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Abstract

Boundary discontinuity designs are used to learn about causal treatment effects
along a continuous assignment boundary that splits units into control and treatment
groups according to a bivariate location score. We analyze location-based local polyno-
mial treatment effect estimators that directly employ the bivariate score of each unit.
We develop pointwise and uniform estimation and inference methods for the Bound-
ary Average Treatment Effect Curve (BATEC), as well as for two aggregated causal
parameters: the Weighted Boundary Average Treatment Effect (WBATE) and the
Largest Boundary Average Treatment Effect (LBATE). Our results cover both sharp
and fuzzy (imperfect compliance) designs. We illustrate the methods with an empirical
application, and provide companion general-purpose software. The supplemental ap-
pendix includes additional substantive theoretical results, methodological details, and
simulation evidence.
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1 Introduction

We study estimation and inference in boundary discontinuity (BD) designs, where treatment
assignment changes discontinuously along a known boundary that separates treatment and
control assignment regions according to a bivariate score. This setup is also known as a
Multi-Score Regression Discontinuity (RD) design [48, 49, 56], with Geographic RD designs
as an important special case [42, 43, 41, 44, 34, 50, 31]. As in the univariate RD design,
the discontinuous assignment rule can be used to identify causal effects under continuity
restrictions on potential outcomes, even when treatment is targeted to units with the greatest
need. This makes BD designs a central tool in non-experimental policy evaluation. See [11]
for an overview of the RD literature, [19, Section 5] for a practical introduction to Multi-
Dimensional RD designs, and [23] for a review of empirical practice employing BD designs.

Our motivating application is the Ser Pilo Paga (SPP) program studied by [46]. SPP was
a Colombian government subsidy that provided tuition support for post-secondary students
to attend a government-certified higher education institution. Eligibility was based on both
merit and economic need: students had to obtain a high grade in Colombia’s national stan-
dardized high school exit exam, SABER 11, and they also had to come from economically
disadvantaged families, as measured by the survey-based wealth index SISBEN. Thus the as-
signment rule was deterministic but genuinely bivariate: to qualify for the program, students
had to obtain a SABER 11 score in the top 9 percent of scores and their household’s SISBEN
index had to be below a region-specific threshold. After recentering both scores at their cor-
responding thresholds, Figure 1a plots the bivariate score X; = (SABER11;, SISBEN;) " for the
2014 cohort (n = 363,096 observations), together with the assignment boundary &% and 40
evenly-spaced boundary points by, ..., byg.

The main object of interest is the collection of treatment effects along the assignment
boundary. Using standard potential outcomes notation [38, and references therein], we

define the Boundary Average Treatment Effect Curve (BATEC) as

7(x) =E[Yi(1) = Yi(0)[Xi =x],  x€ %,
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Figure 1: Scatterplot, Assignment Boundary, and Treatment Effects Using SPP data.
Notes. Panel (a) presents a scatterplot of the bivariate score X; using the SPP data, and also plots the
treatment boundary % with 40 marked grid points. Panel (b) presents causal treatment effect estimates
over the 40 boundary grid points depicted in Panel (a). Specifically, the black solid dots correspond to 7(b,)
(BATEC), the blue dotted line corresponds to Typare (WBATE), and the red dot-dash line corresponds to
Tipate (LBATE).

where Y;(0) and Y;(1) are the potential outcomes under control and treatment assignment,
X; = (X, Xzi)T is the bivariate score, and & is the assignment boundary. In the SPP appli-
cation, Y; is an indicator for college enrollment, so 7(x) is the effect of SPP on the probability
of college attendance for students at the margin of eligibility at boundary point x € 9. For
example, in Figure la, 7(b;) corresponds to students with relatively high SISBEN score and
low SABER11 score, while 7(byg) corresponds to students with relatively low SISBEN score
and high SABER11 score. Identification is the natural bivariate analogue of the continuity
argument in univariate RD designs [36]: treatment assignment changes abruptly at 9, while
the potential outcome regression functions are assumed to vary continuously through the
boundary. For more discussion, see [48], [49], [56], [42], [13], and references therein.

We focus on a location-based approach to BD designs: local polynomial regressions are
fit using the two-dimensional score itself near each boundary point. This distinguishes our
approach from analyses that first transform the score into a scalar distance-to-boundary
measure, or that use frontier, binned, or pooled one-dimensional RD analyses as approxi-

mations [23, and references therein|. Those alternatives can be useful benchmarks, but they



do not directly deliver a theory for location-based local polynomial estimation using the full
bivariate score. Although pointwise versions of these estimators are natural extensions of
familiar univariate local polynomial methods, their statistical properties in BD designs are
different from those in univariate RD designs [22, 24].

The BATEC captures treatment effect heterogeneity along &, but researchers may also
want scalar summaries of that heterogeneity. We study two leading examples. The Weighted
Boundary Average Treatment Effect (WBATE) is

) _ Jop T(x)w(x) dx
WBATE f@ ’LU(X) dX )

where w(x) is a weighting function. Motivated by the SPP application, the main paper
assumes that & is a piecewise-linear boundary with finitely many line segments, so the in-
tegrals above are line integrals; the supplemental appendix covers more general assignment
boundaries, including irregular boundaries sometimes encountered in geographic RD applica-
tions. Intuitively, Tyspre averages all boundary treatment effects; see [49] and [56] for related

discussion. The Largest Boundary Average Treatment Effect (LBATE) is

TLBATE — SUp T<X)»
x€ERB

which captures the largest causal effect along the assignment boundary. See [1] for discussion
of extreme treatment effects in policy decisions. In the SPP application, WBATE and
LBATE summarize, respectively, the average and largest causal effect of receiving the college
subsidy across students near the eligibility boundary.

We make four contributions. First, we develop pointwise and uniform estimation and
inference methods for the location-based local polynomial estimator of the BATEC. The
uniform results are new and allow researchers to form confidence bands for the entire treat-
ment effect curve along &B. Second, we provide mean squared error (MSE) expansions,
bandwidth selection rules, robust bias-corrected inference, and implementation guidance

for the location-based approach. Third, we develop estimation and inference methods for



WBATE and LBATE, thereby covering both average and extreme summaries of treatment
effect heterogeneity along the boundary. Fourth, we extend the results to BD designs with
imperfect compliance, delivering pointwise and uniform inference for fuzzy BATEC, fuzzy
WBATE, and fuzzy LBATE parameters. The supplemental appendix gives more general
theory for higher-dimensional scores, more general boundaries, derivatives, and coordinate-
specific bandwidths, while the companion R package rd2d implements the proposed methods.

Figure 1b previews the empirical value of these methods in the SPP application. It reports
estimated treatment effects 7(b;) at the 40 boundary points in Figure la, together with
point estimates Tygarg and Tigare of WBATE and LBATE, respectively. The pattern suggests
meaningful treatment effect heterogeneity: among students near the threshold of academic
merit, the program appears to have a roughly constant effect across wealth levels; among
students near the threshold of wealth, the effect appears to decline as academic performance
improves. This finding suggests that students from underprivileged backgrounds benefit
more from SPP than wealthier and high-achieving students. The application also features
one-sided imperfect compliance: roughly 41% of eligible students opted not to take up the

SPP subsidy. We use the fuzzy methods to account for imperfect compliance in the analysis.

1.1 Organization and Related Literature

Section 2 introduces the formal causal inference framework and location-based estimator.
For a review of the methodological RD literature see [11], and for practical introductions see
[14, 19]. For an overview of empirical practice employing BD designs see [23].

Section 3 presents pointwise, integrated mean squared, and uniform estimation and in-
ference methods for the BATEC. The pointwise results generalize well-known results in the
nonparametric literature [see 37, and references therein|, and early BD design results in
[48]. The uniform results are new and provide valid inference for the entire treatment ef-
fect curve and transformations thereof. We also discuss bandwidth selection based on MSE
expansions, robust bias-corrected inference, and implementation details, building on and

generalizing state-of-the-art univariate RD methods; see [7] for bandwidth selection, and



[3, 5, 8] for robust bias correction.

Sections 4 and 5 study the aggregated causal parameters Typpre and 7ipare. WBATE is an
integral functional over a one-dimensional manifold of a two-dimensional conditional expecta-
tion contrast. Related integral functionals on submanifolds have only been studied recently;
in concurrent work, [25] developed series/sieve methods for such functionals, whereas our
results use local polynomial regression as the nonparametric ingredient. See [49] and [56]
for early methodological discussion in the context of BD designs. Our large-sample non-
parametric results complement the design-based methods developed in [43] and [31], and the
Bayesian methods developed in [50] for BD designs.

Section 6 considers imperfect compliance in BD designs. We present estimation and in-
ference methods for fuzzy BATEC, fuzzy WBATE, and fuzzy LBATE, while noting that
the causal interpretation of these parameters is an active research area; see [29], [51], [40],
[13, 15] for fuzzy multidimensional RD designs, as well as [2] for univariate fuzzy RD designs.

Section 7 applies the methods to the SPP data, revising the main results reported in
[46] and documenting sharp and fuzzy treatment effect heterogeneity along 9. Section 8
discusses derivative estimation, multidimensional scores, covariate adjustment for efficiency
improvements and heterogeneity analysis, bivariate RD Plots, and clustered and spatially
correlated data.

The supplemental appendix presents more general theoretical results, reports all proofs,
and gives other technical results that may be of independent interest. In particular, it gen-
eralizes the main results to (i) d-dimensional scores, for d > 2; (ii) more general assignment
boundaries B C R? with effective dimension d — 1; (iii) derivative estimation and infer-
ence; and (iv) different bandwidths for each coordinate of the score. Those results leverage
ideas from geometric measure theory [53, 33|, thereby accommodating geographic and other
BD settings where & is irregular. From a technical perspective, Section SA-7 leverages
ideas in [12] and presents new strong approximation theorems for empirical processes with
polynomially bounded moments. In addition, the supplemental appendix gives practical
implementation details in Section SA-9, empirical results in Section SA-10, and simulation

evidence in Section SA-11.



Finally, a companion software article [20] discusses the general-purpose R software package
rd2d (https://rdpackages.github.io/rd2d) implementing the methods developed in this

paper. We also provide complete replication files for our numerical results.

1.2 Notation

We employ standard concepts and notations from empirical process theory [55, 35]. For a
random variable Z;, we write E,[g(Z;)] = n™' Y1, g(Z;). For sequences, we write a, =

o(by) if limsup,,_, % = 0, and a, < b, if there exist constants C' and N > 0 such that

~

bn
n > N implies |a,| < Clb,|. For sequences of random variables, we write a, = op(b,) if

plim,, o 152 = 0, and |a,| Sp [ba] if limsup,, . limsup, ., P|

an

bn

> M] = 0. For a set A,
bd(A) denotes the boundary of A and int(A) denotes the interior of A. Finally, ®(z) denotes

the standard Gaussian cumulative distribution function.

2 Setup

We begin with sharp BD designs, where all units comply perfectly with their treatment
assignment. Let &y and &/; denote the control and treatment regions, respectively, and let
B = bd(dy) Nbd(ef,) denote their common assignment boundary. We use the convention
that boundary points belong to the treatment region, so & C o/; and B N o = (). Units
are assigned to the control or treatment conditions according to the rule 1(X; € &), and
the observed outcome is Y; = 1(X; € #,)Y;(0) + 1(X; € o4)Y;(1). We start by assuming
that all units assigned to the treatment condition do receive the treatment, and none of the
units assigned to the control condition receive the treatment. Section 6 discusses fuzzy BD
designs, where treatment status need not coincide with treatment assignment.

We impose the following basic conditions on the underlying data generating process.
Assumption 1 (Sharp DGP). Lett € {0,1}, p> 1, and v > 2.

1) Vi), X)), ..., (Ya(t), X)) are independent and identically distributed random vec-

tors.


https://rdpackages.github.io/rd2d

(i) The distribution of X; has compact support X C R? with nonempty interior and a
Lebesque density fx(x) that is continuous and bounded away from zero on X .

(i) pe(x) = E[Y;(t)|X; = x] has a (p+ 1)-times continuously differentiable extension to an
open neighborhood of X .

(iv) oZ(x) = V[Y;(t)|X; = x| is bounded away from zero and continuous on I .

(v) supyeq E[Y:()]*T|X; = x| < 0o for some v > 2.

These conditions are the bivariate analogues of standard continuity-based RD assumptions.
Part (i) imposes random sampling; this may be restrictive in some geographic applications
with spatial dependence, an issue we discuss in Section 8. Part (ii) imposes compact score
support and ensures that local neighborhoods around boundary points contain observations
with positive probability. Because Assumption 2 places & in the interior of ', the boundary-
local neighborhoods used by the estimators remain away from the edge of the score support
for small bandwidths. Parts (iii)—(v) impose standard smoothness, variance, and moment
conditions on the potential outcomes.

Under Assumption 1, the BATEC introduced in Section 1 is identified at every boundary
point as 7(x) = p1(x) — po(x) for x € %B. Because treatment assignment changes discon-
tinuously at % while po(-) and p(-) are continuous, the conditional mean of the observed
outcome on side &, identifies p;(x) as one approaches x € A from that side. This is the
usual RD continuity argument adapted to a bivariate score; see [48], [49], [42], [13], and
references therein. Identification of 7ygarg and 7ppre follows from identification of 7(x) over
AB. Our focus is on the statistical properties of local polynomial methods for estimating
these objects and conducting pointwise, uniform, and aggregate inference.

For each x € %, the location-based estimator fits two local polynomial regressions, one
using observations from the treatment side and one using observations from the control side.

The resulting BATEC estimator is

T(x) = eoTBl(X) - eoTBo(X)a X € A,



where, for t € {0,1},

Bt(x) = argminE, [(YZ —r,(X; — X)TB)QK;Z(XZ- - x)1(X; € )|, (1)
BeRPP

ay, a2

with p, = (2+p)(1+p)/2 and r,(u) collecting all monomials uj'u5? with a;+as < p, starting
with the constant term. Let eg denote the unit vector selecting this constant term. The kernel
is Ky(u) = K(uy/h,us/h)/h?*, where K(-) is a bivariate function and h is a bandwidth. We
use a common bandwidth for expositional simplicity and because researchers can standardize
the two score coordinates before implementation. The supplemental appendix allows for
different bandwidths across score coordinates.

We impose the following assumption on the assignment boundary curve and bivariate

kernel function.

Assumption 2 (Boundary and Kernel). (i) @ C int(Z), and B is piecewise linear with
finitely many line segments and positive finite length.
(i) K : R* — [0,00) is compactly supported and Lipschitz continuous, or K(u) = 1(u €
[—1,1]%).
(iii) K(u) > 0 for all u in a neighborhood of the origin.

Assumption 2(i) gives a simple and transparent boundary condition. It ensures that
line integrals over & are well defined, that the boundary can be discretized for uniform
inference and aggregate estimands, and that the boundary is away from the edge of the
support of the score. Assumption 2(ii) imposes standard regularity conditions on the kernel.
Assumption 2(iii) imposes local positivity around the origin; together with the piecewise-
linear boundary in Assumption 2(i), this condition implies that, after local rescaling, the
kernel assigns nonnegligible mass to each side of the boundary and hence each side contains
enough kernel-weighted variation to identify the local polynomial coefficients uniformly along
AB. Assumption 2 may be restrictive in geographic or other applications where the boundary
cannot be well approximated by piecewise linear functions. In the supplemental appendix,
we give more primitive geometric conditions that allow for irregular boundaries.

Finally, to ensure that 7mygyre is well-defined, we impose the following conditions on the



weight function.

Assumption 3 (Weight Function and Boundary). Let w : B — (0, 00) satisfy supyeg w(x) <

00, infxeg w(x) >0, and [, w(x)dx < oco.

Weights may be normalized without loss of generality. In particular, w(x) = fx(x) satisfies
Assumption 3. In this case, the WBATE reduces to the boundary average treatment effect
(BATE): meate = [, 7(x)f(x]|X; € B)dx, with f(x]|X; € B) = X&) ©ore formally,

RB fgg fx(x)dx
the expression f(x|X; € &) denotes the normalized boundary density with respect to arc
length, with Radon—-Nikodym derivative proportional to fx(x) on &. This parameter is the
density-weighted average causal effect along the assignment boundary, and is discussed by

[56]. See [22] for an alternative regression-based approach commonly used in practice to

estimate the BATE.

3 Boundary Average Treatment Effect Curve

This section studies pointwise, integrated, and uniform estimation and inference for the
BATEC (7(x) : x € %) in sharp BD designs. We focus on a bivariate score, a scalar
bandwidth h, and treatment-effect levels; in the supplemental appendix, we generalize this
setup to treatment-effect derivatives, diagonal bandwidth matrices, and score of three or more
dimensions. Throughout this section, integrals over & are line integrals with respect to arc
length; in the appendix these are written as integrals with respect to a Hausdorff measure
[33]. Pointwise results follow from standard local polynomial arguments once the one-sided
local design is nonsingular. The integrated MSE expansion and the uniform distribution
approximation require additional empirical-process and geometric arguments, all of which

are developed in the supplemental appendix.

3.1 Treatment Effect Estimation

The first result gives pointwise and uniform convergence rates for the location-based esti-

mator. The stochastic terms are the usual variance component and a polynomial-moment



empirical-process remainder, while the smoothing bias is of order h?*1.

Theorem 1 (Convergence Rates: Sharp BATEC). Suppose Assumptions 1 and 2 hold. If
nh?/log(1/h) — oo and h — 0, then

(1) [7(x) = 7(x)| Sp ooz + —— + WP for x € B, and

n2+v h2
(i) Supyeg [7(x) = 7(x)| Sp /0 + LA 4t

n2+v b2

Theorem 1 implies consistency of the treatment effect estimator based on the bivariate
location score under bandwidth sequences that make the displayed rate vanish; for uniform
consistency, it suffices that n(+*/C+)h2/log(1/h) — oo and h — 0. The bias order is
hP™! because smoothing is performed in the two-dimensional score space on each side of the
boundary; it does not require reparameterizing the boundary by a scalar running variable.
This feature is important when 98 has corners or other piecewise-linear changes in direction;
see [24] for more discussion.

Next, we state the conditional MSE expansion. The pointwise expansion has the standard
bias—variance form; the integrated expansion averages this local expansion along the one-
dimensional assignment boundary. Recall that ¢ € {0,1}. The population Gram matrix

18

Ty = E[rp(Xih_ X>rp<Xih_ X>TKh(XZ- —X)1(X; € ,szft)]

The leading non-random pointwise variance is Vx = Vi x+Vy x, where V, x = eOTI‘; iEt%xI‘; ;eg

with

X; —x X; —x\T
Sixx = hE {rp( ), (B) (X - xR (XX € m)]

Using standard multi-index notation, the leading non-random pointwise bias is Bx = Bj x —

By x, where

(k)

X X, —x\ /X; —x\k

Bix =eq T« Z 'utT'()]E[rp( . )( . ) Kn(X; —x)1(X; € .th)].
[k|=p+1 ’

The following theorem gives the MSE expansions. Let X = (X ,..., X ).

10



Theorem 2 (MSE Expansions: Sharp BATEC). Suppose Assumptions 1, 2, and 3 hold. If
n?/+Ip2 /log(1/h) — oo and h — 0, then

() E[(F(x) — 7(x))2[X] = RPN B2 + LV, + 0p(R), and
(i) [5E[(T(x) — 7(x))}X]w(x) dx = h2PFD [ B2w(x) dx + - [ Vaw(x) dx + op(R),

with R = h2Pt2 + n=th=2,

For a common scalar bandwidth A, ignoring higher-order terms gives the approximate

MSE-optimal and IMSE-optimal bandwidth choices

W, 1 ) 1/(2p+4)

h B < 2 [ Viw(x)dx 1 >1/(2p+4)
R \(2p+2)B2n

Y

provided that By # 0 and [, Bjw(x)dx # 0, respectively. These choices are infeasible
because a preliminary bandwidth, as well as estimates of the conditional variances and higher-
order derivatives of the conditional mean, are needed. We discuss feasible implementation
in Section 3.3, and in the companion software article [20]. The same calculations extend in
the appendix to diagonal bandwidth matrices, higher-dimensional scores, derivatives of the
BATEC, and more general assignment boundaries.

The pointwise rates and MSE expansion mirror familiar nonparametric local polynomial
results [see 54, for a textbook review|. The integrated MSE expansion in Theorem 2 requires
additional care because the criterion integrates pointwise conditional MSE over the one-
dimensional manifold 98. These point estimation results are also the inputs for the uniform

and aggregation results below.

3.2 Uncertainty Quantification

Given a bandwidth choice, define the feasible t-statistic T(x) = (F(x) — 7(x))/ (/2 where,

using standard least squares algebra, the covariance estimator is

~ 1 ~1 ~ ~—1 ~—1 ~ ~—1

_ T
X1,X2 nh2 €9 [Fo,xl 207X17X2 I‘O,XQ + Fl,xlzl,xl,mrl,xz} €o

11



with 4, %, = P2E, [r, (X2 )r, (B2 T [, (X, — x) K3 (X; — %2)8(x1)E(x0)1(X; € )]
and §(x) = Y; — 1(X; € do)r,(X; — x) Bo(x) — 1(X; € o))r,(X; — x)7B,(x), for all
X1,Xo € B and t € {0,1}.

Wald-type feasible confidence intervals and confidence bands over % take the form
o(x) = | 7(x) = a2, 7(0) + 92|, x€3,

for any o € (0,1), where ¢, denotes the appropriate quantile for the desired coverage
objective. For pointwise inference, the usual normal approximation gives sup, g IP[T(x) <
u] — ®(u)] — 0 for each x € B, provided that the “small bias” condition nh?*** — 0 holds.
This result gives the usual pointwise confidence interval for 7(x).

For uniform inference over &, two challenges arise: (i) the stochastic process (T(x) : x €
%) is not asymptotically tight, and thus it does not converge weakly in the space of uniformly
bounded real functions supported on % and equipped with the uniform norm [55, 35]; and
(ii) the geometry of B can affect the validity of the distributional approximation. We handle
both issues by approximating the distribution of the supremum sup,. |T(X)| directly, rather
than relying on weak convergence of the full process. This approach enables asymptotically
valid confidence bands because P|7(x) € T.(x), for all x € B| = P[sup,cg IT(x)| < Zal.
The resulting Gaussian approximation for the supremum requires VC-type entropy and mo-
ment bounds. The supplemental appendix also gives a stronger process-level coupling under
additional technical conditions. These approximation results leverage technical tools from

[12], [16], [26, 27], [28], and [32]. Let V = ((Y1,X]), -+, (Y, X )T.

Theorem 3 (Confidence Intervals and Bands: Sharp BATEC). Suppose Assumptions 1 and
2 hold.
(i) If nh* = co and nh*** — 0, then P[r(x) G/I\a(x)} —1—a with g, = 2711 — a/2).
(ii) If liminf, . logh/logn > —oo, n"/?*h2/(logn)? — oo, and nh?**logn — 0, then
P[r(x) € To(x), for allx € Bl = 1—a, with go = inf {c > 0 : P[sup,cq 1Z(x)| >
c| V] < a}, where (Z(x) : x € B) is a Gaussian process conditional on 'V with
E[Z(x)[V] = 0 and Cov[Z(x1), Z(x2)|V] = Oy xa/ (Qer s ey s ) 2, for all x,x1, %5 €

12



B

This theorem gives asymptotically valid pointwise and uniform uncertainty quantification
for 7(x) using the location-based estimator 7(x). The appendix also shows how the result
extends to higher-dimensional scores, derivatives, and more general boundaries under the
corresponding geometric regularity conditions. As expected in a nonparametric smoothing
setting, the pointwise undersmoothing condition nh?*** — 0 and its log(n)-strengthened
uniform analogue rule out the (I)MSE-optimal point estimator of 7(x). Thus, for implemen-
tation of both pointwise and uniform inference, we employ robust bias correction [3, 5, 8];

see Section 3.3 for details.

3.3 Implementation

It is straightforward to implement local and global bandwidth selectors based on Theorem 2.
In particular, replacing the leading bias and variance quantities, By and Vy, with preliminary

estimators, we obtain the feasible plug-in bandwidth selectors

W, 1 ) 1/(2p+4)

1 2 [ wa(x) dx l)l/(2p+4)
(2p+2)B3 7

[ -
HE < (2p+2) [, B2w(x)dxn

and /}\LIMSE - ( )
where, for a preliminary bandwidth choice a — 0, Ex = §1,x — Eo,x is constructed using
~ ~—1 ~(k) % o o . ~

Bix = €Ty Y mpes BB [, (B2) (B2, (X, — x)1(X; € o)), with Tyx com-

K!
puted using the preliminary bandwidth a, and where ﬁﬁk) (x) is a preliminary estimator of

,ugk) (x), and ‘A/x = na2ﬁx7x is constructed using the variance estimator with the preliminary
bandwidth a. Omitted implementation details are discussed in the companion software ar-
ticle [20]. See also [7] for a review on modern bandwidth selection methods in RD designs
with univariate score.

The bandwidth choices ?LMSE,X and /f;IMSE can be used to implement (I)MSE-optimal 7(x)
treatment effect estimators, both pointwise and uniformly over %. Furthermore, leveraging

the results in Theorem 3, a simple application of robust bias-corrected inference proceeds by

employing the same (I)MSE-optimal bandwidth (for pth order point estimation), but then

13



constructing the t-statistic T(X) with a (p+ 1)th polynomial order instead of pth polynomial
order. The core idea is to simultaneously (i) debias the (I)MSE-optimal point estimator 7(x),
and (ii) adjust the variance estimator to incorporate the additional uncertainty introduced
by the bias correction. This inference approach has several theoretical advantages [3, 5, 8],
and has been validated empirically [39, 30].

Finally, regarding the computation of the Gaussian process conditional on V, (2\ (x):x €
A), there are two methodological issues to consider. First, simulation is implemented over
a grid of points forming a discretization of the index set of the continuous stochastic process
Z ; as the number of points in the mesh increases, the approximation becomes more accurate.
Second, the estimated (discretized) covariance function may fail to be positive definite in
finite samples, but this issue can be easily fixed via regularization; see [18] for a discussion
and related technical results.

Section SA-9 in the supplemental appendix provides additional implementation details;

see also the companion software package rd2d and article [20].

4 Weighted Boundary Average Treatment Effect

Without loss of generality, we normalize the weight function so that [, w(x)dx = 1, and
consider Typate = . o T(X)w(x) dx, where w satisfies Assumption 3. The WBATE aggregates
the heterogeneous treatment effects (7(x) : x € B) according to a user-specified weighting
scheme. The same construction can be applied to a subset of the boundary, as in [49], in
which case the estimand is the weighted average over that target subset.

The plug-in estimator is Typare = |, 5 T(X)w(x)dx. When analytic line integration is in-
convenient, the integral can be approximated on a boundary grid. For grid points (b; : j =
1,...,J) and quadrature weights (w; : j = 1,...,J), normalized so that Z;.]ZI wjw(b;) =1,
TuBATE = ijl w;T(b;)w(b;). In some applications the weights may instead be chosen di-
rectly from local empirical information, for example w;w(b;) = N;/ 327, Ny with N; =
Yo L(IX; — by|| < h). See [20] for implementation details.

Our first result establishes a conditional MSE expansion for Tygare. Let Bypare = Bi ypate —
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BO,WBATE7 with B ypate = f % Bt,xw(x) dx, and let Qupare = QI,WBATE + QO,WBATE, with Qt,WBATE =
S Sz Qxr oW (X1)w(x2) dxy dxy, for t € {0,1}. For the variance-rate and inference results
below, we impose the scalar aggregate nondegeneracy condition Qypare = (nh) ™!, which rules

out cancellation of the local covariance kernel after weighting and integrating over 3.

Theorem 4 (MSE Expansion: Sharp WBATE). Suppose Assumptions 1, 2 and 3 hold, and
QWBATE Z (nh)_l. [f n”/(2+”)h2/log(1/h) — o0 and h — O, then E[(?WBATE — TWBATE)2‘X] =
Queate + WP 2B, + op(R), where (nh) ™' < Qupare < (nh)™L, and R = (nh)~ + h?PT2,

The theorem implies Typare = Tupate + 0p(1). It also shows how aggregation changes the ef-
fective variance order. The pointwise estimator 7(x) has variance of order (nh?)~!, whereas
Tueare has variance of order (nh)~! because only boundary locations within O(h) of one
another have non-negligible covariance. Thus WBATE behaves like a one-dimensional non-
parametric estimator.

Writing the leading variance term as Qupare = Vipare/(nh), the infeasible MSE-optimal
scalar bandwidth is hygsg = (ﬁﬁ%)w (2p+3), provided that Bygeg # 0. A feasible
counterpart can be constructed using plug-in estimators of Bygarg and Viygare, as in Section
3.3. The exponent differs from the pointwise bandwidth because the WBATE variance is of
order (nh)~! rather than (nh?)~'.

For inference, define the feasible t-statistic TWBATE = (Tupate — Tusate)/ Q&,é?m:, with QWBATE =
(AZLWBATE + Qo,wsum where Qt,WBATE = JuJa Qt,xthw(xl)w(xQ)dxl dx,, for t € {0,1}. The

associated confidence interval estimator is
= ~ ~1/2 ~ ~1/2
Ia,WBATE = [ TWBATE — @aQWBATE » TWBATE T @aQWBATE ] )

where ¢, = (1 — a/2).

Theorem 5 (Confidence Intervals: Sharp WBATE). Suppose Assumptions 1, 2, and 3
hold, and Queare 2 (nh)~'. If n®/CTR? [log(1/h) — oo and nh**3 — 0, then P|fipams €

/I\a,WBATE} = 1-a.
For implementation, the MSE-optimal WBATE point estimator can be paired with robust
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bias correction [3, 5, 8], following the same logic discussed after Theorem 3. See Section SA-9
in the supplemental appendix, and the companion software package rd2d and article [20],

for more details.

5 Largest Boundary Average Treatment Effect

As an alternative to the WBATE, researchers may be interested in the largest treatment ef-
fect along the boundary, Tigate = SUpPycg 7(x), with plug-in estimator Tiparg = SUPyeg 7(X).
The smallest boundary treatment effect can be handled analogously by applying the same
construction to —7(x). In practice, the supremum is computed over a sufficiently fine bound-
ary grid, Tipare & maxi<;<y 7(b;). If the target set is restricted to a subset of %, then both
the estimand and estimator should be interpreted relative to that subset.

Theorem 1 gives |Tipare — Tipate| < SUDyeg |T(X) —7(x)|, and therefore gives the correspond-
ing convergence rate. This rate implies consistency under the same side conditions discussed
after Theorem 1. For uncertainty quantification, we project the uniform confidence band

from Theorem 3 onto the supremum functional. Define

/I\a,LBATE = [ sup (?(X) - {}aﬁ,lc/>2<> , Sup (?(X) + f}aﬁi/i) ]
XERB

where ¢, = inf{c > 0 : P(Supycg 1Z(x)| > ¢[V) < a}, and Z is the conditionally mean-zero

Gaussian process from Theorem 3.

Theorem 6 (Confidence Intervals: Sharp LBATE). Suppose the assumptions and condi-
tions in Theorem 3 hold. If liminf, .o logh/logn > —oo, n/?*)h2/(logn)? — oo and

nh***logn — 0, then P|ripaz € /I\a,LBATE] >1—a+o(l).

The resulting interval is generally conservative because it is obtained from simultane-
ous coverage of the entire BATEC. Implementation follows the same grid and Gaussian-
simulation steps outlined for Ta(x) and TQMBATE. In practice, finite-sample regularization may

be useful to ensure that infycg ﬁx,x is bounded away from zero. See Section SA-9 in the
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supplemental appendix for more discussion, and the companion software package rd2d and

article [20] for implementation details.

6 Imperfect Compliance

We extend the results to settings with imperfect treatment compliance, where treatment
assignment and treatment status may not be equal for some units; see [38] for an overview
in causal inference. We only give a brief discussion to conserve space, but all omitted details
can be found in the supplemental appendix (Section SA-6).

To formalize the fuzzy BD design setup, we need to expand the potential outcomes nota-
tion. Let W; = 1(X; € o) - W;(0) + 1(X; € o) - W;(1) be the observed treatment status,
where W;(t) denotes the potential treatment status under treatment assignment ¢ € {0, 1} for
each unit. In addition, the observed outcome is now Y; = 1(X; € o) - Y;(0, W;(0)) + 1(X; €
1) -Y;(1,W;(1)), where the potential outcomes are now functions of two arguments: Y;(¢, w)
denotes the potential outcome for unit ¢ when this unit is assigned to treatment ¢ € {0,1}
and takes treatment status w € {0, 1}.

To recycle the notation and assumptions from the sharp BD design setup, we redefine
Yi(t) = Yi(t, W;(t)) for each ¢t € {0,1}. In addition, we impose the following assumption on

each reduced-form potential outcome/status pair.
Assumption 4 (Fuzzy DGP). Let t € {0,1}.

1) (Ya(t), Wi(t), X)), ..o, (You(t), Wi (t), X)) T are independent and identically distributed
random vectors.
(ii) pwe(x) =E[W;(t)|X; = x| has a (p+ 1)-times continuously differentiable extension to
an open neighborhood of I .
(i) ofy,(x) = V[W;(t)|X; = x| is continuous on X

(iv) Yi(x) = Cov|[(Y;(t), Wi(t))"|X; = x] has entries that are continuous on I .
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The usual fuzzy estimators and estimand are, respectively,

for each x € &, where 7y (x) = eg,@xl(x) — eg,/(;'xo(x) and Ty (x) = eg,@ml(x) — eoTBW,o(X)a
with 3 4.+(x) denoting the local polynomial fit (1) using the outcome variable A € {Y, W} and
side t € {0, 1}, and 7v(x) = E[Y;(1, W;(1)) — Y;(0, W;(0))|X; = x] and 7 (x) = E[W;(1) —
W;(0)|X; = x].

The functional (causal) parameters 7y (x) and 7y (x) correspond to the intention-to-treat
effect and the first-stage effect, at the boundary point x, respectively. The ratio {(x) is the
fuzzy BATEC parameter, which can be interpreted as a complier average treatment effect
at each boundary point x under additional assumptions; see [29], [51], [40], [13, 15] for more
discussion of causal identification in fuzzy multidimensional RD designs. See also [2] and
references therein for an overview of causal identification in univariate fuzzy RD designs.

Fuzzy analogues of WBATE and LBATE can be defined by replacing 7(x) with {(x) in the
definitions of Tygare and Tigare, respectively. More precisely, after normalizing the weights so
that [, w(x)dx = 1, the fuzzy WBATE is (e = [ ((x)w(x) dx, and the fuzzy LBATE
IS (rpate = SUPyeg ((X). Plug-in estimators of these parameters are ZWBATE =/ . E (x)w(x) dx
and ZLBATE = SUDyc g E (x), respectively.

The properties of the fuzzy estimators can be established using the results for the sharp
BD design, along with “continuous mapping” and “probability concentration” arguments.
More precisely, under Assumptions 1, 2 and 4, and bandwidth sequences that make the
sharp convergence rates vanish, our results imply that 7y (x) = 7v(x) + op(1) and Ty (x) =
Tw(x) + op(1), pointwise and uniformly over x € 9. For uniform consistency, it suffices
that nU+v)/+)p2/10g(1/h) — oo and h — 0. Therefore, under the additional regularity
condition infye g |7 (x)| > 0, and using the exact second-order “linearization” C (x)—((x) =

(x) "T(x) + Re(x) with

and ¥(x) = [?y(X) — 7y (%), Tw (%) — 7'W<X)]T’
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and SUDez [T (X)) S SDresp [Fir (%) — T (%)|? + SUDep [Fy (%) — 7y ()] SUDsep [Fir () —
Tw (x)|, which is negligible when the sharp convergence rates vanish. See the supplemental
appendix (Section SA-6.1) for details.

Therefore, estimation and inference results for fuzzy BATEC, fuzzy WBATE, and fuzzy
LBATE can be established using the linearization argument, and then applying the theoret-
ical results in the supplemental appendix to the specific linear combination to(x)" T(x). In
the remainder of this section we briefly overview the main estimation and inference results

for fuzzy BD designs. See the supplemental appendix (Section SA-6) for more results and

omitted details.

6.1 Fuzzy BATEC

Pointwise and uniform convergence rates, AMSE/AIMSE expansions, and bandwidth selec-
tors for the fuzzy BATEC estimator Z (x) can be established using the linearization argument
outlined above, along with the results for the sharp BD design. To state the leading terms,
let Bax = Bai1x — Baox denote the leading bias constant from Section 3.1, with the out-
come variable A € {Y, W} in place of Y, and define By x = t(x)" (Byx, Bwx)'. Similarly,

let V4, 4, x denote the leading covariance constant for the reduced-form local polynomial

estimators using outcomes Ay, Ay € {Y, W}, and define

Vvyx Vywx
Fox = (1% i) 00

For inference below, we impose infxcg Vrx > 0 directly. This is the scalar nondegeneracy
condition for the linearized fuzzy Wald score and allows one-sided compliance because it

does not require the treatment-status variances on both sides to be bounded away from zero.

Theorem 7 (Convergence Rates: Fuzzy BATEC). Suppose Assumptions 1, 2, and 4 hold,
and infyeg |y (x)| > 0. If n0F/C+IB2 /1og(1/h) — 0o and h — 0, then

(i) ’E(X) —((x)| Sp \/%W + —— + AP forx € B, and

1+v
n2+v b2

() supyeg [C(x) = C(x)| Sp /"™ 4 g0 4 prt.

n2+v h2
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Using the linearization argument, we focus on the approximate MSE and approximate

IMSE, respectively, AMSEg(x) = E[(ro(x) "T(x))?|X] and AIMSEr = [, AMSEg(x)w(x) dx.

Theorem 8 (Approximate MSE Expansions: Fuzzy BATEC). Suppose Assumptions 1, 2,
3, and 4 hold, and infxcg |7y (x)| > 0. If n®/@T1%/1log(1/h) — oo and h — 0, then

(i) AMSEg(x) = h*"2 B + —5Vex + 0p(R), and
(i) AIMSEg = h?*2 [ B w(x) dx + =5 [, Vexw(x) dx + op(R),

with R = h?PT2 + n~th=2.

Ignoring the higher-order terms, the approximate MSE-optimal and IMSE-optimal band-
width selectors are obtained from the formulas in Section 3.1 by replacing By, Vi with
Be x, Ve x. For inference, we consider the usual non-Donsker t-statistic process, leading to

the confidence intervals and bands
Tea(x) = [ C00 = g (00 + 90y |,

where ¢,, denotes an appropriate quantile depending on the desired confidence level a € (0, 1)
and coverage objective (pointwise for x € & versus uniform over %), and the variance

estimator is derived from the above stochastic linearization using the feasible weights

Specifically,

S T [ Dvyvxaxe Qyvwxxe | o
QF7X17X2 - m(xl) Q Q m<X2)a X1,X9 € ‘%a
W)Y x1,x2 W,W,x1,%x2

~ ~—1 ~ ~ ~1 ~ ~—1 ~
1T : _
where Qy wix, xs = 737€0 Lo, 2v,W0x1x L0500 F L1ty 2Y,Wi1x1.x0 L 1.5, ] €0 With By s, 0 =

h2]En [I'p(xi;xl )I'p<Xi;x2 )TK}Z(XZ —Xl)Kh<X7; —Xg)é\xi(xl)é\W,i(Xg)ﬂ(Xi € ﬂt)} and gA,i(X) =

Ay —1p(Xi — %) TL(X; € A)Bao(x) +1(X; € o1)B4,(x)], with A € {Y,W}. The pop-

ulation covariance (¢, x, is defined analogously, replacing feasible weights and covariance
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components by their population counterparts.
The following result establishes the validity of these confidence intervals and bands. Let

V= (Y, W, X)), .. (Yo, Wo, X1)T) be the observed data.

Theorem 9 (Confidence Intervals and Bands: Fuzzy BATEC). Suppose Assumptions 1, 2

and 4 hold, infycg |Tw(x)| > 0, and infxeg Vex > 0.

(i) Ifnh? = oo and nh*** — 0, then P[((x) € /I\F’Q(X)} — 1—a with g = @71 (1—a/2).
(ii) If liminf, . logh/logn > —oo, n"/?*)h2 /(logn)? — oo, and nh***logn — 0, then
P[¢(x) € Tro(x), for allx € Bl = 1—a with g, = inf{c > 0 : Plsupycg | Ze(x)] >
c|V] < o}, where (Ze(x) : x € B) is a Gaussian process conditional on V with
E[Ze(x1)[V] = 0 and Cov[Ze(x1), Ze(%2)[V] = Qe o/ (e xsoes oo ) /2, for all

X1,X9 € AB.

See the supplemental appendix (Section SA-6.1) for more results.

6.2 Fuzzy WBATE

Without loss of generality, we set [,w(x)dx = 1. The fuzzy WBATE and its plug-in

estimator are

CWBATE:/%C<X)W(X) dx and CWBATE:/%C(x)w(X) dx.

Let Brypate = [ Brxw(x) dx and Qpyeare = [ [ Qrx1x W (X1)w(x2) dx; dx,, and define
(AZFMBATE analogously by replacing Q x, x, with QRXLXQ. For the fuzzy WBATE AMSE and
inference results, we impose the aggregate nondegeneracy condition Qg ygare = (nh) ™!, which
rules out cancellation after applying the fuzzy Wald weights and integrating over 9. The

approximate MSE is for the linearized aggregate

éWBATE = / m(X)T‘I(X>w<X) dX, AMSEF,WBATE S ]E[C:V?BATE‘X]'
B
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Theorem 10 (Approximate MSE Expansion: Fuzzy WBATE). Suppose Assumptions 1, 2,
3, and 4 hold, infxeg |Tw (x)| > 0, infregs Vix > 0, and Qeypare = (nh)~L. Ifn¥/GTR2/log(1/h) —
0o and h — 0, then AMSEg ypare = Qp upare+ 77> BE ypare +0p(R), where (nh) ™ < Qpypare S

(nh)~' and R = (nh)~! + h?*2,

. ES ~ ~1/2 . . .
For inference, define Tr ygare = (Cusate — Gueate)/ QFKWBATE with associated confidence interval

IF,oz,WBATE = [ CuBATE — @aQF,WBATE , Cusate + @aQF,WBATE } )

where ¢, = (1 — a/2).

Theorem 11 (Confidence Intervals: Fuzzy WBATE). Suppose Assumptions 1, 2, 3, and /
hold, infxeg |Tw (x)| > 0, infxeg Vix > 0, and Qpypare > (nh) ™. If n/@FIR2 [log(1/h) —
0o, nh?*™3 — 0, /nh3?/log(1/h) — oo, and n>/CtV)=12p7/2/10g*(1/h) — oo, then

]P)[CWBATE S IF,a,WBATE] —1—a.

See the supplemental appendix (Section SA-6.2) for more results.

6.3 Fuzzy LBATE

The fuzzy LBATE and its plug-in estimator are

CreaTE = SUp ¢ (X) and CLaTe = Sup ¢ (X)
XEB XERB

Theorem 7 gives consistency and convergence rates for (ipprg by taking suprema over 3.

For inference, use the Gaussian process from Theorem 9 and define

/I\F,oc,LBATE = [ sup <E(X) - ﬁaﬁéﬁx) , sSup (E(X) + QQQ;‘,/E,x) i|7
xXERB xXeERB

where ¢, = inf{c > 0 : P[supy.4 |ZF(X)| > c|V] < a}.

Theorem 12 (Confidence Intervals: Fuzzy LBATE). Suppose Assumptions 1, 2 and 4 hold,

infyeg |[Tw ()| > 0, and infycg Vix > 0. Ifliminf, .o logh/logn > —oo, n*/+Vh2 /(logn)® —
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oo, and nh***logn — 0, then P[(ipate € TF,a,LBATE] >1—a+o(1).

See the supplemental appendix (Section SA-6.3) for additional results.

7 The Causal Effects of SPP on College Attendance

We illustrate our proposed causal inference methodology for BD designs with the SPP ap-
plication introduced in Section 1. Recall that the dataset has n = 363,096 complete obser-
vations for the first cohort of the program (2014), where each observation corresponds to
one student, and the bivariate score is X; = (X1;, Xo;) T = (SABER11;, SISBEN;)", where the
first dimension is the student’s SABER11 test score (ranging from —310 to 172) and the
second dimension is the student’s SISBEN wealth index (ranging from —103.41 to 127.21).
Without loss of generality, each dimension of the score is recentered at its corresponding
cutoff for program eligibility, so that the treatment assignment boundary is as shown in
Figure la. All the results in this section are implemented using our companion R software
package rd2d, and omitted details are given in the supplemental appendix (Sections SA-9
and SA-10), replication files, and companion software article [20].

The outcome variable of interest is college enrollment, with Y; = 1 if the student enrolled
in college and Y; = 0 otherwise. In this application, 15,423 students were eligible for the SPP
program, but only 9,165 took up the benefit. We therefore report both sharp reduced-form
effects of eligibility assignment and fuzzy effects that adjust for imperfect compliance. Specif-
ically, we estimate the reduced-form BATEC 7y (x), the first-stage BATEC 7y (x), and the
fuzzy BATEC ((x) = 7y (x)/7w(x) at the 40 evenly spaced grid points b; € B, j =1,...,40,
depicted in Figure 1la. We also report the corresponding WBATE and LBATE parameters.
The empirical results use the I'TT bandwidth selector; in the supplemental appendix, we also
report results obtained with fuzzy bandwidths. All local polynomial estimators use data-
driven MSE-optimal bandwidths as discussed in Section 3.3; the two score coordinates are
standardized for bandwidth selection and estimation, while the bandwidths reported in the
tables are transformed back to the original SABER11 and SISBEN scales. Uncertainty quan-

tification uses robust bias-corrected inference for pointwise confidence intervals and uniform
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confidence bands.

Figure 2 summarizes the main results for the BATEC graphically. Panel (a) reports
reduced-form intention-to-treat effects of eligibility on college enrollment, Panel (b) reports
the first-stage effects on SPP take-up, Panel (c¢) reports the fuzzy effects on college enroll-
ment, and Panel (d) reports covariate balance using mother’s education as the outcome.
Mother’s education is predetermined, so a credible BD design should deliver treatment ef-
fects on this covariate that are statistically indistinguishable from zero; see [14, Section 5]
for related discussion of falsification tests in RD designs. The supplemental appendix re-
ports additional heat maps for point estimates and robust bias-corrected p-values along the
assignment boundary, as well as the complete numerical tables for all 40 boundary grid
points.

The intention-to-treat effects in Panel (a) are statistically significant along the boundary.
The pattern indicates roughly homogeneous effects along the portion of the boundary where
students are marginal in terms of academic performance but satisfy the minimal poverty
requirement (b; through approximately by;), and more pronounced heterogeneity along the
portion where students are marginal in terms of wealth (by; through byg). In particular, the
estimated reduced-form effect on college enrollment remains close to 30 percentage points
along the first portion of the boundary and declines for the wealthiest eligible students as
their SABERI11 scores increase. This pattern is consistent with the program having larger
enrollment effects among students for whom the subsidy is more likely to relax a binding
financial constraint. The first-stage estimates in Panel (b) are strongly positive along the
boundary, confirming substantial but imperfect take-up of the subsidy. Consequently, the
fuzzy estimates in Panel (c) are larger than the corresponding intention-to-treat effects. The
placebo estimates in Panel (d) are centered near zero and statistically insignificant, which
supports the continuity-based identifying assumptions in this application.

The magnitudes are also large relative to the control-side baseline enrollment rates. Section
SA-10 of the supplemental appendix reports the estimates of po(x) and the corresponding
ratios Ty (x)/fio(x) and ¢ (x)/110(x). The reduced-form WBATE estimate is about 63 percent

of the corresponding control-side baseline, while the fuzzy WBATE estimate is about 109
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Figure 2: Empirical Results for BATEC (SPP Application).

Notes. Panel (a) reports reduced-form effects of eligibility on college enrollment. Panel (b) reports first-stage
effects on SPP take-up. Panel (c) reports fuzzy effects on college enrollment. Panel (d) reports a covariate
analysis using mother’s education as the outcome. Point estimates, robust bias-corrected confidence intervals
(CI), and robust bias-corrected confidence bands (CB) using the 40 boundary grid points shown in Figure
la. Bandwidths are MSE-optimal, selected separately at each grid point, and based on the ITT bandwidth

selector.
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percent of that baseline. Across the full boundary grid, the reduced-form effects range from
about 28 to 95 percent of the local baseline enrollment rate, and the fuzzy effects range from
about 38 to 182 percent. The results in Table SA-5 show that, in the piece of the boundary
where students are near the academic threshold (points bi-byg) the control mean is roughly
constant: between 37 and 40 percent of control students enroll in college. In contrast, in the
region of the boundary where students are near the wealth threshold (points byj-byg), the
share of control students who attend college increases steadily as SABER 11 increases; the
treatment effect is there reduced in this region of the boundary because more students are
already enrolling in college in the absence of the program. Near the marginal level of wealth,
students who are highly achieving academically are therefore less constrained by wealth than
their less academically achieving peers.

Table 1 presents a summary of the numerical results underlying Figure 2. Due to space lim-
itations, each panel reports selected boundary points, b; with j = 1,5, 10, 15, 20, 25, 30, 35, 40,
together with the corresponding WBATE and LBATE estimates. The WBATE estimator
uses equal weights over the 40 boundary grid points. The table also reports MSE-optimal
bandwidths in the original score units, point estimates, robust bias-corrected test statis-
tics, p-values, and confidence intervals. See Section SA-10 of the supplemental appendix for

omitted details.

8 Extensions and Future Research

This section discusses several generalizations of our results that are useful for applied re-
searchers. The theoretical results in the supplemental appendix already accommodate some
of these extensions, while in other cases they serve as a foundation for future theoretical and

methodological research.

8.1 Multidimensional Scores and General Assignment Boundaries

We considered bivariate scores and piecewise linear assignment boundaries with finitely many

segments, a setting that covers many empirical BD designs while keeping the assumptions
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(a) Intention-to-Treat Effects: 7y (x). (b) First-Stage Effects: my(x).

hi ho Nco Np  Estimate p-value 95% CI hy ho Nco Np  Estimate p-value 95% CI
b, 27.6 122 8921 3532 0.311 0.000 0.204, 0.423 b 276 122 8921 3532 0.551 0.000 0.495, 0.655)
bs 23.1 10.2 9044 3997 0.295 0.000 0.164, 0.370 bs 23.1 10.2 9044 3997 0.528 0.000 0.466, 0.612)
b1 19.3 8.6 6925 3563 0.324 0.000 0.189, 0.417 b1 19.3 8.6 6925 3563 0.524 0.000 0.417, 0.582
bis 22.2 9.8 10063 4977 0.314 0.000 0.190, 0.378 bis 222 9.8 10063 4977 0.564 0.000 0.481, 0.614
bao 19.4 8.6 8945 2680 0.327 0.000 0.231, 0.433 by 194 8.6 8945 2680 0.574 0.000 0.467, 0.674)
bas 21.0 93 6188 3114 0.291 0.000 0.211, 0.423 bas 21.0 93 6188 3114 0.579 0.000 0.481, 0.684)
bao 26.3 11.7 4698 4560 0.257 0.000 0.157, 0.398 bso 26.3 11.7 4698 4560 0.623 0.000 0.522, 0.711
bss 28.1 12.5 2875 2950 0.219 0.000 0.077, 0.373 bss 28.1 12,5 2875 2950 0.691 0.000 0.587, 0.811
bao 36.3 16.1 2916 2993 0.185 0.000 0.044, 0.335 bao 36.3 16.1 2916 2993 0.723 0.000 0.621, 0.855)
WBATE 0.282 0.000  (0.248, 0.316) WBATE 0.592 0.000  (0.567, 0.620)
LBATE 0.334 (0.263, 0.472) LBATE 0.723 (0.624, 0.860)

(c) Fuzzy Effects: ((x). (d) Intention-to-Treat Covariate Balance.

hi ho Noo Ny, Estimate p-value 95% CI hi hy Nco N Estimate p-value 95% CI
b, 276 122 8921 3532 0.564 0.000 0.374, 0.715 b; 27.4 12.2 8750 3469 -0.027 0.170 -0.153, 0.058
bs 23.1 10.2 9044 3997 0.559 0.000 0.323, 0.666 bs 24.2 10.7 9767 4156 -0.015 0.398 -0.123, 0.069
by 19.3 8.6 6925 3563 0.619 0.000 0.401, 0.812 b1 21.0 9.3 8085 3981 -0.011 0.272 -0.139, 0.065
bis 222 9.8 10063 4977 0.556 0.000 0.362, 0.675 bis 20.3 9.0 8051 4329 0.000 0.909 -0.093, 0.100
bao 19.4 8.6 8945 2680 0.569 0.000 0.440, 0.723 bao 20.2 89 9828 2825 -0.009 0.613 -0.103, 0.073
bos 21.0 93 6188 3114 0.503 0.000 0.385, 0.703 bas 18.7 83 4697 2598 0.020 0.058 -0.039, 0.168
bsg 26.3 11.7 4698 4560 0.412 0.000 0.272, 0.627 bao 24.5 10.9 3842 3945 0.005 0.556 -0.085, 0.126
bss 28.1 12.5 2875 2950 0.317 0.000 0.123, 0.521 bss 23.1 10.3 1825 1842 -0.006 0.639 -0.156, 0.114
bao 36.3 16.1 2916 2993 0.255 0.000 0.067, 0.447 by 27.8 12.3 1560 1511 -0.011 0.516 -0.134, 0.087
WBATE 0487  0.000 (0.435, 0.535) WBATE -0.004 0938 (-0.030, 0.028)
LBATE 0.619 (0.487, 0.808) LBATE 0.020 (-0.031, 0.182)

Table 1: Selected Empirical Results for BATEC (SPP Application).

Notes. Panel (a) reports reduced-form effects of eligibility on college enrollment. Panel (b) reports take-up.
Panel (c) reports fuzzy effects on college enrollment. Panel (d) reports a covariate balance using mother’s
education as the outcome. Point estimates and robust bias-corrected confidence intervals are computed
using the 40 boundary grid points shown in Figure 1la. MSE-optimal bandwidths for each score coordinate
are computed at each grid point using the ITT bandwidth selector. A subset of boundary grid points are
reported for exposition. See the supplemental appendix for details and omitted results.
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transparent. The supplemental appendix gives pointwise and uniform estimation and infer-
ence results when X, is a d-dimensional score and 9% has effective dimension d — 1, with
d > 2, allowing both diagonal bandwidth matrices and assignment boundaries that are not
necessarily piecewise linear. The more general theory requires regularity conditions on the
geometry of %, formulated using ideas from geometric measure theory [33]. Practically,
these conditions rule out boundary regions that are too irregular or too poorly supported by
observations on one side for stable local polynomial estimation. Higher-dimensional scores
are possible in principle, but the usual nonparametric curse of dimensionality remains; em-
pirical work with d > 2 should therefore include careful bandwidth, support, and sensitivity

checks.

8.2 Derivatives and Regression Kink Designs

The supplemental appendix also studies pointwise and uniform estimation and inference for
derivatives of the BATEC, transformations of those derivatives, and their fuzzy counterparts.
Derivative estimands are useful when the object of interest is not only the level of the
treatment effect at the boundary, but also how that effect changes along %. For example,
derivatives can be used to assess monotonicity or other local patterns of treatment effect
heterogeneity. The same theory covers regression kink designs [10] in BD settings, where
the identifying variation comes from a change in slope rather than a change in level at the

assignment boundary.

8.3 Covariate Adjustment

In RD designs, pre-treatment covariates can be used as placebo outcomes or balance checks
[14, Section 5], incorporated in the local polynomial fit to improve precision [6], or used
to study treatment effect heterogeneity [9]. These uses carry over naturally to BD designs.
The empirical application above reports a placebo analysis using mother’s education as the
outcome variable, and the supplemental appendix gives a basic formulation for incorporating

pre-treatment covariates into location-based estimators. To conserve space, we present the

28



sharp design formulation in the supplemental appendix (Section SA-3.3), while extensions

to the fuzzy estimands in Section 6 follow the same logic.

8.4 Multidimensional RD Plots

Visualization is an important part of univariate RD analysis [4, 45], but a single univariate
RD plot is generally not enough in BD designs because treatment effects may vary along
AB. A useful starting point is to display the assignment scores, boundary, and estimation
grid, as in Figure la, followed by plots of the estimated BATEC and associated uncer-
tainty measures, as in Figure 2. More formal bivariate RD plots can be constructed by
extending binscatter methods: univariate RD plots are a particular instance of binscatter
methods [17, 21], and analogous BD plots can be based on bins in the assignment space or
on binned summaries local to the boundary. Such plots can help assess outcome discontinu-
ities, visualize heterogeneity, and compare the location-based analysis with simpler binned
or distance-to-boundary summaries. We plan to develop these visualization tools in future

work.

8.5 Clustered and Spatially Correlated Data

Many BD applications involve observations that are clustered or spatially correlated, espe-
cially when the score contains geographic coordinates. The formal results in this paper are
developed under random sampling, and therefore they should be applied directly only when
that approximation is credible. When dependence is present and its structure is known or can
be consistently approximated, the location-based estimators can in principle be paired with
cluster-robust or spatially robust covariance estimators [47]. Pointwise results for nonpara-
metric local-constant regression under spatial dependence have been recently developed [52].
Extending those ideas to general local polynomial BD estimators, especially for uniform
inference over %, requires additional empirical process and covariance-estimation results.
We therefore view dependence-robust pointwise and uniform inference for BD designs as an

important direction for future work.
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