.000 10.000 787 1114  0.000 0.060 0.060 0.950 0.453
b7 8.292 8292 559 737 -0.000 0.075 0.075 0.939 0.551
bs 7.946 7946 537 620 0.003 0.080 0.080 0.942 0.590
by 7.988 7988 582 533 0.009 0.081 0.081 0.939 0.599
b1 8.071  8.071 636 435 0.008 0.082 0.083 0.941 0.617
b1 8.811 8811 788 391 0.001  0.091 0.091 0.929 0.676
bi2 8.058  8.058 618 477 -0.004 0.081 0.082 0.943 0.606
b3 8.047  8.047 558 616 -0.001 0.078 0.078 0.946 0.580
bis 8.537 8537 590 788 0.001 0.071 0.071 0945 0.531
bis 11.200 11.200 962 1419 -0.001 0.054 0.054 0945 0.401
bis 13.954 13.954 1376 2245 -0.002 0.043 0.043 0.946 0.322
b7 15.604 15.604 1614 2816 -0.002 0.039 0.039 0.951 0.291
bis 16.095 16.095 1656 2963 -0.002 0.038 0.038 0.951 0.286
big 16.730 16.730 1693 3111 -0.001 0.038 0.038 0.941 0.281
bao 17.551 17.551 1727 3273 -0.003 0.038 0.038 0941 0.274
b 18.491 18491 1744 3422 -0.005 0.037 0.038 0.948 0.269
Uniform 0.929 0.648
WBATE -0.000 0.022 0.022 0947 0.123
LBATE 0.090 0.053 0.105 0.978 0.823

Table SA-74: Intention-to-Treat Effects (Simulations, Quadratic Homoskedastic, Kink-Adaptive Bandwidth,
Fuzzy Bandwidth Selector).
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b 7.553 7.553 489 640  0.001 0.082 0.082 0.946 0.315
bo 7.341 7.341 472 613  0.001 0.085 0.085 0.942 0.321
bs 7.267 7.267 467 605 -0.000 0.083 0.083 0.948 0.323
by 7.322 7.322 473 615 -0.001 0.083 0.083 0.948 0.321
bs 7.496 7.496 489 639 -0.000 0.081 0.081 0.950 0.315
bg 7710 7.710 505 664 -0.000 0.079 0.079 0.951 0.308
b~ 7.896 7.896 516 673 -0.001 0.080 0.080 0.947 0.304
bsg 7.944 7.944 537 620 0.003 0.080 0.080 0.943 0.307
bg 7.988 7.988 582 533  0.009 0.081 0.081 0.945 0.313
b1g 8.071 8.071 636 435 0.008 0.082 0.083 0.952 0.325
b1 8811 &8.811 788 391 0.001 0.091 0.091 0.946 0.351
b1 8.058 8.068 618 477 -0.004 0.081 0.082 0.946 0.317
b3 8.046 8.046 558 616 -0.001 0.078 0.078 0.951 0.303
big 8.036 8.036 533 702 0.001 0.076 0.076  0.947 0.295
bis 7741 7.741 515 675 -0.001 0.079 0.079 0.947 0.303
big 7.337 7.337 476 616 -0.001 0.083 0.083 0.942 0.317
b7 7.081 7.081 445 572 -0.004 0.085 0.085 0.943 0.329
b1s 7.087 7.087 438 562 -0.001 0.083 0.083 0.950 0.330
b1g 7.332 7.332 451 585  0.003 0.085 0.085 0.938 0.325
bog 7.689 7.689 468 614  0.000 0.084 0.084 0.939 0.317
bay 8.101 8&8.101 482 641 -0.002 0.079 0.079 0.947 0.311
Uniform 0.935 0.484
WBATE 0.000 0.026 0.026 0.947 0.100
LBATE 0.118 0.051 0.129 0.989 0.497

Table SA-75: Intention-to-Treat Effects (Simulations, Quadratic Homoskedastic, Unknown-Kink Bandwidth,
Fuzzy Bandwidth Selector).
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b; 16.410 16.410 1693 3079 -0.003 0.039 0.039 0.947 0.285
bo 16.047 16.047 1671 2986 -0.003 0.040 0.040 0.948 0.290
bs 15.948 15948 1694 2949 -0.003 0.041 0.041 0.956 0.292
by 16.089 16.089 1775 2937 -0.001 0.043 0.043 0.959 0.292
bs 16.495 16.495 1926 2946 0.004 0.045 0.045 0.958 0.287
bg 17.158 17.158 2138 2971  0.010 0.045 0.046 0.955 0.280
b~ 17721 17721 2326 2913  0.016 0.043 0.046 0.942 0.275
bs 18.359 18.359 2512 2837 0.018 0.041 0.044 0.941 0.270
by 18.990 18.990 2663 2730 0.014 0.039 0.042 0.944 0.268
b1 19.803 19.803 2812 2645 0.007 0.039 0.040 0.951 0.269
b1 21.462 21.462 3055 2761 -0.002 0.040 0.040 0.954 0.284
b1 19.640 19.640 2792 2714 -0.009 0.039 0.040 0.953 0.263
b3 19.005 19.005 2650 2951 -0.015 0.040 0.042 0.954 0.260
bis 18.130 18.130 2396 3075 -0.014 0.042 0.044 0.950 0.266
bis 16.883 16.883 2036 3009 -0.007 0.045 0.045 0.957 0.282
bis 15.616 15.616 1700 2794 -0.000 0.044 0.044 0.953 0.300
b7 15.047 15.047 1543 2651 0.001 0.042 0.042 0.952 0.307
bis 15.155 15.155 1525 2644 0.001 0.041 0.041 0.953 0.305
big 15.676 15.676 1553 2737 0.001 0.042 0.042 0.943 0.299
boo 16.282  16.282 1566 2825 -0.000 0.043 0.043 0945 0.295
b 16.774 16.774 1539 2833 -0.002 0.043 0.043 0.954 0.296
Uniform 0.947 0.429
WBATE 0.001 0.018 0.018 0.946 0.099
LBATE 0.038 0.033 0.051 0.991 0.461

Table SA-76: Intention-to-Treat Effects (Simulations, Quadratic Homoskedastic, rdrobust Bandwidth,
Fuzzy Bandwidth Selector).
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b; 17.687 17.687 1868 3552 -0.003 0.041 0.041 0.952 0.294
bo 17.077 17.077 1823 3350 -0.003 0.041 0.041 0.955 0.297
bs 16.696 16.696 1810 3195 -0.002 0.041 0.041 0.956 0.297
by 16.579 16.579 1851 3081 0.001 0.042 0.042 0951 0.294
bs 16.641 16.641 1943 2966 0.006 0.043 0.043 0.950 0.290
bg 16.776  16.776 2057 2824  0.014 0.042 0.044 0.951 0.286
b~ 16.861 16.861 2154 2632 0.019 0.041 0.046 0.951 0.284
bs 16.634 16.634 2170 2336  0.020 0.041 0.046 0.948 0.290
by 16.538 16.538 2193 2064 0.017 0.041 0.044 0.948 0.296
b1 16.270 16.270 2159 1750  0.009 0.042 0.043 0.951 0.304
b1 16.701 16.701 2235 1582 -0.001 0.043 0.043 0.952 0.313
b1 16.495 16.495 2199 1901 -0.009 0.043 0.044 0.954 0.308
b3 16.770 16.770 2209 2319 -0.015 0.043 0.045 0.957 0.302
by 17.120 17.120 2193 2745 -0.016 0.043 0.046 0.957 0.297
bis 16.936 16.936 2037 2983 -0.009 0.045 0.046 0.950 0.305
bis 16.613 16.613 1856 3091 -0.001 0.046 0.046 0.954 0.316
b7 16.555 16.555 1767 3158  0.001 0.046 0.046 0.948 0.326
bis 16.909 16.909 1769 3267 -0.000 0.045 0.045 0.951 0.328
big 17755 17.755 1827 3495 -0.002 0.045 0.045 0.947 0.324
bao 18.817 18.817 1881 3748 -0.004 0.045 0.046 0946 0.321
b 20.034 20.034 1917 3997 -0.006 0.045 0.046 0.951 0.319
Uniform 0.946 0.460
WBATE 0.001 0.018 0.018 0.949 0.103
LBATE 0.042 0.032 0.053 0.985 0.479

Table SA-77: Intention-to-Treat Effects (Simulations, Quadratic Heteroskedastic, Smooth-Boundary Band-
width, Fuzzy Bandwidth Selector).
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b; 17.460 17.460 1835 3461 -0.003 0.041 0.041 0.952 0.297
bo 16.507 16.507 1732 3136 -0.002 0.042 0.042 0.954 0.304
bs 15.414 15414 1590 2748 -0.001 0.043 0.043 0.953 0.317
by 13.916 13.916 1371 2234 0.000 0.047 0.047 0945 0.343
bs 11.999 11.999 1082 1642 0.001 0.053 0.053 0.939 0.392
bg 10.000 10.000 788 1113  0.002 0.062 0.062 0.940 0.466
b7 8.061  8.061 529 697  0.001 0.078 0.078 0.938 0.575
bs 7.300 7.300 450 532 0.002 0.088 0.088 0.939 0.640
by 7.245  7.245 476 447  0.009 0.090 0.090 0.938 0.657
b1 7.128  7.128 500 @ 343 0.008 0.091 0.091 0.941 0.678
b1 7317 7317 563 261 -0.000 0.094 0.094 0.930 0.701
bi2 7.227  7.227 497 390 -0.005 0.092 0.092 0.942 0.681
b3 7.348 7.348 461 524 -0.002 0.089 0.089 0.943 0.665
bis 8.409 8409 573 765 -0.001 0.078 0.078 0.942 0.583
bis 11.200 11.200 962 1418 -0.000 0.061 0.061 0.942 0.447
bis 13.919 13919 1371 2234 0.000 0.050 0.050 0.947 0.369
b7 15793 15.793 1640 2883  0.001 0.047 0.047 0946 0.338
bis 16.766 16.766 1748 3211 -0.000 0.046 0.046 0.951 0.330
big 17739  17.739 1825 3488 -0.002 0.045 0.045 0.948 0.325
bao 18.816 18.816 1881 3747 -0.004 0.045 0.046 0946 0.321
b 20.034 20.034 1917 3997 -0.006 0.045 0.046 0.951 0.319
Uniform 0.917 0.711
WBATE -0.000 0.023 0.023 0.944 0.128
LBATE 0.104 0.057 0.119 0.969 0.899

Table SA-78: Intention-to-Treat Effects (Simulations, Quadratic Heteroskedastic, Kink-Adaptive Bandwidth,
Fuzzy Bandwidth Selector).
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ho hy Nco Nty Bias SD RMSE EC IL

b 7749  7.749 513 675 -0.003 0.086 0.086 0.949 0.337
bo 7.482 7.482 490 638 -0.001 0.086 0.086 0.954 0.340
bs 7.315 7.315 474 614 -0.001 0.086 0.086 0.955 0.342
by 7.264 7.264 467 604 -0.000 0.089 0.089 0.943 0.339
bs 7.290 7.290 465 602 0.001 0.088 0.088 0.943 0.335
bg 7.350 7.350 463 600 0.001 0.086 0.086 0.948 0.331
b~ 7.387 7.387 455 589  0.000 0.086 0.086 0.951 0.330
bsg 7.287 7.287 449 530  0.002 0.088 0.088 0.948 0.336
by 7.245 7.245 476 447  0.009 0.090 0.090 0.945 0.343
big 7.128 7.128 500 343  0.008 0.091 0.091 0.948 0.352
b1y 7.317 7.317 563 261 -0.000 0.094 0.094 0.948 0.365
bio 7.227  7.227 497 390 -0.005 0.092 0.092 0.951 0.356
bis 7.347 7.347 461 523 -0.002 0.089 0.089 0.950 0.349
big 7.501 7.501 469 610 -0.000 0.088 0.088 0.952 0.343
bis 7.420 7.420 477 619  0.000 0.092 0.092 0.942 0.349
big 7.278 7.278 468 606  0.004 0.094 0.094 0.946 0.361
b17 7.253 7.253 465 601 0.004 0.097 0.097 0.942 0.370
b1s 7.408 7.408 475 617  0.000 0.096 0.096 0.945 0.372
b1g 779 7779 502 661 -0.002  0.094 0.094 0.949 0.367
bag 8.244 8244 530 710 -0.001 0.093 0.093 0.948 0.362
boy 8777 8777 556 759 -0.000 0.092 0.092 0.950 0.358
Uniform 0.933 0.535
WBATE 0.001 0.027 0.027 0.950 0.106
LBATE 0.137 0.057 0.148 0.983 0.553

Table SA-79: Intention-to-Treat Effects (Simulations, Quadratic Heteroskedastic, Unknown-Kink Band-
width, Fuzzy Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 16.600 16.600 1719 3154 -0.004 0.045 0.046 0.953 0.313
bo 16.166 16.166 1690 3035 -0.004 0.045 0.045 0.959 0.315
bs 15.882 15.882 1686 2931 -0.004 0.045 0.046 0.960 0.315
by 15.852 15.852 1738 2864 -0.002 0.047 0.047 0955 0.313
bs 16.025 16.025 1840 2807  0.003 0.049 0.049 0.952 0.308
bg 16.350 16.350 1980 2738  0.009 0.049 0.049 0.951 0.301
b~ 16.274 16.274 2037 2515 0.014 0.049 0.051 0.949 0.302
bs 16.244 16.244 2091 2279  0.016 0.048 0.051 0.947 0.304
by 16.123 16.123 2107 2009 0.014 0.047 0.049 0.951 0.311
bio 15915 15915 2087 1714 0.007 0.047 0.047 0954 0.318
b1 16.264 16.264 2148 1536 -0.002 0.047 0.047 0.955 0.329
b1 16.237 16.237 2145 1881 -0.009 0.047 0.048 0.953 0.319
b3 16.776  16.776 2209 2356 -0.013 0.047 0.049 0.960 0.308
bis 16.977 16.977 2166 2747 -0.012 0.049 0.051 0.957 0.308
bis 16.647 16.647 1996 2940 -0.005 0.053 0.053 0.956 0.321
bis 15.901 15901 1757 2891  0.003 0.052 0.052 0.958 0.340
b7 15.588 15.588 1630 2851  0.005 0.052 0.052 0.950 0.351
bis 15.786 15.786 1612 2884  0.003 0.051 0.051 0.950 0.353
big 16.349 16.349 1641 2994 0.001 0.051 0.052 0.952 0.352
bao 17.026 17.026 1658 3109  0.000 0.053 0.053 0.950 0.354
b 17.757 17.757 1651 3197  0.000 0.054 0.054 0.956 0.359
Uniform 0.943 0491
WBATE 0.001  0.020 0.020 0.947 0.106
LBATE 0.054 0.041 0.068 0.984 0.551

Table SA-80: Intention-to-Treat Effects (Simulations, Quadratic Heteroskedastic, rdrobust Bandwidth,
Fuzzy Bandwidth Selector).
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by 18.940 18.940 2038 4030 -0.001 0.028 0.028 0.947 0.214
bo 18.560 18.560 2046 3894 -0.001 0.029 0.029 0945 0.217
bs 18.341 18.341 2087 3764 -0.001 0.029 0.029 0.944 0.219
by 18.247 18.247 2164 3620 -0.001 0.030 0.030 0.945 0.220
bs 18.265 18.265 2269 3460 -0.002 0.030 0.030 0.942 0.222
bg 18.404 18.404 2394 3295 -0.002 0.030 0.030 0.944 0.223
b~ 18.492 18.492 2494 3084 -0.001 0.030 0.030 0.944 0.226
bs 18.409 18.409 2536 2801 -0.001 0.032 0.032 0.948 0.233
by 18.445 18.445 2577 2534  0.000 0.033 0.033 0945 0.241
b1 18.570 18.570 2606 2280  0.000 0.036 0.036 0.945 0.261
b1 20.183 20.183 2867 2376 -0.001 0.038 0.038 0.944 0.298
b1 18.471 18471 2589 2371 -0.004 0.035 0.035 0.945 0.251
b3 18.461 18.461 2555 2759 -0.006 0.031 0.032 0943 0.233
bis 18.567 18.567 2494 3154 -0.007 0.029 0.030 0.943 0.223
bis 18.485 18.485 2354 3449 -0.005 0.029 0.029 0.947 0.218
bis 18.323 18323 2178 3645 -0.002 0.029 0.029 0.948 0.217
b7 18.304 18.304 2048 3779 -0.001 0.029 0.029 0.947 0.217
bis 18.620 18.620 2006 3912  0.000 0.029 0.029 0945 0.214
big 19.300 19.300 2021 4091 0.001 0.028 0.028 0.948 0.209
bao 20.308 20.308 2057 4323 0.001 0.027 0.027 0945 0.202
b 21.402 21.402 2067 4519 0.002 0.026 0.026 0.949 0.197
Uniform 0.935 0.339
WBATE -0.001 0.015 0.015 0.950 0.086
LBATE 0.010 0.023 0.025 0.993 0.329

Table SA-81: First-Stage Effects (Simulations, Linear Homoskedastic, Smooth-Boundary Bandwidth, Fuzzy
Bandwidth Selector).
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b, 18.446 18.446 1967 3834 -0.001 0.029 0.029 0.947 0.218
bs 17.301 17.301 1843 3422 -0.001 0.030 0.030 0.947 0.230
bs 15.833 15.833 1650 2887 -0.001 0.033 0.033 0.943 0.249
b, 13.993 13.993 1382 2255 -0.000 0.038 0.038 0.942 0.282
bs 12.000 12.000 1081 1641 -0.001 0.044 0.044 0.940 0.331
bg 10.000 10.000 788 1113 -0.001 0.053 0.0563 0.948 0.401
b~ 8.375 8.375 570 751  -0.002 0.064 0.064 0.941 0.487
bg 8.066  8.066 554 636 -0.002 0.070 0.070  0.931 0.520
by 8.081 8.081 595 543  -0.000 0.073 0.073 0.932 0.539
b1 8.136  8.136 646 441 -0.001 0.078 0.078 0.931 0.564
b1 8.842 8.842 794 394 -0.001 0.093 0.093 0.916 0.697
bio 8.092 8.092 623 480 -0.004 0.075 0.075 0.931 0.554
b3 8.088  8.088 564 622 -0.002 0.070 0.070 0.933 0.521
b1y 8.563  8.563 593 793 -0.002 0.062 0.063 0.939 0.471
bis 11.200 11.200 961 1419 -0.000 0.047 0.047 0.936 0.353
big 13.993 13.993 1381 2257 -0.000 0.037 0.037 0.942 0.279
b1~ 16.467 16.467 1737 3117 -0.000 0.031 0.031 0.949 0.237
bis 18.090 18.090 1927 3704 0.000 0.029 0.029 0.946 0.219
b1g 19.259 19.259 2016 4074 0.001 0.028 0.028 0.948 0.209
bog 20.308 20.308 2057 4323 0.001 0.027 0.027 0.945 0.202
boy 21.402 21.402 2067 4519 0.002 0.026 0.026 0.949 0.197
Uniform 0.881 0.565
WBATE -0.001 0.019 0.019 0.951 0.111
LBATE 0.037 0.037 0.052 0.976 0.665

Table SA-82: First-Stage Effects (Simulations, Linear Homoskedastic, Kink-Adaptive Bandwidth, Fuzzy
Bandwidth Selector).

152



ho hy Nco Nty Bias SD RMSE EC IL

b 8.298 8.298 578 774 -0.001 0.066 0.066 0.948 0.253
bo 8.131 &8.131 566 754 -0.001 0.066 0.066 0.944 0.256
bs 8.035 8.035 559 741 -0.001 0.067 0.067 0.940 0.258
by 7.994 7.994 553 733 0.000 0.068 0.068 0.938 0.259
bs 8.002 &8.002 549 726 -0.000 0.068 0.068 0.942 0.259
bg 8.063 8.063 546 723 -0.002 0.066 0.066 0.947 0.259
b~ 8.101 &8.101 540 706 -0.003 0.066 0.066 0.949 0.261
bg 8.065 8.065 554 636 -0.002 0.070 0.070 0.943 0.270
bg 8.081 &8.081 595 543 -0.000 0.073 0.073 0.942 0.280
big 8.136 8.136 646 441 -0.001 0.078 0.078 0.942 0.302
b1 8.842 8842 794 394 -0.001 0.093 0.093 0.940 0.359
b1 8.092 8.092 623 480 -0.004 0.075 0.075 0.941 0.290
b3 8.088 8.088 564 622 -0.002 0.070 0.070 0.946 0.270
b4 8.134 8.134 544 719 -0.002 0.067 0.067 0.940 0.258
b1s 8.098 8.098 556 739 -0.000 0.067 0.067 0.939 0.254
big 8.028 8.028 556 738  0.000 0.066 0.066 0.944 0.255
b17 8.019 8.019 555 737 -0.000 0.065 0.065 0.948 0.255
b1s 8.157 &8.157 562 751 -0.002 0.066 0.066 0.940 0.252
b1g 8.456 8.456 580 782 -0.002 0.064 0.064 0.946 0.246
bog 8.897 8.897 604 827 -0.001 0.062 0.062 0.947 0.239
boy 9.376 9.376 621 865 0.000 0.061 0.061 0.943 0.233
Uniform 0.920 0.404
WBATE -0.001 0.022 0.022 0.956 0.088
LBATE 0.071 0.042 0.083 0.989 0.394

Table SA-83: First-Stage Effects (Simulations, Linear Homoskedastic, Unknown-Kink Bandwidth, Fuzzy
Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 18.446 18.446 1976 3846 -0.001 0.029 0.029 0.946 0.222
bo 18.337 18337 2020 3819 -0.001 0.030 0.030 0.945 0.222
bs 18.348 18.348 2101 3775 -0.001 0.030 0.030 0.946 0.223
by 18.488 18.488 2219 3716 -0.001 0.030 0.030 0.945 0.222
bs 18.737 18.737 2365 3637 -0.002 0.030 0.030 0.944 0.222
bg 18.966 18.966 2501 3501 -0.002 0.030 0.030 0.945 0.222
b7 19.098 19.098 2604 3300 -0.001 0.031 0.031 0.946 0.225
bs 19.288 19.288 2695 3089 -0.000 0.032 0.032 0.947 0.228
by 19.613 19.613 2782 2892  0.000 0.032 0.032 0945 0.233
b1 20.205 20.205 2884 2747  0.000 0.034 0.034 0.942 0.247
b1 21.806 21.806 3110 2852 -0.001 0.037 0.037 0.943 0.282
b1 19.941 19.941 2845 2797 -0.004 0.033 0.034 0.947 0.239
b3 19.520 19.520 2749 3093 -0.006 0.031 0.031 0.941 0.226
bis 19.298 19.298 2631 3407 -0.007 0.029 0.030 0.943 0.220
bis 19.009 19.009 2456 3648 -0.005 0.030 0.030 0.944 0.219
bis 18.515 18.515 2227 3730 -0.003 0.030 0.030 0.947 0.221
b7 18.115 18.115 2033 3722 -0.001 0.030 0.030 0.951 0.224
bis 18.047 18.047 1931 3705 -0.000 0.030 0.030 0.943 0.223
big 18.280 18.280 1892 3705 0.000 0.030 0.030 0.947 0.222
bao 18.825 18.825 1878 3762 0.001 0.029 0.029 0945 0.220
b 19.374 19.374 1839 3766  0.002 0.029 0.030 0.946 0.220
Uniform 0.930 0.341
WBATE -0.002 0.015 0.015 0.950 0.086
LBATE 0.012 0.025 0.028 0.992 0.350

Table SA-84: First-Stage Effects (Simulations, Linear Homoskedastic, rdrobust Bandwidth, Fuzzy Band-
width Selector).
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b; 19.488 19.488 2114 4244 -0.001 0.027 0.027  0.949 0.208
bo 18.846 18.846 2089 4002 -0.001 0.028 0.028 0.949 0.213
bs 18.345 18.345 2087 3766 -0.001 0.029 0.029 0.950 0.218
by 17972 17972 2110 3530 -0.001 0.030 0.030 0.951 0.223
bs 17.684 17.684 2151 3279 -0.001 0.031 0.031 0.948 0.228
bg 17.475 17475 2202 3021 -0.001 0.031 0.032 0943 0.234
b~ 17.293 17.293 2244 2747 -0.001 0.033 0.033 0945 0.242
bs 16.916 16.916 2229 2406 -0.001 0.035 0.035 0.943 0.253
by 16.732  16.732 2233 2109 0.000 0.037 0.037 0.944 0.265
bio 16.448 16.448 2194 1787  0.000 0.041 0.041 0.939 0.293
b1 16.857 16.857 2265 1614 -0.000 0.048 0.048 0.941 0.360
b1 16.613 16.613 2223 1927 -0.004 0.039 0.039 0.942 0.277
b3 16.893 16.893 2234 2351 -0.005 0.034 0.034 0945 0.254
bis 17.334 17334 2239 2803 -0.005 0.032 0.032 0946 0.238
bis 17.565 17.565 2165 3168 -0.004 0.031 0.031 0941 0.229
bis 17.929 17929 2101 3515 -0.001 0.030 0.030 0.939 0.221
b7 18.505 18.505 2078 3852  0.000 0.029 0.029 0944 0.213
bis 19.329 19.329 2103 4188 0.001 0.028 0.028 0.947 0.205
big 20.492 20.492 2167 4569 0.002 0.026 0.026 0.949 0.196
boo 21.968 21.968 2239 4998  0.003 0.025 0.025 0.946 0.186
b 23.598 23.598 2285 5410 0.004 0.024 0.024 0945 0.178
Uniform 0.927  0.353
WBATE -0.001 0.016 0.016 0.948 0.088
LBATE 0.011 0.022 0.024 0.993 0.347

Table SA-85: First-Stage Effects (Simulations, Linear Heteroskedastic, Smooth-Boundary Bandwidth, Fuzzy
Bandwidth Selector).
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by 18.811 18.811 2015 3976 -0.001 0.028 0.028 0.950 0.214
bo 17441 17441 1863 3475 -0.001 0.030 0.030 0.951 0.228
bs 15.849 15.849 1652 2894 -0.000 0.032 0.032 0.953 0.249
by 13.990 13.990 1381 2255 -0.000 0.037 0.037 0.946 0.282
bs 12.000 12.000 1081 1641 -0.000 0.043 0.043 0945 0.331
bg 10.000 10.000 788 1112 -0.001 0.052 0.052 0941 0.401
b7 8.099 8.099 534 703 -0.000 0.067 0.066 0.940 0.503
bs 7421 7421 465 547  0.000 0.075 0.075 0.933 0.566
by 7330  7.330 487 456 -0.002 0.079 0.079  0.935 0.592
b1 7206 7.206 510 349 -0.002 0.088 0.088 0.922 0.637
b1 7385 7.38 572 266 -0.001 0.115 0.115 0.904 0.834
bi2 7278 7278 504 395 -0.003 0.083 0.083 0.926 0.614
b3 7402 7402 469 531 -0.000 0.075 0.075 0.934 0.568
by 8.414  8.414 574 766 0.001 0.063 0.063 0.934 0.478
bis 11.200 11.200 962 1419  0.000 0.047 0.047 0.940 0.353
bis 13.989 13.989 1381 2256  0.000 0.037 0.037 0.941 0.279
b7 16.557 16.557 1750 3151  0.001 0.032 0.032  0.939 0.236
bis 18.615 18.615 1998 3908 0.001 0.028 0.028 0.946 0.212
big 20.332 20.332 2147 4503  0.002 0.026 0.026 0.949 0.197
boo 21.947 21.947 2236 4989 0.003 0.025 0.025 0.946 0.186
b 23.593 23.593 2284 5408 0.004 0.024 0.024 0945 0.178
Uniform 0.867 0.592
WBATE 0.000  0.020 0.020 0945 0.114
LBATE 0.046 0.045 0.064 0.970 0.759

Table SA-86: First-Stage Effects (Simulations, Linear Heteroskedastic, Kink-Adaptive Bandwidth, Fuzzy
Bandwidth Selector).

156



ho h1 Nco Nty Bias SD RMSE EC IL

b1 8.538 8.538 607 820 -0.001 0.063 0.063 0.950 0.245
b, 8.257  8.257 582 778 -0.000 0.064 0.064 0.951 0.252
bs 8.037  8.037 559 741 0.000 0.067 0.067 0.946 0.257
by 7.874 7.874 538 709 -0.000 0.069 0.069 0.943 0.262
bs 7.747 7.747 518 679 -0.001 0.069 0.069 0.945 0.268
bg 7.656 7.656 498 650 -0.001 0.070 0.070 0.946 0.273
b~ 7.576 7.576 477 618 -0.000 0.072 0.072 0.941 0.280
bg 7.411 7.411 465 546 0.000 0.075 0.075 0.947 0.293
by 7.330 7.330 487 456 -0.002 0.079 0.079 0.944 0.308
b1g 7.206 7.206 510 349 -0.002 0.088 0.088 0.936 0.338
b1y 7.385 7.385 572 266 -0.001 0.115 0.115 0.929 0.434
bio 7.278 7.278 504 395 -0.003 0.083 0.083 0.944 0.321
b3 7.401 7.401 468 530 -0.000 0.075 0.075 0.945 0.295
b1y 7.594 7.594 480 625 0.001 0.071 0.071 0.943 0.276
bis 7.695 7.695 508 665 -0.000 0.070 0.070 0.942 0.268
big 7.855 7.855 536 705 0.001 0.067 0.067 0.943 0.260
b7 8.107 8.107 566 752 0.002 0.066 0.066 0.943 0.251
bis 8.468 8.468 601 809 0.000 0.063 0.063 0.944 0.242
b1g 8.978 8.978 644 883 0.000 0.059 0.059 0.948 0.231
bog 9.624 9.624 692 970 0.002 0.057 0.057 0.944 0.220
boy 10.338 10.338 734 1056  0.002 0.055 0.055 0.940 0.210
Uniform 0.909 0.420
WBATE -0.000 0.023 0.023 0.949 0.090
LBATE 0.076  0.045 0.088 0.984 0.420

Table SA-87: First-Stage Effects (Simulations, Linear Heteroskedastic, Unknown-Kink Bandwidth, Fuzzy
Bandwidth Selector).
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by 18.343 18.343 1960 3818 -0.001 0.029 0.029 0.947 0.224
bo 18.051 18.051 1977 3719 -0.001 0.030 0.030 0.950 0.227
bs 17.855 17.855 2018 3608 -0.001 0.031 0.031 0.948 0.229
by 17785 17.785 2090 3485 -0.001 0.031 0.031 0.947 0.231
bs 17710 17.710 2166 3313 -0.001 0.032 0.032 0948 0.234
bg 17.660 17.660 2243 3107 -0.002 0.032 0.033 0.942 0.238
b~ 17.157 17157 2217 2745 -0.001 0.034 0.034 0.943 0.250
bs 16.803 16.803 2205 2415 -0.001 0.036 0.036 0.945 0.262
by 16.462 16.462 2176 2085 -0.000 0.039 0.039 0.944 0.277
bio 16.219 16.219 2146 1778  0.000 0.043 0.043 0.936 0.304
b1 16.492 16.492 2191 1581 -0.001 0.051 0.051 0.940 0.379
b1 16.520 16.520 2200 1947 -0.004 0.040 0.040 0.942 0.285
bis 17.243 17.243 2302 2481 -0.006 0.035 0.035 0.945 0.256
bis 17.877 17.877 2349 2999 -0.005 0.032 0.033 0945 0.238
bis 18.466 18.466 2354 3483 -0.004 0.031 0.031 0.939 0.226
bis 18.673 18.673 2263 3788 -0.002 0.031 0.031 0.939 0.220
b7 18.855 18.855 2164 3992 -0.000 0.030 0.030 0.941 0.217
bis 19.160 19.160 2095 4145 0.001 0.029 0.029 0945 0.213
big 19.705 19.705 2067 4290  0.002 0.028 0.028 0.948 0.210
bao 20.543 20.543 2067 4467  0.003 0.027 0.027 0945 0.205
b 21.462 21.462 2050 4606 0.004 0.028 0.028 0.947 0.202
Uniform 0.923 0.367
WBATE -0.001 0.016 0.016 0.946 0.089
LBATE 0.014 0.025 0.029 0.992 0.383

Table SA-88: First-Stage Effects (Simulations, Linear Heteroskedastic, rdrobust Bandwidth, Fuzzy Band-
width Selector).
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b, 17.240 17.240 1807 3381 -0.003 0.031 0.031 0.947 0.235
b, 16.756 16.756 1775 3231 -0.003 0.032 0.032 0.951 0.240
bs 16.586 16.586 1790 3156 -0.003 0.032 0.032 0.947 0.242
b4 16.714 16.714 1873 3125 -0.002 0.032 0.032 0.946 0.241
bs 17.111 17.111 2036 3110 0.001 0.032 0.032 0.947 0.237
bg 17.598 17.598 2226 3064 0.004 0.031 0.032 0.945 0.233
b; 18.024 18.024 2395 2954 0.006 0.031 0.032 0.948 0.232
bg 18.133 18.133 2479 2728 0.007 0.032 0.032 0.946 0.235
by 18.233 18.233 2535 2481 0.005 0.033 0.034 0.945 0.242
b1 18.423 18.423 2578 2245 0.001 0.036 0.036  0.949 0.260
b1 20.110 20.110 2855 2358 -0.005 0.038 0.039 0.948 0.296
bio 18.393 18.393 2574 2351 -0.007 0.035 0.035 0.947 0.248
b3 18.366 18.366 2537 2735 -0.007 0.031 0.032 0.944 0.231
b1 18.343 18.343 2448 3092 -0.006 0.030 0.031 0.937 0.223
bis 17.668 17.668 2187 3205 -0.004 0.030 0.030 0.947 0.226
big 16.748 16.748 1880 3135 -0.002 0.031 0.031 0.943 0.234
b1~ 16.162 16.162 1707 3017 -0.002 0.032 0.032 0.946 0.242
bis 16.176 16.176 1668 2995 -0.001 0.032 0.032 0.945 0.242
b1g 16.736 16.736 1694 3114 -0.001 0.031 0.031 0.944 0.237
bsg 17.551 17.551 1727 3273 -0.001 0.030 0.030 0.950 0.231
bo1 18.491 18.491 1744 3422 -0.001 0.030 0.030 0.948 0.226
Uniform 0.926 0.360
WBATE -0.001 0.015 0.016 0.948 0.088
LBATE 0.016 0.025 0.030 0.986 0.357

Table SA-89: First-Stage Effects (Simulations, Quadratic Homoskedastic, Smooth-Boundary Bandwidth,
Fuzzy Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 17.072 17.072 1783 3314 -0.003 0.031 0.031 0.947 0.237
bo 16.314 16.314 1705 3064 -0.003 0.032 0.032 0951 0.245
bs 15.415 15415 1589 2746 -0.002 0.034 0.034 0.947 0.257
by 13.947 13.947 1374 2243 -0.002 0.037 0.037 0943 0.284
bs 12.000 12.000 1080 1642 -0.001 0.044 0.044 0.942 0.331
bg 10.000 10.000 787 1114 -0.000 0.053 0.053 0.943 0.400
b7 8.292 8292 559 737 -0.000 0.066 0.065 0.935 0.489
bs 7.946 7946 537 620 0.001  0.070 0.070  0.934 0.526
by 7.988 7988 582 533 0.003 0.072 0.072 0.928 0.540
b1 8.071  8.071 636 435 0.003 0.076 0.077 0931 0.563
b1 8.811 8811 788 391 -0.002 0.091 0.091 0915 0.691
bi2 8.058  8.058 618 477 -0.002 0.073 0.073 0.932 0.548
b3 8.047  8.047 558 616 -0.000 0.069 0.069 0.930 0.514
bis 8.537 8537 590 788 0.000 0.062 0.062 0.934 0.465
bis 11.200 11.200 962 1419 -0.001 0.046 0.046 0.945 0.348
bis 13.954 13.954 1376 2245 -0.002 0.037 0.037 0.939 0.276
b7 15.604 15.604 1614 2816 -0.002 0.033 0.033 0.944 0.248
bis 16.095 16.095 1656 2963 -0.001 0.032 0.032 0945 0.243
big 16.730 16.730 1693 3111 -0.001 0.031 0.031 0.944 0.237
bao 17.551 17.551 1727 3273 -0.001 0.030 0.030 0.950 0.231
b 18.491 18491 1744 3422 -0.001 0.030 0.030 0.948 0.226
Uniform 0.879 0.576
WBATE -0.001  0.019 0.019 0.948 0.112
LBATE 0.047 0.040 0.062 0.962 0.675

Table SA-90: First-Stage Effects (Simulations, Quadratic Homoskedastic, Kink-Adaptive Bandwidth, Fuzzy
Bandwidth Selector).
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b 7.553 7.553 489 640  0.001 0.072 0.072 0.942 0.279
bo 7.341 7.341 472 613  0.001 0.074 0.074 0.944 0.284
bs 7.267 7.267 467 605 0.000 0.074 0.074 0.941 0.286
by 7.322 7.322 473 615 -0.001 0.073 0.073 0.946 0.284
bs 7.496 7.496 489 639 0.000 0.072 0.072 0.943 0.278
bg 7710 7.710 505 664 -0.000 0.070 0.070 0.944 0.271
b~ 7.896 7.896 516 673 -0.000 0.070 0.070 0.943 0.267
bsg 7.944 7.944 537 620 0.001 0.070 0.070 0.942 0.273
bg 7.988 7.988 582 533  0.003 0.072 0.072 0.945 0.281
b1g 8.071 8.071 636 435 0.003 0.076 0.077 0.946 0.301
b1 8811 8811 788 391 -0.002 0.091 0.091 0.939 0.356
b1 8.058 8.068 618 477 -0.002 0.073 0.073 0.949 0.287
b3 8.046 8.046 558 616 -0.000 0.069 0.069 0.943 0.268
big 8.036 8.036 533 702 0.000 0.067 0.067 0.940 0.257
bis 7741 7.741 515 675 -0.001 0.068 0.068 0.947 0.264
big 7.337 7.337 476 616 -0.001 0.073 0.073 0.937 0.276
b17 7.081 7.081 445 572 -0.001 0.074 0.074 0.941 0.285
b1s 7.087 7.087 438 562  0.001 0.075 0.075 0.938 0.286
b1g 7.332 7.332 451 585  0.002 0.072 0.072 0.942 0.280
bog 7.689 7.689 468 614  0.000 0.071 0.071 0.943 0.273
bay 8.101 8&8.101 482 641 -0.001 0.069 0.069 0.944 0.267
Uniform 0.909 0.429
WBATE 0.000 0.023 0.023 0.946 0.090
LBATE 0.088 0.046 0.099 0.980 0.419

Table SA-91: First-Stage Effects (Simulations, Quadratic Homoskedastic, Unknown-Kink Bandwidth, Fuzzy
Bandwidth Selector).
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b; 16.410 16.410 1693 3079 -0.003 0.033 0.033 0.945 0.248
bo 16.047 16.047 1671 2986 -0.003 0.033 0.034 0.950 0.253
bs 15.948 15948 1694 2949 -0.002 0.034 0.034 0945 0.255
by 16.089 16.089 1775 2937 -0.001 0.034 0.034 0947 0.255
bs 16.495 16.495 1926 2946 0.001 0.034 0.034 0.946 0.252
bg 17.158 17.158 2138 2971  0.003 0.034 0.034 0.947 0.246
b~ 17721 17721 2326 2913  0.005 0.033 0.034 0945 0.242
bs 18.359 18.359 2512 2837  0.006 0.033 0.033 0.947 0.239
by 18.990 18.990 2663 2730 0.005 0.033 0.033 0945 0.239
b1 19.803 19.803 2812 2645 0.000 0.035 0.035 0.947 0.249
b1 21.462 21.462 3055 2761 -0.006 0.037 0.038 0.944 0.284
b1 19.640 19.640 2792 2714 -0.008 0.033 0.034 0.948 0.239
b3 19.005 19.005 2650 2951 -0.008 0.031 0.032 0.944 0.229
bis 18.130 18.130 2396 3075 -0.006 0.032 0.032 0.937 0.232
bis 16.883 16.883 2036 3009 -0.004 0.033 0.033 0946 0.244
bis 15.616 15.616 1700 2794 -0.002 0.035 0.035 0.940 0.258
b7 15.047 15.047 1543 2651 -0.002 0.035 0.035 0.944 0.263
bis 15.155 15.155 1525 2644 -0.001 0.034 0.034 0.941 0.260
big 15.676 15.676 1553 2737 -0.001 0.033 0.033 0.944 0.254
boo 16.282  16.282 1566 2825 -0.001 0.033 0.033 0.946 0.250
b 16.774 16.774 1539 2833 -0.001 0.033 0.033 0.947 0.250
Uniform 0.927  0.376
WBATE -0.001 0.016 0.016 0.947 0.090
LBATE 0.020 0.027 0.033 0.987 0.387

Table SA-92: First-Stage Effects (Simulations, Quadratic Homoskedastic, rdrobust Bandwidth, Fuzzy Band-
width Selector).
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b; 17.687 17.687 1868 3552 -0.004 0.030 0.030 0.950 0.230
bo 17.077 17.077 1823 3350 -0.004 0.031 0.031 0.947 0.236
bs 16.696 16.696 1810 3195 -0.003 0.031 0.031 0.950 0.241
by 16.579 16.579 1851 3081 -0.002 0.032 0.032 0946 0.243
bs 16.641 16.641 1943 2966 0.001 0.032 0.032 0943 0.243
bg 16.776  16.776 2057 2824  0.003 0.032 0.032 0944 0.244
b~ 16.861 16.861 2154 2632 0.006 0.032 0.033 0.949 0.247
bs 16.634 16.634 2170 2336  0.007 0.034 0.034 0.944 0.256
by 16.538 16.538 2193 2064 0.006 0.036 0.037 0.938 0.266
b1 16.270 16.270 2159 1750  0.002 0.041 0.041 0.944 0.292
b1 16.701 16.701 2235 1582 -0.003 0.047 0.047 0.945 0.360
b1 16.495 16.495 2199 1901 -0.006 0.038 0.039 0945 0.275
b3 16.770 16.770 2209 2319 -0.006 0.033 0.034 0.947 0.253
by 17.120 17.120 2193 2745 -0.005 0.031 0.032 0.950 0.238
bis 16.936 16.936 2037 2983 -0.004 0.031 0.031 0945 0.235
bis 16.613 16.613 1856 3091 -0.003 0.031 0.031 0.947 0.236
b7 16.555 16.555 1767 3158 -0.002 0.031 0.031 0.952 0.236
bis 16.909 16.909 1769 3267 -0.002 0.030 0.030 0.949 0.232
big 17755 17.755 1827 3495 -0.002 0.029 0.029 0949 0.224
bao 18.817 18.817 1881 3748 -0.002 0.029 0.029 0.940 0.216
b 20.034 20.034 1917 3997 -0.001 0.027 0.027 0.945 0.209
Uniform 0.933 0.374
WBATE -0.001 0.016 0.016 0.949 0.090
LBATE 0.015 0.024 0.029 0.990 0.375

Table SA-93: First-Stage Effects (Simulations, Quadratic Heteroskedastic, Smooth-Boundary Bandwidth,
Fuzzy Bandwidth Selector).
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b, 17.460 17.460 1835 3461 -0.004 0.030 0.031 0.951 0.232
b, 16.507 16.507 1732 3136 -0.004 0.031 0.032 0.948 0.242
bs 15.414 15.414 1590 2748 -0.003 0.033 0.033 0.952 0.257
b4 13.916 13.916 1371 2234 -0.002 0.037 0.037 0.946 0.284
bs 11.999 11.999 1082 1642 -0.000 0.043 0.043 0.943 0.331
bg 10.000 10.000 788 1113 0.001 0.053 0.053 0.939 0.400
b~ 8.061 8.061 529 697 0.001 0.067 0.067 0.934 0.501
bg 7.300 7.300 450 532 0.002 0.078 0.078 0.921 0.569
bo 7.245 7.245 476 447 0.006 0.082 0.082 0.922 0.593
b1 7.128 7.128 500 343 0.005 0.088 0.088 0.922 0.633
b1 7.317  7.317 563 261 -0.001 0.112 0.112 0.902 0.832
bis 7.227  7.227 497 390 -0.002 0.083 0.083 0.921 0.609
b3 7.348 7.348 461 524 0.000 0.075 0.075 0.927 0.562
b1y 8.409  8.409 573 765 -0.000 0.062 0.062 0.932 0.472
bis 11.200 11.200 962 1418 -0.001 0.046 0.046 0.936 0.348
big 13.919 13.919 1371 2234 -0.001 0.036 0.036 0.943 0.277
b7 15.793 15.793 1640 2883 -0.002 0.032 0.032 0.951 0.245
bis 16.766 16.766 1748 3211 -0.002 0.030 0.030 0.949 0.234
b1g 17.739 17.739 1825 3488 -0.002 0.029 0.029 0.949 0.225
bsg 18.816 18.816 1881 3747 -0.002 0.029 0.029 0.940 0.216
bo1 20.034 20.034 1917 3997 -0.001 0.027 0.027 0.945 0.209
Uniform 0.862 0.603
WBATE -0.000 0.020 0.020 0.941 0.115
LBATE 0.058 0.049 0.076  0.959 0.769

Table SA-94: First-Stage Effects (Simulations, Quadratic Heteroskedastic, Kink-Adaptive Bandwidth, Fuzzy
Bandwidth Selector).
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b 7.749 7.749 513 675 -0.002 0.071 0.071 0.941 0.272
bo 7.482 7.482 490 638 -0.002 0.072 0.072 0.946 0.280
bs 7.315 7.315 474 614 -0.001 0.072 0.072 0.950 0.285
by 7.264 7.264 467 604 -0.000 0.074 0.074 0.944 0.286
bs 7.290 7.290 465 602 0.002 0.074 0.074 0.944 0.286
bg 7.350 7.350 463 600 0.002 0.073 0.073 0.944 0.285
b~ 7.387 7.387 455 589  0.001 0.074 0.074 0.944 0.286
bg 7.287 7.287 449 530  0.002 0.078 0.078 0.932 0.296
bg 7.245 7.245 476 447  0.006 0.082 0.082 0.937 0.309
big 7.128 7.128 500 343  0.005 0.088 0.088 0.934 0.337
b1y 7.317 7.317 563 261 -0.001 0.112 0.112 0.938 0.432
bio 7.227 7.227 497 390 -0.002 0.083 0.083 0.941 0.318
b3 7.347 7.347 461 523  0.000 0.075 0.075 0.942 0.292
b1y 7.501 7.501 469 610 0.000 0.071 0.071 0.947 0.276
bis 7.420 7.420 477 619 0.001 0.072 0.072 0.938 0.275
big 7.278  7.278 468 606  0.002 0.072 0.072 0.938 0.278
b17 7.253 7.253 465 601 -0.001 0.072 0.072 0.948 0.279
b1s 7.408 7.408 475 617 -0.002 0.070 0.070 0.947 0.275
b1g 7079 7779 502 661 -0.001 0.068 0.068 0.945 0.265
bag 8.244 8.244 530 710 -0.001 0.067 0.067 0.943 0.255
boy 8777 8777 556 759 -0.001 0.064 0.064 0.945 0.246
Uniform 0.905 0.445
WBATE 0.000 0.024 0.024 0.948 0.092
LBATE 0.091 0.048 0.103 0.977 0.444

Table SA-95: First-Stage Effects (Simulations, Quadratic Heteroskedastic, Unknown-Kink Bandwidth, Fuzzy
Bandwidth Selector).
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by 16.600 16.600 1719 3154 -0.004 0.032 0.033 0.950 0.246
bo 16.166 16.166 1690 3035 -0.003 0.033 0.033 0.946 0.252
bs 15.882 15.882 1686 2931 -0.003 0.034 0.034 0.953 0.257
by 15.852  15.852 1738 2864 -0.001 0.035 0.035 0.949 0.260
bs 16.025 16.025 1840 2807  0.000 0.035 0.035 0.944 0.260
bg 16.350 16.350 1980 2738  0.003 0.035 0.035 0.945 0.258
b~ 16.274 16.274 2037 2515 0.006 0.035 0.036 0.949 0.263
bs 16.244 16.244 2091 2279  0.007 0.037 0.037 0.943 0.270
by 16.123 16.123 2107 2009  0.006 0.038 0.039 0.940 0.280
bio 15915 15915 2087 1714 0.002 0.042 0.042 0.940 0.305
b1 16.264 16.264 2148 1536 -0.003 0.050 0.050 0.942 0.380
b1 16.237 16.237 2145 1881 -0.006 0.040 0.040 0.944 0.286
b3 16.776  16.776 2209 2356 -0.006 0.035 0.035 0.944 0.258
bis 16.977 16.977 2166 2747 -0.006 0.033 0.033 0.946 0.248
bis 16.647 16.647 1996 2940 -0.004 0.033 0.034 0.944 0.249
bis 15.901 15901 1757 2891 -0.002 0.034 0.034 0.942 0.256
b7 15.588 15.588 1630 2851 -0.002 0.034 0.034 0.950 0.257
bis 15.786 15.786 1612 2884 -0.002 0.033 0.033 0.947 0.252
big 16.349 16.349 1641 2994 -0.002 0.032 0.032  0.949 0.246
bao 17.026 17.026 1658 3109 -0.002 0.032 0.032 0941 0.241
b 17.757 17.757 1651 3197 -0.001 0.032 0.032 0.945 0.239
Uniform 0.927 0.401
WBATE -0.001 0.016 0.016 0.947 0.093
LBATE 0.021 0.027 0.034 0.987 0.420

Table SA-96: First-Stage Effects (Simulations, Quadratic Heteroskedastic, rdrobust Bandwidth, Fuzzy
Bandwidth Selector).
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by 18.940 18.940 2038 4030 0.002 0.056 0.056 0.958 0.408
bo 18.560 18.560 2046 3894  0.002 0.057 0.057 0.960 0.412
bs 18.341 18.341 2087 3764 0.003 0.058 0.058 0.959 0.414
by 18.247 18.247 2164 3620 0.005 0.060 0.060 0.960 0.415
bs 18.265 18.265 2269 3460  0.009 0.060 0.060 0.962 0.414
bg 18.404 18.404 2394 3295 0.013 0.059 0.060 0.959 0414
b~ 18.492 18.492 2494 3084 0.016 0.059 0.061 0.958 0.418
bs 18.409 18.409 2536 2801 0.015 0.060 0.062 0.956 0.427
by 18.445 18.445 2577 2534 0.012 0.061 0.062 0.958 0.435
b1 18.570 18.570 2606 2280  0.007 0.062 0.063 0.967 0.447
b1 20.183 20.183 2867 2376 0.002 0.063 0.063 0.968 0.461
b1 18.471 18471 2589 2371 -0.005 0.061 0.062 0.962 0.437
b3 18.461 18.461 2555 2759 -0.012 0.060 0.061 0.958 0.415
bis 18.567 18.567 2494 3154 -0.013 0.057 0.059 0.956 0.394
bis 18.485 18.485 2354 3449 -0.009 0.056 0.057 0.956 0.382
bis 18.323 18323 2178 3645 -0.003 0.055 0.055 0.962 0.380
b7 18.304 18.304 2048 3779 0.001 0.052 0.052 0.963 0.378
bis 18.620 18.620 2006 3912  0.002 0.050 0.050 0.959 0.372
big 19.300 19.300 2021 4091 0.001 0.048 0.048 0.952 0.361
bao 20.308 20.308 2057 4323 -0.001 0.048 0.048 0.955 0.347
b 21.402 21.402 2067 4519 -0.003 0.047 0.047 0.954 0.336
Uniform 0.971 0.606
WBATE 0.002 0.027 0.027 0.954 0.148
LBATE 0.055 0.045 0.071 0.996 0.670

Table SA-97: Fuzzy Effects (Simulations, Linear Homoskedastic, Smooth-Boundary Bandwidth, Fuzzy Band-
width Selector).
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b1 18.446 18.446 1967 3834 0.003 0.057 0.057 0.958 0.417
b, 17.301 17.301 1843 3422 0.003 0.059 0.059 0.957  0.438
bs 15.833 15.833 1650 2887  0.003 0.063 0.063 0.954 0.474
by 13.993 13.993 1382 2255 0.003 0.070 0.070 0.958 0.535
bs 12.000 12.000 1081 1641 0.001 0.081 0.081 0.961 0.629
bg 10.000 10.000 788 1113 -0.000 0.097 0.097 0.957 0.774
b, 8.375 8.375 570 751 0.001 0.120 0.120 0.967  0.985
bg 8.066 8.066 554 636 0.004 0.128 0.128 0.967 1.097
by 8.081 8.081 595 543 0.008 0.129 0.129 0.976 1.468
b1 8.136 8.136 646 441 0.008 0.133 0.133 0.972 1.622
b1 8.842 8.842 794 394 0.003 0.143 0.143 0.978 28.691
bis 8.092 8.092 623 480  -0.005 0.131 0.131 0.972 1.302
bis 8.088 8.088 564 622 -0.002 0.126 0.126  0.970 1.010
b1y 8.563 8.563 593 793 0.004 0.111 0.111 0.966 0.884
bis 11.200 11.200 961 1419 0.004 0.083 0.083 0.958 0.631
big 13.993 13.993 1381 2257 0.002 0.064 0.064 0.954 0.491
b7 16.467 16.467 1737 3117 0.001 0.055 0.055 0.958 0.414
b1s 18.090 18.090 1927 3704 0.001 0.051 0.051 0.959 0.381
b1g 19.259 19.259 2016 4074 0.001 0.048 0.048 0.952 0.361
bog 20.308 20.308 2057 4323 -0.001 0.048 0.048 0.955 0.347
boy 21.402 21.402 2067 4519 -0.003 0.047 0.047 0.954 0.336
Uniform 0.978 3.166
WBATE 0.002 0.034 0.034 0.960 1.575
LBATE 0.139 0.090 0.166 0.997 23.429

Table SA-98: Fuzzy Effects (Simulations, Linear Homoskedastic, Kink-Adaptive Bandwidth, Fuzzy Band-
width Selector).
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b 8.298 8.298 578 774  0.005 0.121 0.121 0.955 0.471
bo 8.131 8.131 566 754  0.005 0.123 0.123 0.952 0.476
bs 8.035 8.035 559 741  0.004 0.123 0.123 0.957 0.480
by 7.994 7.994 553 733 0.002 0.125 0.125 0.959 0.481
bs 8.002 8.002 549 726  0.000 0.123 0.123 0.959 0.481
bg 8.063 8.063 546 723 -0.002 0.124 0.124 0.955 0.481
b~ 8.101 8.101 540 706 0.000 0.125 0.125 0.957 0.486
bg 8.065 8.065 554 636  0.004 0.128 0.128 0.959 0.495
bo 8.081 8.081 595 543  0.008 0.129 0.129 0.963 0.506
b1g 8.136 8.136 646 441  0.008 0.133 0.133 0.961 0.521
b1 8.842 8.842 794 394 0.003 0.143 0.143 0.963 0.551
b1 8.092 8.092 623 480 -0.005 0.131 0.131 0.960 0.509
b3 8.088 8.088 564 622 -0.002 0.126 0.126 0.959 0.481
b1y 8.134 8.134 544 719 0.004 0.118 0.118 0.958 0.458
b1s 8.098 8.098 556 739 0.004 0.117 0.117 0.957 0.445
big 8.028 8.028 556 738 0.001 0.114 0.114 0.954 0.440
b17 8.019 8.019 555 737 -0.001 0.111 0.111 0.958 0.435
b1s 8.157 8.157 562 751  0.000 0.109 0.109 0.955 0.429
b1g 8.456 8.456 580 782  0.002 0.108 0.108 0.952 0.414
bog 8.897 8.897 604 827 0.000 0.102 0.102 0.954 0.397
bay 9.376 9.376 621 865 -0.002 0.099 0.099 0.953 0.383
Uniform 0.973 0.713
WBATE 0.002 0.039 0.039 0.954 0.153
LBATE 0.184 0.089 0.204 0.997 0.815

Table SA-99: Fuzzy Effects (Simulations, Linear Homoskedastic, Unknown-Kink Bandwidth, Fuzzy Band-
width Selector).
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b; 18.446 18.446 1976 3846  0.000 0.060 0.060 0.960 0.423
bo 18.337 18.337 2020 3819 0.000 0.061 0.061 0.958 0.422
bs 18.348 18.348 2101 3775 0.001 0.062 0.062 0.962 0.420
by 18.488 18.488 2219 3716 0.003 0.063 0.063 0.962 0.418
bs 18.737 18.737 2365 3637  0.007 0.064 0.064 0.966 0.414
bg 18.966 18.966 2501 3501 0.010 0.064 0.064 0.958 0.413
b7 19.098 19.098 2604 3300 0.012 0.064 0.065 0.959 0.417
bs 19.288 19.288 2695 3089 0.012 0.065 0.066 0.959 0.419
by 19.613 19.613 2782 2892 0.010 0.064 0.065 0.964 0.420
b1 20.205 20.205 2884 2747  0.006 0.063 0.064 0.966 0.423
b1 21.806 21.806 3110 2852 0.001 0.065 0.065 0.967 0.439
b1 19.941 19941 2845 2797 -0.005 0.064 0.064 0.967 0.418
b3 19.520 19.520 2749 3093 -0.011 0.063 0.064 0.960 0.405
by 19.298 19.298 2631 3407 -0.011 0.061 0.062 0.958 0.389
bis 19.009 19.009 2456 3648 -0.006 0.062 0.062 0.962 0.384
bis 18.515 18.515 2227 3730 -0.000 0.060 0.060 0.962 0.387
b7 18.115 18.115 2033 3722 0.004 0.056 0.056 0.969 0.390
bis 18.047 18.047 1931 3705 0.004 0.054 0.054 0.963 0.389
big 18.280 18.280 1892 3705 0.003 0.053 0.053 0.954 0.383
boo 18.825 18.825 1878 3762 0.002 0.054 0.054 0.957 0.376
b 19.374 19.374 1839 3766 -0.000 0.054 0.054 0.956 0.372
Uniform 0.976 0.610
WBATE 0.002 0.027 0.028 0.949 0.149
LBATE 0.060 0.051 0.079 0.998 0.707

Table SA-100: Fuzzy Effects (Simulations, Linear Homoskedastic, rdrobust Bandwidth, Fuzzy Bandwidth
Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 19.488 19.483 2114 4244 -0.000 0.074 0.074 0.963 0.530
bo 18.846 18.846 2089 4002 -0.000 0.075 0.075 0.960 0.534
bs 18.345 18.345 2087 3766 0.001 0.076 0.076 0.963 0.537
by 17972 17972 2110 3530 0.004 0.076 0.076  0.960 0.539
bs 17.684 17.684 2151 3279 0.008 0.077 0.077 0.957 0.541
bg 17.475 17475 2202 3021 0.012 0.077 0.078 0.964 0.543
b~ 17293 17.293 2244 2747 0.014 0.078 0.080 0.960 0.548
bs 16.916 16.916 2229 2406 0.014 0.080 0.081 0.959 0.562
by 16.732  16.732 2233 2109 0.012 0.080 0.081 0.958 0.571
bio 16.448 16.448 2194 1787 0.006 0.078 0.078 0.958 0.571
b1 16.857 16.857 2265 1614 0.001 0.074 0.074 0.964 0.534
b1 16.613 16.613 2223 1927 -0.005 0.080 0.080 0.961 0.587
b3 16.893 16.893 2234 2351 -0.012 0.084 0.085 0.957 0.584
by 17334 17334 2239 2803 -0.014 0.085 0.086 0.956 0.571
bis 17.565 17.565 2165 3168 -0.009 0.085 0.086 0.953 0.573
bis 17929 17929 2101 3515 -0.003 0.084 0.084 0.955 0.578
b7 18.505 18.505 2078 3852  0.000 0.083 0.083 0.955 0.582
bis 19.329 19.329 2103 4188 0.001 0.084 0.084 0.955 0.584
big 20.492 20.492 2167 4569 0.000 0.083 0.083 0.954 0.581
boo 21.968 21.968 2239 4998 -0.001 0.083 0.083 0.958 0.575
b 23.598 23.598 2285 5410 -0.003 0.083 0.083 0.958 0.572
Uniform 0.971 0.847
WBATE 0.001 0.034 0.034 0949 0.193
LBATE 0.085 0.060 0.104 0.996 0.934

Table SA-101: Fuzzy Effects (Simulations, Linear Heteroskedastic, Smooth-Boundary Bandwidth, Fuzzy
Bandwidth Selector).
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ho h1 Nco Nty Bias SD RMSE EC IL

b 18.811 18.811 2015 3976 0.001 0.075 0.075 0.962 0.545
b 17.441 17.441 1863 3475 0.002 0.078 0.078 0.958 0.572
bs 15.849 15.849 1652 2894 0.002 0.082 0.082 0.960 0.615
by 13.990 13.990 1381 2255 0.002 0.090 0.090 0.954 0.687
bs 12.000 12.000 1081 1641 0.000 0.103 0.103 0.957 0.798
bg 10.000 10.000 788 1112 -0.002 0.123 0.123 0.961 0.966
b; 8.099 8.099 534 703  -0.003 0.154 0.154 0.966 1.279
bg 7.421 7.421 465 547 0.002 0.169 0.169 0.973 1.476
bo 7.330 7.330 487 456 0.008 0.179 0.179 0.972 1.959
b1o 7.206 7.206 510 349 0.009 0.178 0.178 0.973 6.927
b1 7.385 7.385 572 266 0.004 0.168 0.168 0.984 8383.074
bis 7.278 7.278 504 395 -0.005 0.179 0.179 0.975 37.023
bis 7.402 7.402 469 531  -0.002 0.178 0.178 0.972 1.650
b1 8.414 8.414 574 766 -0.000 0.155 0.155 0.959 4.888
bis 11.200 11.200 962 1419 -0.002 0.120 0.120 0.950 0.897
big 13.989 13.989 1381 2256 -0.001 0.098 0.098 0.952 0.733
b7 16.557 16.557 1750 3151 -0.001 0.087 0.087 0.950 0.644
bis 18.615 18.615 1998 3908 -0.000 0.085 0.085 0.952 0.603
big 20.332 20.332 2147 4503 -0.000 0.084 0.084 0.953 0.584
bsg 21.947 21947 2236 4989 -0.001 0.083 0.083 0.958 0.575
boy 23.593 23.593 2284 5408 -0.003 0.083 0.083 0.958 0.572
Uniform 0.978 625.773
WBATE 0.000 0.044 0.044 0.961 401.556
LBATE 0.201 0.125 0.237 0.998 6336.887

Table SA-102: Fuzzy Effects (Simulations, Linear Heteroskedastic, Kink-Adaptive Bandwidth, Fuzzy Band-
width Selector).
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ho h1 Nco Nty Bias SD RMSE EC IL

b1 8.538 8.538 607 820 0.001 0.155 0.155 0.958 0.603
bo 8.257  8.257 582  T78 0.002 0.156 0.156 0.958 0.610
bs 8.037  8.037 559 741 0.003 0.159 0.159 0.957 0.617
by 7.874 7.874 538 709 0.001 0.162 0.162 0.955 0.622
bs 7.747 7.747 518 679 -0.002 0.163 0.163 0.957 0.629
bg 7.656 7.656 498 650 -0.004 0.165 0.165 0.960 0.634
b~ 7.576 7.576 477 618 -0.003 0.166 0.166 0.958 0.642
bg 7.411 7.411 465 546 0.002 0.170 0.170 0.960 0.656
by 7.330 7.330 487 456 0.008 0.179 0.179 0.954 0.669
b1g 7.206 7.206 510 349 0.009 0.178 0.178 0.957 0.673
b1y 7.385 7.385 572 266 0.004 0.168 0.168 0.967 0.632
bio 7.278 7.278 504 395 -0.005 0.179 0.179 0.959 0.689
b3 7.401 7.401 468 530 -0.002 0.178 0.178 0.953 0.679
b1 7.594 7.594 480 625 -0.000 0.175 0.175 0.957 0.666
bis 7.695 7.695 508 665 -0.003 0.174 0.174 0.953 0.663
big 7.855 7.855 536 705 -0.000 0.172 0.172 0.954 0.661
b7 8.107 8.107 566 752 -0.000 0.169 0.169 0.954 0.659
bis 8.468 8.468 601 809 -0.001 0.173 0.173 0.946 0.657
b1g 8.978 8.978 644 883 -0.002 0.168 0.168 0.951 0.648
bag 9.624 9.624 692 970 0.000 0.163 0.163 0.955 0.638
boy 10.338 10.338 734 1056  0.001 0.165 0.165 0.955 0.632
Uniform 0.970 0.989
WBATE 0.000 0.053 0.053 0.947 0.202
LBATE 0.268 0.131 0.298 0.995 1.125

Table SA-103: Fuzzy Effects (Simulations, Linear Heteroskedastic, Unknown-Kink Bandwidth, Fuzzy Band-
width Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 18.343 18.343 1960 3818 -0.002 0.086 0.086 0.963 0.569
bo 18.051 18.051 1977 3719 -0.002 0.085 0.085 0.963 0.566
bs 17.855 17.855 2018 3608 -0.002 0.086 0.086 0.965 0.564
by 17785 17.785 2090 3485 0.001 0.086 0.086 0.960 0.558
bs 17710 17.710 2166 3313 0.004 0.087 0.087 0.962 0.555
bg 17.660 17.660 2243 3107 0.008 0.088 0.088 0.967 0.554
b~ 17.157 17.157 2217 2745 0.010 0.090 0.091 0.965 0.568
bs 16.803 16.803 2205 2415 0.011 0.090 0.091 0.967 0.580
by 16.462 16.462 2176 2085 0.009 0.092 0.093 0.962 0.600
bio 16.219 16.219 2146 1778 0.005 0.090 0.090 0.966 0.599
b1 16.492 16.492 2191 1581  0.001 0.085 0.085 0.970 0.594
b1 16.520 16.520 2200 1947 -0.005 0.092 0.092 0.970 0.607
bis 17.243 17.243 2302 2481 -0.010 0.094 0.095 0.963 0.591
bis 17.877 17.877 2349 2999 -0.010 0.095 0.095 0.962 0.572
bis 18.466 18.466 2354 3483 -0.005 0.096 0.096 0.960 0.567
bis 18.673 18.673 2263 3788 -0.000 0.095 0.095 0.963 0.577
b7 18.855 18.855 2164 3992 0.003 0.094 0.094 0.963 0.589
bis 19.160 19.160 2095 4145 0.004 0.098 0.098 0.966 0.604
big 19.705 19.705 2067 4290 0.004 0.100 0.100 0.959 0.615
bao 20.543 20.543 2067 4467  0.004 0.098 0.099 0.962 0.623
b 21.462 21.462 2050 4606 0.003 0.102 0.102 0.965 0.637
Uniform 0.978 0.884
WBATE 0.001 0.038 0.038 0.944 0.200
LBATE 0.109 0.083 0.137 0.998 1.106

Table SA-104: Fuzzy Effects (Simulations, Linear Heteroskedastic, rdrobust Bandwidth, Fuzzy Bandwidth
Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b, 17.240 17.240 1807 3381 0.001 0.062 0.062 0.954 0.458
b, 16.756 16.756 1775 3231  0.000 0.063 0.063 0.954 0.464
bs 16.586 16.586 1790 3156  0.001 0.064 0.064 0.961 0.462
b4 16.714 16.714 1873 3125 0.004 0.064 0.065 0.960 0.455
bs 17.111  17.111 2036 3110 0.012 0.065 0.066 0.957 0.441
bg 17.598 17.598 2226 3064 0.022 0.062 0.066 0.952 0.425
b; 18.024 18.024 2395 2954 0.029 0.059 0.066 0.958 0.412
bg 18.133 18.133 2479 2728 0.029 0.057 0.064 0.954 0.407
bo 18.233 18.233 2535 2481 0.023 0.056 0.061 0.960 0.405
b1 18.423 18.423 2578 2245 0.014 0.057 0.058 0.960 0.410
b1 20.110 20.110 2855 2358 0.004 0.056 0.056 0.958 0.414
bis 18.393 18.393 2574 2351 -0.007 0.056 0.056  0.957 0.395
b3 18.366 18.366 2537 2735 -0.019 0.054 0.057 0.953 0.377
b1 18.343 18.343 2448 3092 -0.023 0.053 0.058 0.953 0.364
bis 17.668 17.668 2187 3205 -0.016 0.054 0.057 0.959 0.371
big 16.748 16.748 1830 3135 -0.004 0.055 0.055 0.959 0.387
b1~ 16.162 16.162 1707 3017 -0.001 0.053 0.053 0.956 0.399
bis 16.176 16.176 1668 2995 -0.001 0.053 0.053 0.956 0.397
b1g 16.736 16.736 1694 3114 -0.002 0.052 0.053 0.952 0.388
bsg 17.551 17.551 1727 3273 -0.004 0.052 0.052 0.952 0.377
bo1 18.491 18.491 1744 3422 -0.007 0.051 0.051 0.955 0.368
Uniform 0.966 0.616
WBATE 0.003 0.026 0.026 0.951 0.146
LBATE 0.064 0.043 0.077 0.994 0.661

Table SA-105: Fuzzy Effects (Simulations, Quadratic Homoskedastic, Smooth-Boundary Bandwidth, Fuzzy
Bandwidth Selector).
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ho hi Nco Nty Bias SD RMSE EC IL

b1 17.072 17.072 1783 3314  0.002 0.062 0.062 0.955 0.461
b, 16.314 16.314 1705 3064 0.001 0.064 0.064 0.954 0.473
bs 15.415 15.415 1589 2746  0.002 0.066 0.066 0.959 0.491
by 13.947 13.947 1374 2243 0.002 0.071 0.071 0.955 0.537
bs 12.000 12.000 1080 1642 0.002 0.081 0.081 0.958 0.622
bg 10.000 10.000 787 1114 0.001 0.096 0.096 0.962 0.752
b, 8.292 8.292 559 737 0.000 0.117 0.117 0.966 0.937
bg 7.946 7.946 537 620 0.004 0.123 0.123 0.970 1.013
by 7.988 7.988 582 533 0.012 0.123 0.123 0.964 1.032
b1 8.071 8.071 636 435 0.013 0.123 0.124 0.971 1.018
b1 8.811 8.811 788 391 0.005 0.130 0.130 0.968 11.321
bis 8.058 8.058 618 477  -0.004 0.119 0.119 0.965 0.958
bis 8.047 8.047 558 616 -0.001 0.113 0.113 0.969 2.225
b1y 8.537 8.537 590 788 0.001 0.103 0.103 0.963 0.797
bis 11.200 11.200 962 1419 -0.001 0.076 0.076  0.955 0.581
big 13.954 13.954 1376 2245 -0.002 0.060 0.060 0.953 0.458
b7 15.604 15.604 1614 2816 -0.002 0.054 0.054 0.955 0.410
b1s 16.095 16.095 1656 2963 -0.002 0.053 0.053 0.957  0.399
b1g 16.730 16.730 1693 3111 -0.002 0.053 0.053 0.952 0.388
bog 17.551 17.551 1727 3273 -0.004 0.052 0.052 0.952 0.377
boy 18.491 18491 1744 3422 -0.007 0.051 0.051 0.955 0.368
Uniform 0.976 1.868
WBATE 0.001 0.032 0.032 0.953 0.752
LBATE 0.137 0.079 0.158 0.997 10.423

Table SA-106: Fuzzy Effects (Simulations, Quadratic Homoskedastic, Kink-Adaptive Bandwidth, Fuzzy
Bandwidth Selector).
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ho hy Nco Nty Bias SD RMSE EC IL

b 7.553 7.553 489 640 0.001 0.137 0.137 0.951 0.530
bo 7.341 7.341 472 613  0.001 0.142 0.142 0.952 0.539
bs 7.267 7.267 467 605  0.000 0.138 0.138 0.961 0.538
by 7.322 7.322 473 615 -0.001 0.138 0.138 0.955 0.530
bs 7.496 7.496 489 639 0.000 0.132 0.132 0.958 0.511
bg 7710 7.710 505 664 0.001 0.128 0.128 0.955 0.493
b~ 7.896 7.896 516 673 -0.000 0.125 0.125 0.957 0.480
bsg 7.944 7.944 537 620 0.004 0.123 0.123 0.955 0.476
bg 7.988 7.988 582 533 0.012 0.123 0.123 0.954 0.474
b1g 8.071 8.071 636 435 0.013 0.123 0.124 0.955 0.477
b1 8811 &8.811 788 391 0.005 0.130 0.130 0.954 0.495
b1 8.058 8.068 618 477 -0.004 0.119 0.119 0.952 0.460
b3 8.046 8.046 558 616 -0.001 0.113 0.113 0.956 0.437
big 8.036 8.036 533 702 0.002 0.111 0.111 0.952 0.424
bis 7.741 7.741 515 675 -0.002 O0.111 0.111  0.954 0.431
big 7.337 7.337 476 616 -0.002 0.117 0.117 0.952 0.449
b17 7.081 7.081 445 572 -0.006 0.119 0.120 0.952 0.463
b1s 7.087 7.087 438 562 -0.003 0.117 0.117 0.956 0.461
b1g 7.332 7.332 451 585  0.001 0.117 0.117 0.951 0.449
bog 7.689 7.689 468 614 -0.001 0.114 0.114 0.950 0.436
bay 8.101 8&8.101 482 641 -0.003 0.108 0.108 0.957 0.425
Uniform 0.966 0.727
WBATE 0.001 0.039 0.039 0.947 0.151
LBATE 0.186  0.082 0.203 0.995 0.801

Table SA-107: Fuzzy Effects (Simulations, Quadratic Homoskedastic, Unknown-Kink Bandwidth, Fuzzy
Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b; 16.410 16.410 1693 3079 -0.002 0.066 0.066 0.957 0.482
bo 16.047 16.047 1671 2986 -0.003 0.068 0.068 0.956 0.487
bs 15.948 15948 1694 2949 -0.003 0.069 0.069 0.965 0.486
by 16.089 16.089 1775 2937 -0.000 0.071 0.071 0.966 0.482
bs 16.495 16.495 1926 2946 0.006 0.073 0.073 0.965 0.468
bg 17.158 17.158 2138 2971  0.015 0.072 0.074 0.957 0.449
b~ 17721 17721 2326 2913  0.022 0.068 0.072  0.959 0.433
bs 18.359 18.359 2512 2837 0.024 0.064 0.069 0.955 0.415
by 18.990 18.990 2663 2730 0.020 0.060 0.063 0.960 0.401
b1 19.803 19.803 2812 2645 0.012 0.059 0.060 0.964 0.392
b1 21.462 21.462 3055 2761 0.003 0.060 0.060 0.963 0.400
b1 19.640 19.640 2792 2714 -0.007 0.058 0.058 0.960 0.379
b3 19.005 19.005 2650 2951 -0.017 0.058 0.060 0.956 0.373
bis 18.130 18.130 2396 3075 -0.018 0.060 0.063 0.959 0.380
bis 16.883 16.883 2036 3009 -0.009 0.064 0.064 0.962 0.402
bis 15.616 15.616 1700 2794  0.002 0.063 0.063 0.964 0.426
b7 15.047 15.047 1543 2651 0.003 0.059 0.060 0.960 0.433
bis 15.155 15.155 1525 2644 0.002 0.058 0.058 0.959 0.425
big 15.676 15.676 1553 2737  0.002 0.058 0.058 0.956 0.413
boo 16.282  16.282 1566 2825 -0.000 0.059 0.059 0.957 0.406
b 16.774 16.774 1539 2833 -0.003 0.059 0.059 0.960 0.406
Uniform 0.972  0.643
WBATE 0.002 0.028 0.028 0.949 0.149
LBATE 0.068 0.046 0.083 0.996 0.712

Table SA-108: Fuzzy Effects (Simulations, Quadratic Homoskedastic, rdrobust Bandwidth, Fuzzy Band-
width Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

b, 17.687 17.687 1868 3552 -0.001 0.071 0.071  0.957 0.512
b, 17.077 17.077 1823 3350 -0.001 0.071 0.071 0.955 0.510
bs 16.696 16.696 1810 3195 0.000 0.070 0.070 0.958 0.504
b, 16.579 16.579 1851 3081 0.004 0.071 0.071 0.961 0.492
bs 16.641 16.641 1943 2966 0.011 0.070 0.071 0.964 0477
bg 16.776  16.776 2057 2824  0.021 0.068 0.071 0.958 0.461
b; 16.861 16.861 2154 2632 0.027 0.066 0.071 0.955 0.447
bg 16.634 16.634 2170 2336  0.028 0.064 0.070 0.955 0.445
by 16.538 16.538 2193 2064 0.022 0.062 0.066 0.955 0.444
b1 16.270 16.270 2159 1750 0.013 0.060 0.062 0.963 0.438
b1 16.701 16.701 2235 1582 0.003 0.057 0.057 0.962 0.406
bis 16.495 16.495 2199 1901 -0.009 0.062 0.062 0.962 0.447
b3 16.770 16.770 2209 2319 -0.019 0.063 0.066 0.961 0.442
b1 17.120 17.120 2193 2745 -0.021 0.064 0.067 0.960 0.434
bis 16.936 16.936 2037 2983 -0.012 0.067 0.068 0.955 0.446
big 16.613 16.613 1856 3091 -0.000 0.067 0.067 0.962 0.462
b7 16.555 16.555 1767 3158  0.003 0.067 0.067 0.953 0477
bis 16.909 16.909 1769 3267 0.001 0.066 0.066 0.954 0.479
b1g 17.755 17.755 1827 3495 -0.002 0.066 0.066 0.952 0.472
bsg 18.817 18.817 1881 3748 -0.005 0.067 0.067 0.945 0.466
bo1 20.034 20.034 1917 3997 -0.008 0.066 0.067 0.950 0.460
Uniform 0.968 0.700
WBATE 0.003 0.028 0.028 0.953 0.156
LBATE 0.074 0.048 0.088 0.995 0.745

Table SA-109: Fuzzy Effects (Simulations, Quadratic Heteroskedastic, Smooth-Boundary Bandwidth, Fuzzy
Bandwidth Selector).
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ho hi Nco Nty Bias SD RMSE EC IL

b, 17.460 17.460 1835 3461 -0.000 0.072 0.072 0.958  0.517
b, 16.507 16.507 1732 3136  0.000 0.072 0.072 0.954  0.524
bs 15.414 15414 1590 2748 0.001 0.073 0.073 0.954  0.540
by 13.916 13.916 1371 2234 0.002 0.078 0.078 0.956  0.578
b 11.999 11.999 1082 1642 0.002 0.086 0.086 0.961 0.653
bg 10.000 10.000 788 1113  0.002 0.099 0.099 0.958  0.776
b~ 8.061 8.061 529 697 0.001 0.123 0.123 0.962  0.985
bg 7.300 7.300 450 532 0.002 0.136 0.136 0.971 1.285
by 7.245 7.245 476 447 0.010 0.136 0.137 0.972 1.288
b1 7.128 7.128 500 343 0.010 0.133 0.134 0.970  2.205
b1 7.317 7317 563 261 0.002 0.124 0.124 0.981 10.738
bis 7.227  7.227 497 390 -0.006 0.135 0.135 0.966 96.646
b1s 7.348 7.348 461 524 -0.004 0.131 0.131 0.968 1.058
by 8.409  8.409 573 765 -0.001 0.115 0.115 0.958  0.898
bis 11.200 11.200 962 1418 0.000 0.089 0.089 0.950 0.666
big 13.919 13.919 1371 2234 0.002 0.074 0.074 0.955  0.543
b7 15.793 15.793 1640 2883 0.003 0.068 0.069 0.951 0.495
b1s 16.766 16.766 1748 3211 0.001 0.067 0.067 0.955  0.482
b1 17.739 17.739 1825 3488 -0.002 0.066 0.066 0.952  0.472
bog 18.816 18.816 1881 3747 -0.005 0.067 0.067 0.945  0.466
by 20.034 20.034 1917 3997 -0.008 0.066 0.067 0.950  0.460
Uniform 0.974 8.886
WBATE 0.001 0.034 0.034 0.964  5.288
LBATE 0.155 0.089 0.179 0.996 83.651

Table SA-110: Fuzzy Effects (Simulations, Quadratic Heteroskedastic, Kink-Adaptive Bandwidth, Fuzzy
Bandwidth Selector).
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ho hy Nco Nty Bias SD RMSE EC IL

b 7.749 7.749 513 675 -0.002 0.151 0.151 0.955 0.587
bo 7.482 7.482 490 638 0.001 0.151 0.151 0.954 0.587
bs 7.315 7.315 474 614 0.002 0.147 0.147 0.957 0.581
by 7.264 7.264 467 604 -0.000 0.148 0.148 0.954 0.568
bs 7.290 7.290 465 602 -0.000 0.144 0.144 0.955 0.550
bg 7.350 7.350 463 600 0.001 0.138 0.138 0.957 0.534
b~ 7.387 7.387 455 589 -0.000 0.138 0.138 0.953 0.525
bsg 7.287 7.287 449 530  0.002 0.137 0.137 0.959 0.523
bg 7.245 7.245 476 447  0.010 0.136 0.137 0.955 0.519
big 7.128 7.128 500 343  0.010 0.133 0.134 0.958 0.513
b1y 7.317 7.317 563 261  0.002 0.124 0.124 0.961 0.473
bio 7.227 7.227 497 390 -0.006 0.135 0.135 0.953 0.522
b3 7.347 7.347 461 523 -0.004 0.131 0.131 0.959 0.512
b1y 7.501 7.501 469 610 -0.000 0.130 0.130 0.956 0.505
bis 7.420 7.420 477 619 -0.001 0.136 0.136 0.950 0.513
big 7.278 7.278 468 606  0.005 0.136 0.136 0.955 0.527
b17 7.253 7.253 465 601  0.007 0.142 0.142 0.947 0.542
b1s 7.408 7.408 475 617  0.001 0.139 0.139 0.949 0.542
b1g 7779 7779 502 661 -0.003 0.135 0.135 0.954 0.531
bag 8.244 8.244 530 710 -0.000 0.137 0.137 0.948 0.524
boy 8777 8777 556 759 -0.000 0.133 0.133 0.952 0.515
Uniform 0.964 0.817
WBATE 0.001  0.041 0.042 0.954 0.162
LBATE 0.211  0.091 0.230 0.995 0.895

Table SA-111: Fuzzy Effects (Simulations, Quadratic Heteroskedastic, Unknown-Kink Bandwidth, Fuzzy
Bandwidth Selector).
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ho h1 Nco Nty Bias SD  RMSE EC IL

by 16.600 16.600 1719 3154 -0.004 0.080 0.080 0.960 0.547
bo 16.166 16.166 1690 3035 -0.004 0.079 0.079  0.959 0.543
bs 15.882  15.882 1686 2931 -0.004 0.079 0.079 0.963 0.536
by 15.852  15.852 1738 2864 -0.001 0.080 0.080 0.964 0.526
bs 16.025 16.025 1840 2807  0.005 0.081 0.081 0.969 0.510
bg 16.350 16.350 1980 2738  0.013 0.079 0.080 0.963 0.488
b~ 16.274 16.274 2037 2515 0.019 0.079 0.081 0.956 0.480
bs 16.244 16.244 2091 2279 0.021 0.076 0.079 0.958 0.472
by 16.123 16.123 2107 2009 0.018 0.073 0.075 0.963 0.470
bio 15915 15915 2087 1714 0.010 0.069 0.070  0.968 0.462
b1 16.264 16.264 2148 1536  0.001 0.065 0.065 0.969 0.458
b1 16.237 16.237 2145 1881 -0.009 0.070 0.071 0.969 0.467
b3 16.776  16.776 2209 2356 -0.016 0.072 0.073 0.963 0.452
bis 16.977 16.977 2166 2747 -0.014 0.074 0.076  0.964 0.452
bis 16.647 16.647 1996 2940 -0.004 0.079 0.079 0964 0.471
bis 15.901 15901 1757 2891  0.007 0.078 0.078 0.967 0.497
b7 15.588 15.588 1630 2851 0.010 0.077 0.077 0953 0.516
bis 15.786 15.786 1612 2884  0.007 0.075 0.075 0.954 0.516
big 16.349 16.349 1641 2994 0.003 0.076 0.076  0.955 0.512
bao 17.026 17.026 1658 3109 0.002 0.078 0.078 0.949 0.515
b 17.757 17.757 1651 3197  0.001 0.079 0.079 0.956 0.520
Uniform 0.976 0.752
WBATE 0.003 0.030 0.030 0.948 0.164
LBATE 0.087 0.060 0.106 0.996 0.879

Table SA-112: Fuzzy Effects (Simulations, Quadratic Heteroskedastic, rdrobust Bandwidth, Fuzzy Band-
width Selector).
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