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SA-1 Introduction

This supplemental appendix considers four generalizations of the setup in the paper.
1. The score X; is d-dimensional with d > 2 and support & C RY.

2. The boundary region 9% is a substantively more general low-dimensional manifold with “effective di-

mension” d — 1, and hence not necessarily piecewise linear with finitely many line segments.
3. Derivative estimation and inference for all parameters of interest.
4. Different bandwidths h = (hy,...,hq) " are allowed for each dimension of the score variable.

In addition, this supplement presents several other technical and methodological results not covered in the
main text due to space limitations.

The paper presents results for the special case d = 2, & piecewise linear with finitely many line segments,
h = hy = hs, and v = 0. The assumptions in the main paper are more specialized primitive conditions;
after imposing these restrictions on the supplemental results, the mapping between the paper and this

supplemental appendix is as follows.
e Theorem SA-1 = Theorem 1.
o Theorem SA-2 = Theorem 2.
e Theorems SA-3 and SA-8 = Theorem 3.
o Theorem SA-9 = Theorem 4.
e Theorem SA-10 = Theorem 5.
e Theorem SA-12 = Theorem 6.
e Theorem SA-13 = Theorem 7.
o Theorem SA-14 = Theorem 8.
e Theorems SA-15 and SA-18 = Theorem 9.
e Theorem SA-19 = Theorem 10.
e Theorem SA-20 = Theorem 11.
e Theorem SA-22 = Theorem 12.

The generalizations considered in this supplemental appendix are conceptually straightforward, but tech-
nically more involved. Following the structure of the paper, we first consider sharp designs. Section SA-6
generalizes the results to fuzzy designs. Section SA-7 presents a novel Gaussian strong approximation result

that may be of independent interest.



SA-1.1 Notation and Definitions

For textbook references on empirical process, see van der Vaart and Wellner [1996], Dudley [2014], and Giné

and Nickl [2016]. For textbook references on geometric measure theory, see Simon et al. [1984], Federer
[2014], and Folland [2002].

(1)

(iii)

Multi-index Notations. For a multi-index v = (11, ...,vq) € N¢, let |v| = Zle v, vl =1l 14!, and
u’ = Hle uj* for u = (uq,...,uq) € R% For any integer p > 0, let rp(u) = (u® : |a| < p)T € RP»
collect all monomials of total degree at most p in a fixed order, where p, = (iﬁ;)!. Define e, to be

the p,-dimensional unit vector such that e/ r,(u) = u” for all u € R? and |v| < p. In addition, let

f(v) (x) = 91 -+ O¥ f(x).
k

Norms. For a vector a € R¥, |al| = (32, a2

A, = SUD||x|| =1 [Ax||,, p € NU{oo}, Amin(A) denotes its minimum eigenvalue, and [A[ = [ det(A)|

denotes the absolute value of its determinant. For a function f on a metric space (S,d), ||fllcc =

sup,eg | f(s)]. For a probability measure @ on (§,.7) and p > 1, define ||f|,, = ([ |fI? dQ)'/?, and
= [ £dQ. For a set E C R%, denote by m(E) the Lebesgue measure of E.

a?)'/2, ||laljoc = max;<i<k |a;]. For a matrix A € R™*™,

Empirical Process. We use standard empirical process notations: E,[g(v;)] = 1Y  g(v;) and
Grlg(vyi)] = ﬁZ?ﬂ(g(Vi) — Elg(v;)]). Let (&,d) be a semi-metric space. The covering num-
ber N(&,d,e) is the minimal number of balls By(e) = {t : d(t,s) < e} needed to cover §. A
P-Brownian bridge is a mean-zero Gaussian random function Gp(f), f € Lo(Z,P) with covariance
E[Gp(f)Gr(g)] = P(fg) — P(f)P(g), for f,g € Lo(X,P). A class F C Ly(Z,P) is P-pregaussian if
there is a version of P-Brownian bridge Gp such that Gp € C(F; pp) almost surely, where pp is the
semi-metric on Ly (X, P) is defined by pp(f, 9) = (| f =gl o — ([ fdP— [ gdP)®)'/2 for f,g € Lo(X,P).

Geometric Measure Theory. For a set A C X, the De Giorgi perimeter of A related to X is Z(A) =
TVi1,},2- For d € Nand 0 < m < d, the m-dimensional Hausdorff (outer) measure is H™(A) =
lims |0 H5'(A), A C R?, where for each § > 0, HY*(A) is defined by taking H7*(0) = 0, and for any
non-empty A C R4, §1*(A) = W inf Z; ,(diam(C};)/2)™, and the infimum is taken over all
countable collections Cy,Cy, - - - of subsets of R? such that diam(C;) < § and A C U32,Cj. Integration
against £ is defined via Carathéodory’s Theorem following the classical measure-theoretic literature.
The Hausdorff dimension dimg(A) of A is defined by dimg(A) = inf{t > 0 : H'(A) = 0}. A set
A C R? is said to be k-rectifiable if A is of Hausdorff dimension %k, and there exist a countable
collection {f;} of continuously differentiable maps f; : R¥ — R? such that $H¥(A \ U2, f;(RF)) =

B is a rectifiable curve if there exists a Lipschitz continuous function 7 : [0,1] — R? such that
B = 7([0,1]). We define the curve length function of B to be £(B) = sup,cy s(m,y), where II =
{(to,t1,. . tn) N EN,0<ty<t; <...<ty <1} and s(m,7) = ot lv(t:) — y(tir)|, for 7 =
(to,t1,. .., tN).

Bounds and Asymptotics. For real sequences, we write a,, = o(b,) if lim sup ||a"|‘ =0, and a, < b, if
there exist constants C' and N > 0 such that n > N implies |a,,| < Clb,|. For sequences of random vari-
ables, we write a, = op(by,) if plim,,_, ‘IZWI‘ =0, and [a,| Sp |bn| if limsup ;o limsup,, o P[| 32| >
M]=0.

Let ®(-) be the cumulative distribution function of a standard univariate Gaussian random variable. For

a bandwidth vector h = (hl, .. .,hd)T ++, let H = dlag(h), h = ming<j<q hy, h = maxj<i<d h;, and



Ky(u) = [H/7'K(H 'u). All limits are taken such that h — 0, h/h < 1, and the bandwidths vanish as
n — 00. Most of our results hold with fixed but small enough bandwidths. We do not make this distinction

explicit to avoid overly-complex statements and technical discussions.

SA-2 Sharp Design Setup

We partition 2 into two areas, o, C R% with ¢ € {0,1}, which represent the control and treatment regions,
respectively. That is, & = oo U o1, where oy and &/, are two disjoint regions in R?. The observed outcome
is Y; = 1(X; € o)Yi(0) + 1(X; € o1)Y;(1). The “boundary” is B = bd(#y) Nbd(ef;) C R, where bd(-)
denotes the topological boundary of a set, and has effective dimension d — 1. We assume that % belongs to
o1, that is, B C o1 and BN Ay = 0.

SA-2.1 Assumptions

Assumption 1 generalizes as follows.
Assumption SA-1 (Data Generating Process). Let ¢t € {0,1}.

() Vi), X)), ..., (Y (®), X)) are independent and identically distributed random vectors.
(ii) The distribution of X; has compact support X C R with nonempty interior and a Lebesgue density
fx(x) that is continuous and bounded away from zero on X .
(iil) pe(x) = E[Y;(0)|X; = x] has a (p+ 1)-times continuously differentiable extension to an open neighbor-
hood of X .
(iv) o?(x) = V[Y;(t)|X; = x] is bounded away from zero and continuous on I .
(v) supygeq E[|Yi(1)]>T|X; = x] < 0o for some v > 2.

Assumption 2 generalizes as follows.
Assumption SA-2 (Boundary and Kernel).
(i) & Cint(Z), and B is compact (d — 1)-rectifiable, with $H=1(B) positive and finite.
(ii) K :R% — [0,00) is compactly supported and Lipschitz continuous, or K(u) = 1(u € [-1,1]%).

(iii) For each t € {0,1}, there ezists a Lebesgue-measurable set U C R with 0 < m(U) < oo, such that
K(u) >k >0 for allu € U, Amin([f; rp(2)ry(z) " dz) > 0, and

liminf inf / K(u)l(x+Hue g;)du 1,
hi0 XEZ Jir

uniformly over diagonal bandwidth matrices satisfying h/h < 1.

For d = 2, Assumption SA-2(i) holds whenever % is a compact rectifiable curve with positive and finite
length. For the special case in the main paper, where 3 is piecewise linear with finitely many line segments
and K is positive in a neighborhood of the origin, Assumption SA-2(iii) also holds: locally, each side of the
boundary contains a half-plane or polygonal cone of positive aperture, and the finite number of line segments
gives a uniform lower bound over %. More generally, Assumption SA-2(iii) is a local nondegeneracy condition

linking the geometry of % to the support and shape of the kernel K. The density fx(x) does not appear



explicitly in this condition because Assumption SA-1(ii) already requires it to be bounded away from zero
on X.

More precisely, Assumption SA-2(iii) rules out boundary-kernel configurations in which, after local rescal-
ing by H, one side of the boundary receives too little kernel-weighted mass to guarantee the local polynomial
regression is well-defined uniformly over &. Thus, the condition ensures that the local design is sufficiently
rich on each side of the boundary. Lemma SA-1 shows that Assumptions SA-1(ii) and SA-2 imply that the
population Gram matrix is full rank for A small enough, uniformly in x € 9. This guarantees that the
treatment effect estimators are well-defined in large samples under the conditions imposed. Assumption SA-
2(iii) is stated uniformly over & in anticipation of our uniform estimation and inference results, but it can
be relaxed to hold only pointwise in x € & for pointwise results.

Assumption 3 generalizes as follows.

Assumption SA-3 (Weight Function and Boundary). Let w : B — (0,00) satisfy sup,cgw(x) < oo,
infyeg w(x) >0, and [, w(x)dH4 ™ (x) < oo.

SA-2.2 Parameters

The multidimensional generalizations of the three causal parameters studied in the paper are:

1. Boundary Average Treatment Effect Curve (BATEC):
T(x) =EY;(1) - Yi(0)[Xi =x], xe€%.

2. Weighted Boundary Average Treatment Effect (WBATE):

o Jprui ant ()
WBATE f% w(x) dfdT (X)

3. Largest Boundary Average Treatment Effect (LBATE):

TipatE = Sup 7(x).
xXER

More generally, this supplemental appendix considers the derivatives of the BATEC parameter
T (x) = i () — (%), x€ B,
and the corresponding weighted and largest derivative parameters, respectively given by

(v) d—1
) S ™ (x)w(x) dH4 (x) ) )
= d =
TWBATE fgg w(x) a1 (X) an TLBATE i‘ég T (X)»

where |v| < p.



SA-2.3 Estimators and Other Related Quantities
The estimator of the (derivative of the) BATEC parameters

) =)~ (%) xeB,
where 71\ (x) = vle] B,(x) for t € {0,1} with

By(x) = argminE,, [(V; — rp(X; — x)TB)QKH(Xi - x)L(X; € o4)], x € R, (SA-1)
BERFP

with Kg(u) = [H|"!K(H u) for a d-variate kernel function K(-) and a diagonal bandwidth matrix H =
diag(h) with h = (hy,...,hq)" € RY, . Thus,

d
H|=][m and H'=diagh',...,h").
=1

Furthermore, if all bandwidths are proportional to each other, that is, h; = ¢;h for fixed constants ¢; > 0,
l=1,...,d, and common bandwidth h > 0, then H = hdiag(c) with ¢ = (c1,...,¢c4) ", and hence

d
|H]| :hdl_[cl7 and H™' = h tdiag(e; ', ..., c5h).
=1

Therefore, |[H| < h% and H™! < h™11,.

Under the assumptions imposed,
B,(x) = S*lf;,hEn [r,(HH(X; — x))Ku(Xi - x)Vil(X; € o,)], S = diag(r,(h)),
and
Ty =B, [rp(H (X — x))r,(HH(X; — %)) T Ka(Xi — x)1(X; € o)),
where its population analog is
T = B[, (H (X, — %)), (H (X, — %) T Ku(X; — 0)1(X; € ).
For use in the proofs, let 3,(x) denote the population Taylor coefficient vector satisfying

(@) (4
B0 ) = Y M wewe

Note that HeIS’1H2 = HeIS*IHOO = h7". In addition, define
Qt,x =E, [I‘p(Hil(Xi — X))I(H()(Z — X)]].(XZ € .Q{t)é‘l‘],

where ¢; = Y; — []].(X, S ﬂo),uo(Xi) + ]].(Xi S .,Q[1),UJ1(XZ‘)} =Y, — ED/Z|X1]



For x1,x5 € @ and ¢t € {0, 1}, we introduce the following population quantities

12
Q) = LeTI‘t x Et,X17X2l"71 ey,

t,X2

Q Q(V) Q(V)

X1, xz 0,x1,%X2 1,x1,X2" t,x1,X2 ’I’L|H|h2u v

Sixixe = [HE[r,(H (X — x1))r,(H (X — x2)) T Ku (X — x1) Ku(X; — x2)07 (X)) L(X; € )],

and their sample analogs

~—

~ 12
o =a) 4o G 5 VD NS V)

X1,X2 0 X17X2 1,x1,%2° t,X1,X2 2 Cv
n

i\)t,xl,xZ = |H|En [I‘p(H_l(Xi - Xl))l'p(H_l(Xi — XQ))TKH(Xi — Xl)KH(XZ - Xg)a(xl)a(XQ)]l(Xi S let)],

where &(x) = Y; — 1,(X; — %) T[L(X; € 0)Bo(x) + 1(X; € 1)B, (x)].
Finally, we introduce more notation for the leading bias and variance of the estimator of the (derivative
of the) BATEC parameter. For x € % and ¢ € {0, 1}, define

B¥)(h) =vle[T; Y i Xh“’ YE[r,(H (X, — x))(H (X, — x))“Ku(X; - x)1(X; € 4,)],
|w|=p+1

where B,(cu)(h) = B(")(h) - B(()';z (h). When h = ch for a fixed vector ¢ and h is a common bandwidth,

1,x

BY (h) = hp“*“"g,((u)(c) for some E,(cu)(c). Also, define

V(V) V(l’) + V(l’)

1,x>
with

V%) = (0)%e] T/ 1%, « «Tite, = n|Hh? Q)

t,X,x"

The corresponding empirical analogs of these leading terms, leaving the unknown derivatives explicit, are
(v) T L Mgw)( ) w—v -1 -1 w
B (h)=vle,T,, > ST hTVE, [r, HY(X; —x))(H (X, — x)“Ku(X; —x)1(X; € )],
|w|=p+1 '

and BY (h) = B{“)(h) — By (n). Also, V) = V%) + V%) with V,%) = n|H[>* Q)

t,x,x"

SA-2.4 Preliminary Lemmas
Let X = (X{,---,X]]), and recall that t € {0,1}.

Lemma SA-1 (Invertibility). Suppose Assumptions SA-1(i,ii) and SA-2 hold. Then,

liminf inf Apin(Tex) > 0.
h—0 XERB



Lemma SA-2 (Gram). Suppose Assumptions SA-1(4,ii) and SA-2 hold. If log(‘g‘h =o(1), then

log(1/7)

loa(1/7)

T,.— <
iggg”rt,x Tx| <p ol H

~—1
sup [T, — Ty e
XERB

- ~ ~ ~—1
If, in addition, h = o(1), then infxes Amin(Tt,x) Zp 1, SuPxeg ITix|l Sp 1, and supyeg [T 4|l Sp 1

Lemma SA-3 (Linear Approximation). Suppose Assumptions SA-1(i,ii,iv,v) and SA-2 hold. If k’g(‘h/‘h) =
o(1), then

log(1/h) n log(1/h)

<
L )

If, in addition, h = o(1), then

~(v) Ta—lp—1 —v log(l/h)( 10%(1/71) 10g(1/h)>
)—E X] —vle/STITIQix| <ph + =
3253‘” [ () X] -~ vle, 1x Qx| Se \/ n|H| n|H| n21U|H|

Lemma SA-4 (Covariance). Suppose Assumptions SA-1 and SA-2 hold. If log(1/h) _ o(1) and h = o(1),

nZ+v |H]|
then
~ log(l/ﬁ) log(l/ﬁ) -
su 2 \X1,X2 E X1,X2 S, 0 + hp+la
x1-,XQF;93H b b || g n\H| n2+ﬁ|H|
log(1/h)  log(1/h) -
sup  |Q®) — QW) | <p (n|H|h> ( + — + AP
X1 xzpeﬁ b2 b 2| IP | | ) TL‘H| n2+v|H|
and

QW) - v)\— log(1/h) log(1/h) -
sup (L) — ()77 <e n|H|h2u( n(|H/| ) nz+(/H)| +h”+1>.

Lemma SA-5 (Bias). Suppose Assumptions SA-1(i,4,i1) and SA-2 hold. If Ioglglh) =0(1) and h = o(1),
then

Sup |E (V) )|X] ( )’ <p hPtin— v

implying

swm“”>m (%) — B (m)| = 0p(RPT'0Y),

with SUPyc g |B(V) (h) — Bt(:;c)(h)| <p hPT'h~¥ loi(lh/‘ﬁ)} and hence SUpy¢ g |Bt(';)(h)| < hPtlhv.




SA-3 Boundary Average Treatment Effect Curve

SA-3.1 Point Estimation and MSE Expansions

Theorem SA-1 (Convergence Rates: Sharp BATEC). Suppose Assumptions SA-1 and SA-2 hold. If
log(1/h)/(n|H|) = o(1) and h = o(1), then

|?(V)(x) _ T(V)(X)| <p hfu( 1 n 1+} | n ;_Lerl)

vnH|  nre | H
forx e B, and
. _ log(1/h)  log(1/h) = -
(%) =7 (x)| Sph ™ + + hPt
sup |7V (x) — 7" (x .

The conditional mean-squared error (MSE) is
MSE™ (x) = E[(7")(x) — 7 (x))?|X]
for x € B, and the conditional integrated MSE (IMSE) is

IMSE®™) = / MSE™ (x)w(x) dH? ! (x),
B

where w(x) satisfies Assumption SA-3.

Theorem SA-2 (MSE Expansions: Sharp BATEC). Suppose Assumptions SA-1, SA-2 and SA-3 hold. If
log(1/h)/(n= [H|) = o(1) and h = o(1), then

1 _
M E(V) — B(V) h 2 (v) 2p+2h—2u H h2u —1
S (x) ( 2 )) + 7n|H|h2" Ve +01p>(h + (n|Hh*) )
forx e B, and
1 _
SEC) = [ (B W) + e Vi () 457 0) + 0p (20 o (fHW) ).
B n

Theorem SA-2 can be used to develop feasible bandwidth selectors for diagonal bandwidth matrices by
minimizing the displayed criterion over h € R‘i 4. If h = ch for a fixed vector ¢ and a common bandwidth
h, the problem reduces to scalar bandwidth selection. If B,(cu) (c) # 0, the asymptotic MSE-optimal common

scale is

d+ 2|V, 1\ 77
st () = (d+2Jv]) S
(2p+2 = 2[v[)(Bx"(c))? "

for x € B. Similarly, if f@(é,((") (€))?w(x) dH?1(x) # 0, the asymptotic IMSE-optimal common scale is

hivsE,r =

( (A +2pv]) Jp Vi wix) d™ () 1)
(20 +2 = 2w]) [,(BE () Pw(x) 491 (x)

10



In practice, the unknown bias and variance quantities can be replaced with (consistent) estimators thereof.
For example, the unknown functions ugw) (x) can be estimated using higher-order local polynomial estimators
in B (h), and V) = ‘70(;) + ‘71(;) with IA/t(i) = (u!)Qer;’if}@x,xf‘;iey, which corresponds to a standard
variance estimator (which is also used for asymptotic inference as discussed below).

Finally, some pointwise statements admit weaker side conditions when the empirical-process classes are
restricted to a fixed boundary point. We state the stronger uniform side conditions throughout this section

to simplify the exposition.

SA-3.2 Distributional Approximation and Inference

Let V= ((Y1,X]), -+, (Yn, X)) T, and recall that t € {0,1}. For |v| < p, define the feasible t-statistic
7 (x) — 1) (x)
VO

The associated 100(1 — «)% confidence interval estimator is

T(U)

(x) = , x€RB.

“w) i 0w =
i (x) = [T< ) — gar/AL) | 3 ><x>+%\/ﬂ§7;],

where ¢, denotes an appropriate quantile depending on the desired confidence level a € (0, 1), and coverage
objective (pointwise versus uniform over 9).
Theorem SA-3 (Confidence Intervals: Sharp BATEC). Suppose Assumptions SA-1 and SA-2 hold. If

n|H| = oo and n|H|h2PH) = (1), then

sup [P(TY (x) <u) — @(w)| = o(1),  x€ B,
u€ER

and

Prx) el ) =1-a+o(l), xecB,

provided that ¢ = inf{c > 0:P(|Z| > ¢|V) < a} with Z|V ~ Normal(0,1).

For uniform inference, we rely on a new strong approximation result established in Section SA-7. First,

we simplify the statistic T(V), which is not a sum of independent random variables. Let
T (x) = B, [(240) "/ 20le] ST [A(X; € a1 )T ) — L(X; € o) T x]rp (H (X5 = %)) Kua(X; = %)z,

where recall that ¢; =Y, — Zte{o,l} 1(X; € o) (X;) =Y — E[V;]X,].

Theorem SA-4 (Stochastic Linearization: Sharp BATEC). Suppose Assumptions SA-1 and SA-2 hold. If
log(1/h)/(n*/ G+ H|) = 0(1) and h = o(1), then

~() =) 1 = ( [log(1/h)  log(1/h)
T -T <p hP* H log(1/h o .
sup 1)) = T 60| Se 1+ VnlBE] -+ loslU/) (4= + oy

We can now exploit the linear structure of (T(V)(x) : x € &), that is, an average of i.n.i.d. random vectors.
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Define the following functions indexed by x € %:
gx(w) =1L(u € o) A4Y (wyx) — L(u € )4 (w;x), ued,
and

Y (wyx) = n V2P V20l SN dr,(H  (u - x))Ku(u—x), ued, te{01}).

X

Define the associated class of functions & = {gx : x € B} and # = {Id}, where Id(z) = z, for all z € R.

Then, the residual-based empirical process is
Ru(g,r) =023 [g(X)r(Yi) - g(X)BF(Y)Xi]], g€ e,
i=1

and therefore
T (x) = Ru(gx,1d), x € &.

Theorem SA-23 gives a new Gaussian strong approximation that can be applied to our current setup.

Specifically, our new theorem allows polynomial moment bounds on the conditional distribution of Y;|X;.

Theorem SA-5 (Gaussian Strong Approximation: T(V)). Suppose Assumptions SA-1 and SA-2 hold, and
X = Hle[al,bl], with —oo < a; < by < oo forl=1,...,d. Suppose also that there exists a constant C > 0
such that for t € {0,1} and for any x € B, the De Giorgi perimeter of the set B, x = {y € o, : H 1 (y —x) €
supp(K)} satisfies Z(E;x) < Ch?™1. For the associated classes & and R = {Id} defined above, suppose
the singleton reqularity condition in part (2) of Theorem SA-23 holds. If liminf,, . logh/logn > —oco and
n|H| — oo, then (on a possibly enlarged probability space) there exists a mean-zero Gaussian process AL

indexed by B with almost surely continuous sample path such that

1 v
1 2d+2 v+2 1
T + log(n S E—— 5
() <) (5

where < is up to a universal constant, and Z®) has the same covariance structure as T(V); that is,
(COV[T(V) (X1)7T(U)(X2)] = Cov[ZW)(x1), Z™)(x2)] for all x1,%x2 € B.

Nlw
N

E[sup ‘T(V)(X) —zW) (X)’:| < (logn)
XERB

The rectangular support condition in Theorem SA-5 is imposed only for the process-level strong approx-
imation. It permits an affine rescaling of the score support to [0, 1]d; combined with the bounded and
bounded-away-from-zero density in Assumption SA-1(ii), Px can then be used as the surrogate measure and
the Rosenblatt transform provides the normalizing transformation with bounded constants. See Cattaneo
and Yu [2025, Section 3.1] for details. This normalization simplifies the verification of that stronger cou-
pling and is not used in the pointwise, aggregate, or supremum-based confidence-band results. Because the
local-polynomial estimators use only shrinking neighborhoods of % C int(2'), the condition is not practically
restrictive for the process-level result in settings where the relevant score support can be represented by a
compact rectangle after rescaling.

The De Giorgi perimeter condition in Theorem SA-5 is used only to verify the total variation requirement
of the residual empirical process strong approximation theorem (Theorem SA-23) for the class of boundary-

indexed local-polynomial weighting functions. Even when the kernel is smooth, the factors L(u € &)
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introduce discontinuities along the assignment boundary. The localized perimeter bound controls the to-
tal variation of these discontinuities uniformly over x € 9, because the relevant jumps occur on the sets
Fix ={y € & : H'(y — x) € supp(K)}. The separate singleton regularity condition concerns the
truncated conditional means introduced by the polynomial-moment truncation step. Informally, these addi-
tional technical restrictions avoid an overly “wiggly” assignment boundary and irregular truncation-induced
conditional means.

The following lemma shows that the simpler boundary assumptions imposed in the paper are sufficient to

verify the De Giorgi perimeter condition for standard compactly supported kernels.

Lemma SA-6 (Localized Perimeter: Piecewise-Linear Boundary). Suppose d = 2, H = hly, % is piecewise
linear with finitely many line segments, B lies in the interior of X, and supp(K) is bounded. If either
K(u) =1(u € [-1,1]?) or supp(K) has finite De Giorgi perimeter, then, for t € {0,1},

sugg({y c h_l(y —X) € Supp(K)}) < h.
xe

Theorem SA-5 can be used to construct confidence bands for () (x) : x € B). Let (Z)(x) : x € B) be

a (conditionally on V) mean-zero Gaussian process with feasible (conditional) covariance function
0

\/ ﬁg(l:?xl ﬁg;?xz

Theorem SA-6 (Confidence Bands: Sharp BATEC; process approximation). Suppose the assumptions

and conditions in Theorem SA-5 hold. If liminf, . logh/logn > —oc, (logn)?/(n*/ CGT)|H|) = o(1) and
n|H|R?P+tD logn = o(1), then

COV[Z(")(Xl),Z(”)(X2)|V] = X1,X2 € B.

sup P( sup ﬁ‘(u)(x)’ < u) - P(sup |2(")(x)’ < u‘V)‘ =op(1)
u€R XERB XERB

and

P[T(V)(X) gf(:)(x), for allx € %] =1-a+o(1),

provided that ¢q = inf {¢ > 0: P(sup,cg ‘Z(U)(X)’ > c’V) <a}.

Theorem SA-5 gives a strong approximation of the entire process T(V)

by a Gaussian process Z®*). This
process-level coupling is stronger than what is needed for pointwise normal approximation, and also stronger
than the supremum approximation needed for confidence bands. Indeed, as demonstrated in the following
theorem, approximating only the supremum of the process using the results in Chernozhukov et al. [2014D)]

removes the need for the De Giorgi perimeter condition, and allows for a wider class of boundaries Z.

Theorem SA-7 (Gaussian Approximation for sup,cg |T(V) (x)]). Suppose Assumptions SA-1 and SA-2
hold. Then for n large enough, on a possibly enriched probability space, there exists a Gaussian process

ZW)(x), x € B, with almost sure continuous trajectories such that

Cov[Z™) (x1), ZM) (x5)] = (COV[T(U)(Xl),T(V)(xQ)], X1,X2 € B,
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and

logn +(10gn)5/4 (logn)3/? < 1 logn
DTS T E)7E T (e ) ) S ogn T

*(V) v
P|| sup [T (x)] - sup |2 (x)|| >
XERB XERB
Using this result, we obtain the following theorem for confidence bands that does not require the De Giorgi
perimeter condition.

Theorem SA-8 (Confidence Bands: Sharp BATEC; suprema approximation). Suppose Assumptions SA-1
and SA-2 hold. If liminf, .. logh/logn > —oc, (logn)®/(n?/C+tY)[H|) = o(1), and hR*®PTYn|H|logn =
o(1), then

sup IP( sup |T(V)(x)’ < u) - IP’(sup |2(V)(x)’ < u’V)’ = op(1)
u€eR XER xXERB

and

~)

P{T(V)(X) el, (x), foralxe 95’} =1-a+o(1),

provided that ¢o = inf {¢ > 0 : P(supycgy |2(”)(X)’ > c|V) <aj.

SA-3.3 Covariate Adjustment

Following Calonico et al. [2019] and Calonico et al. [2026], we can incorporate covariate adjustment into our
framework. To conserve space, we only give a brief description of the basic idea. Suppose that Zq,...,Z,
are pre-intervention covariates of dimension dz > 1.

For efficiency improvements, the covariate-adjusted BATEC estimator is
~ T ~
7(x) = ey, 117(x)
with

F(x) = argmin E,[(Y; —T,(X; — x, T, Z:) T v)  Kn(Xi — x)],

~ER2PpHdz

where T; = 1(X; € o/1), and
(X —x,T;,Z;) = [rp(X; — X)T»Ti rp(Xi — X)Tv Z;r]‘r

contains the full polynomial basis function for each treatment group but the pre-intervention covariates are
not interacted with the treatment indicator.

For heterogeneity analysis, the covariate-adjusted BATEC estimator is
k(x,z) = e;—p+1’7(x) +z' [Odz X(2+dz)pp Li, Oa, X(Pp—l)dz] ¥(x)
with

Y(x)= argmin B, [(Yi — #(X; — x, T3, Zs) T 7) Kn(X; — x)],

~ER2Pp(dz+1)
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where I; denotes the (d x d) identity matrix, 04, x4, denotes the (dy X da) matrix of zeros, z takes values on

the support of Z;, and
- _ T T T
(X =%, T3, Z) = [rp(Xs — %), Ti o rp(Xy — %), (1,(Xi —X) ® Z ) T (rp(Xi —x) ®Z;) ']

contains the full interaction between the polynomial basis function, the treatment assignment indicator, and
the pre-intervention covariates.

Employing the theoretical results in the supplemental appendix, it is not difficult to develop valid pointwise
and uniform estimation and inference results for these covariate-adjusted BATEC estimators, transformations

thereof, and their fuzzy counterparts. We plan to formalize these results in future research.

SA-4 Weighted Boundary Average Treatment Effect

Without loss of generality, we set [, w(b)d$? *(b) = 1. For |[v| < p, the sharp (derivative) WBATE

parameter is

g = [ 7 b)u(b) s’ b),
where the weight function satisfies Assumption SA-3. The original WBATE parameter is the special case

v=0.
The sharp (derivative) WBATE estimator is

s = [ 7 (bJub) o (o)
B
Our first lemma in this section studies the conditional bias of TV&)TE. Let

BVSI;I?TE(h) = BY,JW)BATE(h) - B(()',JW)BATE(h)a Bt(xléATE(h) = /@ Bé,ub) (h)w(b) dﬁdil(b%

for t € {0,1}.

Lemma SA-7 (Bias: Sharp WBATE). Suppose Assumption SA-1(i)-(iii), SA-2 and SA-3 hold. If % =
o(1) and h = o(1), then

E[7ime|X] — Tugare = Bigirs(B) + op(APHRY).

If, in addition, h = ch for a fized vector ¢ and common bandwidth h, then B‘,(,;'KTE(h) = hP+1—‘"|§§§2TE(c) +
o(hPt1=Ivly,

The next lemma studies the conditional variance of TVE};;)TE, and a plug-in estimator thereof. Let

Q‘fa’gﬁm Qg wBaTE T Q(()VW)BATE7 QEI;I)BATE / / Qt b1,byW )w(b2) dﬁd_l(bl) dﬁd_l (b2)

and impose the aggregate variance nondegeneracy condition

oW > ﬂ (SA-2)
WBATE ~ n\H|h2” .
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This scalar condition rules out cancellation of the local covariance kernel after integrating the weighted
boundary process; it is automatically distinct from the pointwise variance lower bound when derivative
aggregates are considered. For the aggregate variance and inference results below, we also use the local

boundary-measure regularity condition

sup 1B N B(x,7)) < Curi™1, 0<r<ro, (SA-3)
XERB

for some constants Cg < oo and rg > 0. In the proofs below, write vg ) for the k-fold product measure
(H41)% on Bk, Also let

Q\EJ;;;ZTE = Q(ll,Jw)BATE + Q(()l,lw)BATE’ t WBATE = / / Qiyb)l by W bi)w(b2) df)dil(bﬁ dﬁdfl(bg),

for t € {0,1}.

Lemma SA-8 (Variance: Sharp WBATE). Suppose Assumptions SA-1, SA-2 and SA-3 hold, and (SA-2)

and (SA-3) hold. If loglglh =o(1) and h = o(1), then

(v v Rt
[TVSBA)TE|X] Q‘EJB.I)\TE =+ op (7> )

n|Hh2?
where
pd—1 ( Rd—1
o<W < T
n|H[h2v ~ TBAE~ ) |2y
Furthermore,
. R pd-1
V[Tw,g};lA)TﬂX] = Q‘Elll;gTE +op (W)

Theorem SA-9 (MSE Expansion: Sharp WBATE). Suppose Assumptions SA-1, SA-2 and SA-3 hold, and
(SA-2) and (SA-3) hold. Iflog(1/h)/(n*/C+V)H|) = o(1) and h = o(1), then

N 2 hd-1 - _ou
E[(Tvgggﬂa TWBATE) |X] QV(JEIZTE—" (Bv(nlalgna(h)) +0P(W> +0]P’(h2p+2h 2 )-

MSE-optimal diagonal bandwidth selection follows directly from Theorem SA-9; scalar bandwidth selectors
are obtained as the proportional-bandwidth special case h; = c;h.
For inference, we consider the feasible t-statistics

~) ?VS}'%JA)TE TVS;A)TE

TWBATE - ~(v)
\/ QWBATE

Theorem SA-10 (Asymptotic Normality: Sharp WBATE). Suppose Assumptions SA-1, SA-2 and SA-3
hold, and (SA-2) and (SA-3) hold. If log(1/h)/(n*/ G+ H|) = o(1) and n|H|h?**2 /%=1 = o(1), then

( )
Slelp ’P wBATE < U) — (I)(“)| =o(1).
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Condition (SA-3) controls the amount of boundary measure in bandwidth-sized neighborhoods, which is
what gives the h9~1 effective integration factor in aggregate variances. The piecewise-linear boundary and

scalar bandwidth assumptions used in the main paper imply this condition.

SA-5 Largest Boundary Average Treatment Effect

For |v| < p, we consider the sharp (derivative) LBATE estimand and estimator

e = sup ()  and A = sup 7 (b).

The original LBATE parameter is the special case v = 0.

Theorem SA-11 (Convergence Rate: Sharp LBATE). Suppose Assumptions SA-1 and SA-2 hold. If
log(1/h)/(n|H|) = o(1) and h = o(1), then

log(1/h)  log(1/h) £ 1),

7/:1.(.}’3JA)TE - TI.(.gA)TE} Sp hiu( n[H]| e H|
n v

Recall from Theorem SA-8 that (2 ®)(x) : x € B) is a (conditionally on V) mean-zero Gaussian process

with feasible (conditional) covariance function

O,

Cov [204 (x1), 2(“)(x2)‘V} -
QX’;;XI QX’;;XZ

X1,Xo € AB.

Consider the confidence interval

T doure = {sup GHOEPS \/@) sup GRIOEEN \/@)]

be®
where ¢, = inf {c >0: P(supxe% ‘2(”)(x)| > c|V) < a}.

Theorem SA-12 (Confidence Interval: Sharp LBATE). Suppose the assumptions and conditions in Theo-
rem SA-8 hold. Then

v ~v)
]P)[TISBA)TE € Ia,LBATE} >1—a+o(l).

SA-6 Imperfect Compliance

We extend our previous results to settings with imperfect treatment compliance, where treatment assignment
and treatment status may not be equal for some units. See, e.g., Herndn and Robins [2020] for a textbook
introduction.

We generalize our notation and assumptions to explicitly account for imperfect treatment compliance. Let

be the observed treatment status, where W;(¢) denotes the potential treatment status under treatment
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assignment ¢t € {0,1} for each unit. Accordingly, the observed outcome now is

where the potential outcomes are now functions of two arguments: Y;(¢,7) denotes the potential outcome
for unit ¢ when this unit is assigned to treatment ¢ € {0, 1} and takes treatment status r € {0,1}.
The usual (fuzzy) estimands and estimators in settings with imperfect treatment compliance are, respec-

tively,

where, for each x € %,
Ty (x) = E[Yi(1,Wi(1)) = Yi(0,W3(0))[X; =x]  and 7w (x) = E[W;(1) — Wi(0)|X; = x],
and
(%) = eg By (x) —egBy,o(x)  and  Fw(x) = eg By (%) — eg By (%)

with ﬁA,t(x) denoting the local polynomial fit (SA-1) when using outcome variable A € {Y, W} on side
t € {0,1}.

To recycle the notation and assumptions from the sharp BD design setup, we redefine Y;(t) = Y; (¢, W;(t))
for each t € {0,1}, which enables us to reuse Assumption SA-1 in the fuzzy BD design setting. We also

impose the following analogous assumption for the reduced-form potential outcome/status pairs.
Assumption SA-4 (Fuzzy DGP). Lett € {0,1}.

() (Ya(t), Wi (t), X)) T, ..., (Yu(t), W (), X)) are independent and identically distributed random vec-
tors.
(il) pwe(x) =E[W;(t)|X; = x] has a (p+ 1)-times continuously differentiable extension to an open neigh-
borhood of X .
(iii) Y¢(x) = Cov|[(Y;(t), W;(t))T|X; = x| has entries that are continuous on X .

More generally, for |v| < p, we consider Wald-type ratios of derivative discontinuities of the form

(v) ~(v)
C(V) (X) _ 7-Yu (X) and Z(u) (X) _ TY,/ (X)
T (%) ) (x)

For v = 0 this is the usual fuzzy Wald curve. For |v| > 0, it is a ratio of derivative jumps, not the derivative
of the level Wald ratio. Here, for each x € &,

(v)

) (x) = p (%) — p (%) and ) (x) = p (x) — pih(x),
and
A (x) = vle) By (x) —vlel Byo(x)  and 7 (x) = vle] By (x) — vie] Byo(x)
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with BA)t(x) denoting the local polynomial fit (SA-1) when using outcome variable A € {Y, W} on side
t € {0,1}. That is, under the assumptions imposed,

~ ~—1
,BA’t(X) = SilI‘ann [rp(H’l(X,; — X))KH(Xl — x)Az]l(Xl S JZ{t)], A S {Y, W},
corresponds to the local polynomial regression fit when using either Y; or W; as outcome. We also define
Quatx =E,[r,(H (X, — x))Ku(X; — x)1(X; € #)ea],

where €A = A; — []]-(Xz S ﬂo)/LA@(Xi) + ]I(Xl € e5271>/JLA)1()(Z')] = A; — ]E[AJXZL where MA,t(Xi) =
E[A;(t)[X;] and A € {Y,W}. Let B4 ,(x) denote the corresponding population Taylor coefficient vector
satisfying

(w)
Ha, (x)
ﬁA,t(X)Trp(u) = | E #U—w» ueR?
w|<p

Finally, for Aj, Ay € {Y, W}, x1,%x3 € B and t € {0,1}, we introduce the following population quantities

(v!)*

(v) _ 0w (v) (v) _ Tp-—1 -1
QA17A2,X17X2 - QA17A2707X17X2 + QA1,A2,17X17X27 QA17A2¢7X17X2 - n|H|h2” €u I‘ﬁxl EAlvA%tvxlvx? Ft7X2 Cv,
where

EAl,Az,t-,xl,Xz = ‘H‘E[rP(Hil(Xl - xl))rP(Hil(Xi - XQ))T
. KH(Xz — Xl)KH(XZ‘ — X2)O’1241’A2’t(xi)]].(xi S th)],

with afh’A%t(Xi) = Cov(A1(t), A2(t)|X;), and their sample analogs

12 ~1 1
o) _ oW o) o) I CORENE S A

QAl,AQ,Xl,Xz T U ALL,A2,0,x1,%2 + QA17A271’XI,X27 QAI’A%LXI,XZ - n|H|h2“ €u I‘t,xl EAhA%t’xlvxZFt,xzeV’
where

gAl,Az,t,th = ‘H‘En [rp(H_l(Xi - Xl))rp(H_l(Xi - XZ))T
CKu(X; — x1)Ku (X — x2)84,,i(%1)84,,i (x2)1(X; € )],

where £4,;(x) = A; — r,(H™1(X; — %)) TS[L(X; € 0)B40(x) + L(X; € o/1)B4 1 (x)], with A € {Y,W}.

SA-6.1 Second-order Linearization

The results in this section will follow from the following exact second-order linearization:
¥ () = ¢ (x) = w(x) " T(x) + Re (x)

with




and second-order error

(v)

Ty (%) ~(v) ) ()2 1 ~(v) (») ~(v) )
Rr(x) = o Y — T (X) — T (%) — 0 Ty (X)) — 15 (%)) (T () — T (X))
TTSV) (X)QTIEV) (X) ( w w ) TIEV) (X)T‘SV)(X) ( Y Y ) ( w w )

For example, under the assumptions imposed, if infyc g |7'é‘l,’)(x)| > 0, log(1/h)/(n =

H|) = o(1), = = o(1),

and

h”( log(1/h) + log(1/h) 4 i_zp“) =o(1),

then two applications of Theorem SA-1 (taking as outcomes Y and W) imply

sup [Re(x)] Sp sup [F) (x) — 79 (x)[2 + sup [ (x) — 7 (x)] sup |7 (x) — 7 (x)|
XERB XERB XERB XERB

< h_2"( log(1/h)  log(1/h) +ﬁp+1)2, (SA-4)

thereby demonstrating that the second-order term fRg(x) is (uniformly) higher-order relative to the leading
term to(x) ' T(x).
SA-6.2 Fuzzy BATEC

SA-6.2.1 Point Estimation and AMSE Expansions

Theorem SA-13 (Convergence Rates: Fuzzy BATEC). Suppose Assumptions SA-1, SA-2, and SA-4 hold,
and infyeg |7 (x)] > 0. If log(1/h)/(n7+ |[H|) = o(1), h = o(1), and

_ log(1/h) | log(1/h) - 1>
h™ + =+ P ) =o(1),

then

060 ~ (V)] Ko b (et + )

VnH|  p2e |H|

forx e RB, and

log(1/h)  log(1/h) F1),

CW) (x) — ¢ ()| <p h—¥
sup [ () = €00 2 (| =g e

The approximate (conditional) mean-squared error (AMSE) is
AMSEY (x) = E[(w(x) TT(x))?|X] = w(x) "E[T(x)T(x) " |X]w(x)
for x € B, and the approximate (conditional) integrated MSE (AIMSE) is

AIMSE®) — / AMSE® (x)w(x) d$*~ (x),
B
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where w(x) satisfies Assumption SA-3. These constructions disregard the higher-order term PRg(x).
To state the AMSE expansions with imperfect compliance, we generalize the notation introduced previously
for the leading bias and variance. For the bias, letting A € {Y, W}, we define
BY(h) = BY) () = B (h),

X Yy

(w)

_ Py (%), _ _ »

BY) (h) =vle[Ti1 7"“’3‘ he VE[r, H (X, - x))(H 1(Xi - x))*Ku(X; - x)L(X; € )],
|w|=p+1 ’

where recall that pa,(x) = E[A;(¢)|X; = x]. Therefore, the leading bias takes the form:

B)(h) =w(x)TBY(h),  BX(h) = (BY)(h), By (h) . (SA-5)

X x

When h = ch for a fixed vector ¢ and h is a common bandwidth, Béux)(h) = hp“""‘géjjx) (c) for some
B (e)
For the variance, letting A1, Ay € {Y, W}, we define

(v) _ /@) (v)
VA17A27X - VA1,A2,07X + VA17A2717X’
where

(v) _ 2 _Tp-1 -1, _ 2v ) (v)
VAl,A2,t,x = (V') e Ft,xEAl,AQ,t,X,XFt,er - n‘H|h QAl,Ag,t,x,x'

Therefore, the leading variance takes the form:

v y y V(V) V(V)
Ve =0T CWm(x), ) = (V’(’Ji”‘ yor ™ |
W,Y,x W, W x

For inference, we impose infxc VF(;) > 0 directly. This scalar nondegeneracy condition applies to the lin-
earized fuzzy Wald score and does not require the reduced-form conditional covariance matrix of (Y;(t), W;(t))

to be uniformly positive definite.

Theorem SA-14 (AMSE Expansions: Fuzzy BATEC). Suppose Assumptions SA-1, SA-2, SA-3 and SA-4

hold, and infyxcg |T‘§:,J)(X)\ > 0. Iflog(1/h)/(n¥ |H|) = o(1) and h = o(1), then

1 _
AMSEY (x) = (B (h))* + T Ve + 0p (R2P+202 4 (n|Hh?) ™)
forx € B, and
) _ ) (1)) 2 1 ) -1 T 2ptay 2w 20\~ 1
AIMSE” = (Be(h))™ + Ve |w(x) A9 (x) + op (R** ™" + (n|H|h*) ™).
g VP n|Hh2 ©

Theorem SA-14 can be used to develop feasible bandwidth selectors for diagonal bandwidth matrices by
minimizing the displayed criterion over h € R‘i 4. If h = ch for a fixed vector ¢ and a common bandwidth A,

the problem reduces to scalar bandwidth selection. If Eéyx) (c) # 0, the approximate MSE-optimal common
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scale is

@+ 1)
he amsE,w (X) = =) —
(20 +2 — 2]} (Bel(e)2

for x € . Similarly, if [, ( B(” (€))?w(x)dH?1(x) # 0, the approximate IMSE-optimal common scale is

(d+2[v]) [, Vidw(x) d— (x) 1>2w+1d+2
(%) '

he AIMSE,» = =
’ &m+m&ﬂﬂ%%ﬂw%mmm4xn

In practice, the unknown bias and variance quantities can be replaced with (consistent) estimators thereof,

as discussed before.

SA-6.2.2 Distributional Approximation and Inference

Let V. = (Y1, W1, X]), -+, (Yo, W, X1)) T, and recall that ¢t € {0,1}. For |v| < p, define the feasible
t-statistic

TF X) - — 9 X€ ’%?
)
where we define
509 = | —A@&)f
NSOl
Two(x) (T (%))
and
(v) (v)
(v ~ (v) ~ A @) Q X1,X Q X1,X
QI(:‘,)Zl,xQ = m( ) ®Fyx1,me(X2)7 ®Fl,/x1,xQ = (’\(};’)YA' 2 ’\(};’;/V’ b 2) 5 X1,X9 € A.
QW,Y,xl,xg QW,W,X1,X2

We also define the population version of the denominator by

v v v Q(V) o Q(V) -
Qé,)zl,xz = ( )Tel(: )21,)(2 (X2)7 91(7,)21,)(2 = (Q(Yl;a)}/v R Q(ly//’)vv, 2 I’ Xl) X2 E ‘%
WY x1,x2 W, W,x1,x2

Lemma SA-9 (Covariance: Fuzzy BATEC). Suppose Assumptions SA-1, SA-2 and SA-4 hold, infxcx |T‘S{;) (x)] >

0, and infxc g VFX) > 0. If lo2g+1/|1h{)| =o(1), h=o(1), and

h—"( log(1/h) N log(1/h) I Bp+1> =o(1),

then
h—* log(1/h)  log(1/h) = -
Q(V Q(V < A pptl 7
xf}:}égg| F,X1,X2 F,x1 x2| ~P n|H|h2V ( n|H| + 2 [H] +
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V) - _ log(1/h) log(1/h) -
Sup‘ Fxx) 1/2_(91(7,327;() 1/2|§Ph v n|H|h2V< Og( / )_|_ Ogv( / )+hp+1>.

XERB n|H| n2+v H|

The associated 100(1 — «)% confidence interval estimator is

~v (v v v N2
i) = [d 1) — 9o/ TV(x) + 0 Qé,,z,x]

where ¢, denotes an appropriate quantile depending on the desired confidence level a € (0, 1), and coverage
objective (pointwise versus uniform over 9).

The following theorem establishes pointwise asymptotic normality and validity of confidence intervals.

Theorem SA-15 (Confidence Intervals: Fuzzy BATEC). For a fized boundary point x € RB, suppose
Assumptions SA-1, SA-2 and SA-4 hold, |Té{;)(x)| > 0, and VF(;:) > 0. If n|H| — oo, n|[H/h?” — oo, and
n|[H|p2PHY 0, then

sup P(T(V)( ) <u) — <I>(u)‘ =o(1),

u€eR
and

P(CW)(x) € Toa(x)) =1 - a+o1),

provided that ¢o = inf{c > 0: P(|Z] > ¢|V) < a} with Z|V ~ Normal(0,1).

For uniform inference, we rely on the strong approximation result established in Section SA-7. Since Téy)

is not directly a sum of independent terms, we introduce the linearized statistic

=) v — _ _
Te” (x) = B | (5,) 0l 871 [L(Xs € )T — (X € /o)L ], (H (X — %))
K (X —x)n(x) e,
where €; = (ey.i,ews) | = (YV; — E[Y;|X;], W; — E[W;|X;]) T is the vector of regression errors.
The following theorem quantifies the approximation error of the stochastic linearization:

Theorem SA-16 (Stochastic Linearization: Fuzzy BATEC). Suppose Assumptions SA-1, SA-2 and SA-4
hold, infxeg |70 (x)] > 0, and infreg Visd > 0. If log(1/h)/(n?/CT)|H|) = o(1), h = o(1), and

of Jlos(Um) tog(/R) | i
h ( olH] +nﬁH|+h >_ (1),

then

~ v log(1/h) | log(1/h) | +
sup T1(= )(x)—TIS) ‘< RPH/n|H| +h™" 4/log( 1/h)( og(1/h) + ogv( /h) —|—hp+1>.

XER n|H| nz+ |H|

Next, we present a coupling result for the supremum of the fuzzy linearized T-statistics. Unlike The-
orem SA-5; this result uses a Gaussian approximation for suprema and therefore requires only VC-type

entropy and moment bounds, not the total-variation/perimeter condition used for the process-level coupling.
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Theorem SA-17 (Gaussian Approximation for sup,cg \T;V)(X)D. Suppose Assumptions SA-1, SA-2 and
SA-4 hold, infxcg |Té{,’> (x)| > 0, and infxcg VF(':() > 0. Then for n large enough, on a possibly enriched
probability space, there exists a Gaussian process ZF(V) (x),x € B with almost sure continuous trajectories
such that

Cov[Z™) (x1), Z¥) (x2)] = Cov[T (x1), T (x2)],  x1,%2 € B,

and

logn (logn)>/* (logn)3/? <1 logn
(n[H)Y/6 ~ (n[H[)1/*  (nz|H|)V/2] ~ logn n

[ sup (T8 )] — sup |2 o) >
xXER xXER

To construct a feasible confidence band for ((*)(x) : x € B), let (ZF(V)(X) : X € %) be a mean-zero
Gaussian process conditional on V. Its feasible conditional covariance function is defined as
N N QW)
(COV |:ZISV) (Xl), ZISV) (XQ) | V:| = F.X1,Xo s X1,X2 S .%
Qw oQw)
F

,»X1,X1 " °F,X2,X2

Theorem SA-18 (Confidence Bands: Fuzzy BATEC; suprema approximation). Suppose Assumptions SA-
1, SA-2, and SA-4 hold, infxcq |T‘(/[I,/)(X)‘ > 0, and infxcg VF(':() > 0. If liminf, ,.logh/logn > —oo,
(logn)?/(n¥/ G+ H|) = o(1), h?*t'\/n[H|logn = o(1), and

b os(01/) (ylou(1/1)/(ulEI) + 1og(0/0)/ (/9 B+ ) = of0),

1 1 i
log?(n)h ™ ( ogn L __o8h +hp+1> = o(1),

n[H| T /@) [H|

then

sup
u€R

P (sup |Téu)(x)‘ < u> -P (sup ‘Zg")(x” <u
xERB XERB

V)=o)

and

P (g(”)(x) E/I\f.-ucz(x) for all x € %) =1—-a+o(1),
provided that ¢, = inf {c >0:P (supxe% |Z§") (x)| >c ‘ V) < a}.

SA-6.3 Fuzzy WBATE

We now consider WBATE summaries of these fuzzy ratios of derivative discontinuities. For |v| < p, the

parameter is
s = [ O 0)u(b) a5 (b,

where the weight function w(-) satisfies Assumption SA-3. Without loss of generality, we assume that

[ w(b) d$H?(b) = 1. The corresponding plug-in estimator is
Cighe = [ T (0yu(b) Ao’ (b
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The original fuzzy WBATE parameter is the special case v = 0.
Our AMSE results for the fuzzy WBATE estimator leverage the leading linear component from the second-
order linearization established in Section SA-6.1,

ok = [ (0" (b)u(b) a5 (b)
The corresponding approximate MSE is
AMSEyre = E[(Gopnre)*|X].-
The leading bias is defined as the integral of the pointwise leading bias of the fuzzy BATEC estimator:

B pre(h) = / BY) (1) w(b) dsy? = (b),

B

where Béf’g (h) is given in Equation (SA-5).
Lemma SA-10 (BiaS' Fuzzy WBATE Linearization). Suppose Assumptions SA-1, SA-2, SA-3 and SA-4
hold, and infxcg |T( (x)| > 0. If lolgﬁ/h) o(1) and h = o(1), then
v |H]
ElGimarel X] = By'ipars () + op (' h ™).

If, in addition, h = ch for a fized vector ¢ and common bandwidth h, then Bé;,%ATE( ) = hPT1= ly‘BIE'Vw)BATE( ).

The conditional variance of this linearized fuzzy WBATE component involves the integration of the cross-

covariance structure of the reduced-form processes. Let

F WBATE = / / Qél’bl by W b1)w(bz) dﬁd_l(bl) df)d_l(b2)7

and impose the aggregate variance nondegeneracy condition

ow > _h (SA-6)
F,WBATE ~ n|H|h2y .

This condition rules out cancellation after weighting and integrating the linearized fuzzy Wald process. Let

its plug-in estimator be

s = [ 00 w0 a5 () 49 ().

Lemma SA-11 (Variance: Fuzzy WBATE Linearization). Suppose the assumptions and conditions of
Lemma SA-9 and Assumption SA-3 hold, and (SA-6) and (SA-3) hold. Then

() ) R
V{Gupare| X] = QF WBATE T OP( \H\hZ")’

where

defl < Q(l’) - Edfl
TL|H|1’12V ~ ““F,WBATE ~ n‘H‘hQU
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In addition,

» . pd—1
VKVSBA)TE|X] = QI(T,W)BATE + OH”(W)
Theorem SA-19 (AMSE Expansion: Fuzzy WBATE). Suppose the assumptions of Lemma SA-11 hold,
including (SA-3). If log(1/h)/(n*/ Gt} H|) = o(1) and h = o(1), then
7d—1

v v v 2 T —ou
AMSEI(:‘,W)BATE = QI(T,W)BATE + (Blg,w)BATE(h)) + OP(W + R 2p )

For inference, we define the feasible t-statistic for the aggregate effect:

~

QI(TI,;J)BATE

Theorem SA-20 (Asymptotic Normality: Fuzzy WBATE). Suppose Assumptions SA-1, SA-2, SA-3 and
SA-4 hold, infyeg |Té{;) (x)| > 0, infxeg VF(';() >0, and (SA-6) and (SA-3) hold. Iflog(1/h)/(n*/C+V)|H|) =
o(1), n|H|h?P*2/hi=1 = o(1), and

h~2*log®(1/h) h~2" log*(1/h)

— = 5 — - ]. 5
n‘H|hd_1 0( ) n%_l|H|3hd—1 0( )

then

~(v)
SIGIE |]P(TF,WBATE <wu)— <I>(u)| =o(1).

The local boundary-measure condition in (SA-3) is used here for the same reason as in the sharp WBATE
results: it controls the effective size of the boundary pairs that can have nonzero local-kernel covariance.

The more specialized piecewise-linear boundary conditions in the main paper imply this condition.

SA-6.4 Fuzzy LBATE

For |v| < p, we consider the LBATE summary of the fuzzy ratio of derivative discontinuities, with estimand

and estimator

CI.(.EKTE = sup C(V)(b) and ZIE]I;A)TE = sup C(”) (b).
bex bex

The original fuzzy LBATE parameter is the special case v = 0.

Theorem SA-21 (Convergence Rate: Fuzzy LBATE). Suppose the assumptions and conditions of Theo-
rem SA-13 hold. Then

log(1/h)  log(1/h) +7Lp+1>_

|a,;12TE - CI.(.;A)TE} Sﬂ” hiu( n|H| n% H\

Recall from Theorem SA-18 that (2§"’(x) :x € %) is a (conditionally on V) mean-zero Gaussian process
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with feasible (conditional) covariance function

R R oW
Cov [Zéy)(xl), ZF(V) (x2)‘V} = EX1 % , X1,X2 € AB.
I

F,x1,x1 " "F,x2,x2

Consider the confidence interval
) “w 3 w o
Ia,F,LBATE = {SUP (C( )(b) — Qa Qé?li,b)v Sup (C( )(b) + Ga 91(71,1137b):|7
be%R be®

where ¢q = inf {¢ > 0 : P(supycg |Z§")(x)| > c|V) < a}.

Theorem SA-22 (Confidence Interval: Fuzzy LBATE). Suppose the assumptions and conditions in Theo-
rem SA-18 hold. Then

v ~v)
P[CIEBIBTE € Ia,F,LBATE] >1—a+o(l).

SA-7 Gaussian Strong Approximation

We present a Gaussian strong approximation theorem, which is the key technical tool behind Theorem SA-5.
The theorem builds on and generalizes the results in Cattaneo and Yu [2025]. Consider the residual-based

empirical process given by
1 n
Ralg.r) = = 3 [96c)r () — Elgbxi)rwlxi] |, ge@rea,
VS
where @ and & are classes of functions satisfying certain regularity conditions.

SA-7.1 Definitions for Function Spaces

Let & be a class of measurable functions from a probability space (R?, B(R?),P) to R. We introduce several

definitions that capture properties of &.

(i) & is pointwise measurable if it contains a countable subset & such that for any f € &, there exists a

sequence (g, : m > 1) C & such that lim,, o gm(u) = f(u) for all u € R9.

(ii) Let supp(F) = Uses supp(f). A probability measure Qg on (R?, %(R?)) is a surrogate measure for
P with respect to & if

(i) Qg agrees with P on supp(P) N supp(F).
(i) Qg (supp(F) \ supp(P)) = 0.
Let @z = supp(Qg).
(iii) For ¢ = 1 and an interval ¥ C R, the pointwise total variation of & over .7 is
pP-1

PTVy , = sup sup sup Y [f(ai1) — f(ai)l,
feF P21 Ppes
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where Pp = {(a1,...,ap) : a1 <--- < ap} denotes the collection of all partitions of .7.

(iv) For a non-empty € C R?, the total variation of & over & is

TVg ¢ = inf sup sup u)div(e)(u) du/||||o||, o,
s =l s sup | () div(e) () du/| 4],

where O(%) denotes the collection of all open sets that contains €, and Z,(%) denotes the space of

infinitely differentiable functions from R? to R? with compact support contained in %.

(v) For a non-empty ¥ C R, the local total variation constant of & over €, is a positive number Kg &

such that for any cube @ C R? with edges of length ¢ parallel to the coordinate axes,

Vg gne < Kggl? .

(vi) For a non-empty € C R?, the envelopes of & over & are

Mg ¢ = sup Mg ¢ (u), Mg %(u) = sup |f(u)], u€e.
ueew feF

(vii) For a non-empty € C R?, the Lipschitz constant of & over € is

Lo = sup sup S0 =S(u2)],
fEF up,uze¥ ||u1 - u2||oo

(viii) For a non-empty € C R, the Ly bound of & over € is

Eg g = sup/ | f] dP.
G

feF
(ix) For a non-empty € C RY, the uniform covering number of & with envelope Mg & over € is

N7 (6, Mz %) = sup N(F, H'Hu,zaé HME,gng)’ § € (0,00),
m

where the supremum is taken over all finite discrete measures on (%, %(%)). We assume that Mg (u)

is finite for every u € 6.

(x) For a non-empty € C RY, the uniform entropy integral of # with envelope Mg & over € is

5
Je(0,F Mz z) = / \/1 + logNg ¢ (e, Mz &) de,
0

where it is assumed that Mg & (u) is finite for every u € €.

(xi) For a non-empty € C R?, & is a VC-type class with envelope Mg ¢ over € if (i) Mg & is measurable
and Mg & (u) is finite for every u € €, and (ii) there exist c# ¢ > 0 and dg ¢ > 0 such that

Nz ¢(e, Mgz %) < cg ge %7, g€ (0,1).
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If a surrogate measure Qg for P with respect to # has been assumed, and it is clear from the context, we
drop the dependence on € = Qg for all quantities in the previous definitions. That is, to save notation, we
set TVg = TVg,@C;, Kg = Kgﬁg, Mg = Mg@g, Mg(u) = Mgﬁg (u), Ly = Lg@g, and so on, whenever there is

no confusion.

SA-7.2 Residual-based Empirical Process

The following theorem generalizes Cattaneo and Yu [2025, Theorem 2] by requiring only bounded polynomial

moments for y; conditional on x;.

Theorem SA-23 (Strong Approximation for Residual-based Empirical Processes). Suppose (z; = (x;, ;) :
1 <i < n) are i.i.d. random vectors taking values in (R, B(RY*1)) with common law Pz, where X; has
distribution Px supported on & C R%, y; has distribution Py supported on ¥ C R, supycq Ellyi[**0|x; =
x] < Cy < oo for some v > 0, and the following conditions hold:

(i) @ is a real-valued pointwise measurable class of functions on (RY, B(R?),Px).

(ii) There exists a surrogate measure Qg for Px with respect to & such that Qg = m o ¢g, where the

normalizing transformation ¢z : Qg — [0,1]? is a diffeomorphism.
(iii) & is a VC-type class with envelope Mg over Qg with cy > e and dg > 1.
(iv) Z is a real-valued pointwise measurable class of functions on (R, Borel(R),Py).

(v) R is a VC-type class with envelope Mg o over ¥ with cgqy > e and dg,y > 1, where Mg 4 (y) +
PTVa (11w < V(L +y|) for ally € ¥, for some v > 0.

(vi) There exists a constant k such that |logs Eg| + |logy TV| + |logy Me| < klogyn, where the constant
TV = max{TVg, TV oy .0, } With %a = {0(,r,7) : 17 € R, 7 € (0,00]}, and O(x,r,7) = E[r(y;)1(Jy;| <
T)x; =x%] forx e .

Define the residual-based empirical process
1 n
Rn(g,r) = NG Zg(xi)(r(yi) = Elr(y:)|xi)), geg,reR.
i=1

Then (1) on a possibly enlarged probability space, there exists a sequence of mean-zero Gaussian processes
(ZE(g,r): g € €,r € R) with almost sure continuous trajectories such that:

e E[R.(g1,71)Rn(g2,72)] = E[ZF(g1,71)ZF(ga,72)] for all (g1,71), (g2,72) € € X R, and

o E[||R. — Z,}L%nggz] < Cvdlog(en)pn,

with

w2 v/ M MeEe \ 72
pn = \/alog(cn) ti? (VgEg) 7% + Mgn™ 30 + i(m) -,

n

E
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where C' is a positive constant that depends only on v and Cy, ¢ = cgcgp yk, d =dg +dg 9y +k, and

r, = min{(clliM;HTVdE?)l/ @d+2) (125 ZM?TVd/2Eng/2)1/(d+2)}
n — nl/(2d+2) ) 1/(d12) ,
a-1 )
c1 =d sup 0;(Vog(x)), Cy= sup —————, L = max{Lg, Ly xa. @, };
' xe@&”jl;ll J( ( )) 2 xEQy Ud(v¢g(x)) { X Ug ?}

and (2) if R is a singleton and the truncated conditional-mean class Ug satisfies

Ve x 2,05 S TVe 7,055 Lo x U 05 S Lo x¥s,00

then we can replace TV and L in the previous conditions and statements by TVgng = max{TVg, TVgx, a, },
and Lging = max{Lg,Lex;,,a, }, respectively, with Vg = {0(-,r) : v € R}, and 0(x,r) = E[r(y;)|x; = x| for
xeXZ.

Remark SA-1. The class %% comprises truncated conditional means at all truncation levels. Its Lipschitz
and total-variation constants can be bounded, for example, if f(y | x) is Lipschitz in x uniformly over (x,y)
in the support of (x;,y;). When R is a singleton, regularity of the untruncated conditional mean class
Vo is enough whenever the truncated conditional means inherit the same bounds, as stated in part (2) of
the theorem; this is automatic under bounded support for the residual component and holds under standard

smooth conditional-density conditions.

SA-7.3 Proof of Theorem SA-23
We use a truncation argument. Let k,, > 1 be the level of truncation. For each r € &%, define
m(y) =ryL(yl < kn) Y ER,

and define the class # = {7 :7 € R}. Suppose ZL is a mean-zero Gaussian process indexed by & x ZUE x R,

whose construction is given below. Then

Part 1: Strong approximation for truncated residual empirical process.

The truncation class & is pointwise measurable whenever % is, and it is VC-type with envelope Mg y =
Mg 9y 1(]-| < kp) over ¥ and constants cg o and dg % up to universal factors. Moreover, the envelope and

pointwise total variation satisfy

Mg 5 (W) + PTGyl y) S Vns  YEY,

because truncating r only adds jumps at +£,. Therefore Cattaneo and Yu [2025, Theorem 2], applied with
a = 0 and with the bounded-outcome constant proportional to vx,,, implies on a possibly enlarged probability
space that there exists a sequence of mean-zero Gaussian processes (Z(g,7) : (g,7) € € x &) with almost

sure continuous trajectories on (¢ x &, pp) such that B[R, (g1,71)Rn(g2,72)] = E[ZE(g1,71)ZE (g2, 72)] for
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all (g1,71), (g2,72) € & X R, and, after integrating the tail bound in that theorem,

1 d d d d 1
[ (cIMETITVIE )2 (¢ ciMgTVEEgLS ) are 52, dlog(cn)
< Civkn <\/&mm { 1/ (2d+2) ) ni/(d+2) }(dlog(cn)) + TM?

s dlog(cn
= C1vky <\/arn(d IOg(Cn)) 2+ \/%)M?> >
where (] is a positive universal constant. The total-variation constant TV used in the theorem controls the

truncated class because
Vo ={0(-,7r,kn) i1 € R} C U

Thus TV = max{TVg, TVgx %, e, } is an upper bound for max{TVg, TVgx. ¢, }. The same argument applies
to L.

In the special case that & = {r.} is a singleton, take §; = 7. (y:)1(|yi| < kn)/(v&r). Then Elexp(|7:])] < 2,
and §; is supported on ¥ = [—1, 1]. Moreover,

SR = <= 30 a(x)G ~Elilx)). g€,

VEn

The right-hand side is a residual empirical process based on the sample (x;,7;), 1 < ¢ < n, indexed by
€ x {Id}, where Id : R — R is the identity function. Under the singleton domination condition in part (2)
of the theorem, applying Cattaneo and Yu [2025, Theorem 2] with & = 0 to this empirical process gives the
same upper bound with TV and L replaced by TVgine and Lging.

Part 2: Truncation error for the empirical process — |R,(g,7) — Rn(9,7)|lex%

Consider the class of differences due to truncation, AZ = {r — 7 : r € #}. The assumptions imply & x AZ
is VC-type in the sense that for all 0 < e < 1,

Slép N(? X Aggv ”H@,z ,5HM?(M§/2$ - M@g)”@,?) < C?ngy(sz/ll)*df*d%?”

where the supremum is over all finite discrete measures on R9*!, and Mg o/(y) = May(y)L(ly| < kn).
The function Mg(Mg,y — Mg 4 ) is an envelope for ¥ x AR, since all functions in A% vanish on [—fn, k).
Denote X = (x;)1<i<n- The linear envelope condition on & and the conditional (2 + v) moment bound on
yi imply

3

2 2 2 % _1
E| max ¥3(May (1) — Mgz (0)%[X] " S WoE[( max Moy (5)°|X]" S mon7te,

N

1 v 2 v
sup  ElglePr(p? Ll 2w} S sup E [glx)PElru) k] F Bl 2 )
(9,7)EGXR (9,m)ECXR

5 \/ MeEgkn *.
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By Jensen’s inequality, we also have

1
E[ max W2 (B[May () — M (i) i) [X]” < Mgn,

1<i<n
sup  Elg(x;)?E[r(yi) — 7(yi)[xi]%)? S \/MgEgrn”,
(g,71)EEXR

E[M%(M@,?(yz) — M@7?(/yi))2]1/2 5 M?K/;’U/2.

1
Denote A = (cgcg,q) %7 /4 and D = 2dg + 2dg 9. Chernozhukov et al. [2014b, Corollary 5.1] gives

E [HR”(g,T) - Rn(gv?)”?x@] SE

sup sup =3 gl (h(31) ~ E{h(y:) )

gEG he AR

1
v DMgn =+
5 \/DMgEgK,n log(A\/ Mg/Eg) + 567\/’5 lOg(A\/ Mg/Eg)

D1 A\/Mg /Ex )M
< /D log(A /iy fEg) iEg, 2 + 2108 VFW) 3
n2+v

Part 3: Truncation error for the Gaussian process — || Z%(g,7) — ZE(g,7)||gx%

The class € x ZUEZ x R is VC-type with respect to envelope function 2MgMg o in the sense that for all
O<e<1,

Sup NEXxRUG X R, |l g2, 2lMeMayllg2) < coca(e®/4) %%,
where the supremum is over all finite discrete measures on R%*!. Here cg4 and dg are VC-type constants for
R U Z; truncation by the fixed indicator 1(|y| < ,) preserves the entropy exponent, so these constants can
be chosen with ¢ > c» 9 and dg = dg % up to universal constants. Hence & x RUE X R is pre-Gaussian,
and on some probability space there exists a mean-zero Gaussian process Z? indexed by # = & x RUE X R
with the same covariance structure as R,, and almost surely continuous paths with respect to the metric p,
given by

p((91,71), (92,72)) = E[(ZF(91,71) — ZF(92,72))%]% = E[(Rn(g1,71) — Ru(g2,72))?]2,

for (g1,71),(g2,72) € F. Recall the definition of A% in Part 2. The increment diameter between each

original function and its truncated counterpart satisfies

o= suwp p((g,7),(9:7)) < sup  Elg(x,)*h(i)*]"* S\ MeEgrn”.

geEG rER gEG heAR

The entropy bound above also implies, for all 0 < e < 1,

N(? X RAUZ X !%7,/), 28||MgMgg7?||]p,2) < Cgc‘%,?(&‘z/él)_dg_d‘%’?.
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Denote A = (cgcgp,y ) 27 /4 and D = 2dg + 2dg,%. By van der Vaart and Wellner [1996, Corollary
2.2.8], choosing any (go,70) € & X &,

_ _ 5 - M +
E |Zf(g,’r)—Zf(g,7")”ngil S]EHfo(go,’fo) go,TO / \/log CZC@ Z)dg dJ?)d

< \/D log(A\/Mg /Eg)vMgEgk,, "/

S \/(dg + dgg,?) log(Cgng’?kn)\/ MgE;’glﬁJ;U/2.

Since the restriction of (Z%(g,7) : (g,7) € F) to & x % has the same distribution as the Gaussian process
constructed in Part 1, the Vorob’ev—Berkes—Philipp theorem [Dudley, 2014, Theorem 1.31] allows us to
construct Z* on the same probability space as (x;,i)1<i<n and ZZ, with ZE and ZE coinciding on & x R.

By an abuse of notation, call this extended Gaussian process ZZ.

Part 4: Putting Together

Combining the previous three parts, choose ,, so that

2

VMgEg \ 72
Tpky X \/MgEfin;v/z, that is K X ( id ?> .

In
Then
E[”Rn B Z’?H?X‘@] N V(dIOg(Cn))Smrﬁ(\/@) o2 4 vdlog(cn)Mgn~ :ﬂi
+ vdlog(cn)Mgn =1/ (@) =
n
< vdlog(cn)pn,
where d = dg + dg,9 +k, and ¢ = cgcg yk. This proves the stated bound. 0

SA-8 Proofs

SA-8.1 Proof of Lemma SA-1

Because & is compact and & C int(Z'), compact support of K implies that x + Hsupp(K) C 2 uniformly
over x € B for all sufficiently small h. Assumption SA-1(ii) and uniform continuity of fx on the compact

set & imply
T = B[y (H(X; = %))y (H (X5 — ) T Kaa (X — x)1(X; € o)
= [ w7 = 0, (B (=) K ) ()

~ fe(x) /d vy (H™ (1 — x))r, (H (1 — %)) Kga(u — x) du + o(1),

where in the last line we have used SUPyexiH supp() |fx (1) — fx(x)| = o(1) uniformly over x € 9B and

fd (u—x))VKug(u—x)du = O(1) for any multi-index v from a standard change of variable argument.
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I. Polynomial Representation of Minimum Eigenvalue

For each bandwidth matrix H, define
A x(H) = / r,(H ' (u—x))r,(H ' (u—x))" Kg(u—x)du
ot

The argument below establishes a uniform positive lower bound for Ayin(A¢ x(H)) for all sufficiently small

h; no pointwise limit of A; ,(H) is needed. A change of variable gives
A x(H) = /rp(z)rp(z)TK(z)]l(x +Hz € o;)dz.

Let a € RP», where p, = ((ﬁﬁ)!

. Then the equivalent representation of minimum eigenvalue gives

Amin (A x(H)) = Hralhiill /(aTrp(z))QK(z)]l(x +Hze o,;)dz

> Kk min / (a'ry(2))?L(x + Hz € ;) dz, (SA-7)
U

llall=1
where in the last line we have used K(u) > & for allu € U.
II. Mass Retaining Ratio in Treatment/Control Region

Denote Fyg(x,t) = {z € U : x+ Hz € &;}. Assumption SA-2 (ii) implies there is some upper bound
A >0 of K(-). Hence for co = 1/2 liminf; |, infxeg [;; K(u)l(x + Hu € &) du, we have

Am(Eg(x,t)) > /UK(u)]l(x +Hu € ¢;)du > ¢

for small enough h, which implies

Co

m(Br(x,1)) = am(U), o= gras

. (SA-8)

II1. L, Integral of Polynomials in Full Versus Treatment/Control Regions

Consider S = {f € P, : [, f(u)*du = 1}, where &, is the collection of all polynomials in u with total
degree at most p. Let (¢;,1 < j < p,) be an orthonormal basis of (%, ||-||r,). Then T'(a) = Z?"Zl aj¢; is
an isometry. Since T'(S) = {a € RP» : |ja|| = 1} is compact, S is also compact in (P, ||||L,). Since P, is

p,-dimensional, equivalence of norms implies that .S is also compact in (%, ||-||r..). Now consider
Oy(e) =m({uelU:lg(u)l <e}),  qeSe>0,
and
a
¥(q) = sup {a >0:By(c) < §m(U)}.

Since [;; ¢*> =1 and ¢ is polynomial, lim. o ®,(g) = 0 and ®,(||¢|lsc) = m(U). Continuity and Lipschitzness
of g € S imply ¥(q) >0 forall g € S.
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Next, we want to show 1 is lower-semicontinuous on (2, ||-||lL..)- Suppose ¢, — ¢ uniformly on U. For
every € € (0,9(q)), there exists > 0 such that ®,(co) < §m(U)—7. Continuity of polynomials and the fact
that level sets of nonzero polynomials have zero Lebesgue measure imply 1y|q.|<<o1(-) = Lfjq/<co3(+) almost
surely. By Dominated Convergence Theorem, @, (g9) — ®4(c0). Hence for large enough n, @, (go) <
Sm(U), which implies €9 < 9(g,). This implies lim inf,, o ¥(¢n) > €o. Since ¢ is arbitrary in (0,v(q)), we
have liminf,, _, o ¥(gn) > ¥(q).

Compactness of S and lower-semicontinuity of ¢ implies ¢ attains its minimum on S. Since ¥ (gq) > 0 for
all ¢ € S, we know e, = inf,cs1(g) > 0. Then for every g € S,

/EH(X@ ¢ > el m(EH(x,t) \{lq < 5*})

> &2 (m(Eu(x,1) - m({la] <=.}))
> 22 Y.
2
Scaling ¢ from S gives
/ ¢ >0 / ¢, qEP, (SA-9)
B (x,t) 2 Ju

IV. Lower Bound of Minimum Eigenvalue

Equations (SA-7), (SA-8) and (SA-9) together give for small enough h,

inf Apin(Aix(H)) > £ inf min/ a'r,(z de,
3 A (Aux(BD) 2 min [ (a7, (2)

> ke? 2 in /(a—l—rp(z))2 dz
2 Jal=1Jy

o
Znez—Amin /r zZ)Tr szz,
3 min ([ ()" ds)

which implies lim inf_,; infxeg Amin (At x(H)) > 0. Since Assumption SA-1(ii) gives infxeq fx(x) > 0 and

the preceding expansion of I'; x is uniform over x € %, it follows that

h}_rbn_:(l)lf):gg Amin (T x) > igg, [x(x) h%n_:gf;gg Amin (At x(H)) > 0

SA-8.2 Proof of Lemma SA-2

Since ft,x is a finite dimensional matrix, it suffices to show the stated rate of convergence for each entry.
Let v be a multi-index such that |v| < 2p. Define

g€ x)=H (¢ -x)"Ku( —x)LE € o), €€ xeRB

and F = {gn(-,x) : x € B}. We will show & is a VC-type class. In order to do this, we study the following
quantities.

Constant Envelope Function. We assume K is continuous and has compact support, or K = 1(- € [-1, 1]9).
Hence there exists a constant Oy such that for all | €  and all £ € X, |I(&)| < C1|H|"! = F.
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Diameter of F in La. supjeg ||ll|p o = Squee%(fol(g,_x) H| 'y K (y)?fx (x+Hy) dy)'/? < Cy|H|~1/2
for some constant Co. We can take C; large enough so that o = C’2|H|’1/2 <F=0CHI"

Ratio. For some constant C3, § = & = C3+/|H].
Covering Numbers. Case 1: K is Lipschitz. Let x,x’ € %B. Then, for generic evaluation points x =

(x1,...,24)" and X’ = (z},...,2,)7,

?1615" |gn(§7x) - gn(g,Xl” < |(H_1(§ - X))V - (H_l(g - x/))v| KH(€ - X)

+HT(E - )]

S HITTx = %o,

Ku(§ —x) — Ku({ —x)

since we have assumed that K has compact support and is Lipschitz continuous. Hence, for any € € (0, 1]

and for any finitely supported measure @ and metric |||, , based on L2(Q),

diam(2) )d . <diam(&/~)>d’

(@)
N(F, g2 lFllg2) < N, Hloos e 1 Fllg 2 HIR) S | 77
@2 @2 @2 e[|Fllg.2 HIR eh

where in (i) we used compactness of 2 and the fact that ¢ || F|| o [H|[2 < eh < 1. Hence, # forms a VC-type
class, and taking A; = diam(2)/h and Az = d, supg N(F, |'lg2.€1Fllg2) (A1/e)%2, e € (0,1], and

where the supremum is over all finite discrete measures.
Case 2: K = 1(- € [-1,1]¢). Consider

ma(§,x) = (HT (- x)VH[T'L(E e o), Exel,

M = {m,(-,x) : x € B} and the constant envelope function M = C4|H|~1h~ | for some constant Cy only

depending on diameter of 2. The same argument as before shows that for any discrete measure ), we have

diam (') d diam(27)\ ¢
. . [vi+1
N g:e 1M ) < N Hlsse M g M) % (it i) < ()"

The class € = {L(H!(- —x) € [-1,1]) : x € B} has VC dimension no greater than 2d [van der Vaart and
Wellner, 1996, Example 2.6.1], and by van der Vaart and Wellner [1996, Theorem 2.6.4], for any discrete
measure Q, N(%, |-l g.o,€) < 2d(4e)*?e*4, 0 < e < 1. The class F is contained in the product class 4 - €.

> plvi uniformly in @, the standard product-covering

~

Since the envelope ratio satisfies |[F|q5 .,/ [[M]g 2

inequality gives, for a constant ¢ > 0,

N(F gzl Fllge) < N |l go s cch™ Ml g 2)N(E, |-l 2 » ceh™)

. d
< (d;(g)) (ebM) 1 g emP IO,
en

Hence, taking A; = Ch~V*Y and A, = 5d for a large enough constant C, supg N(F, g€ lFllg2) S

(A1 /e)42, e € (0, 1], where the supremum is over all finite discrete measures.
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Mazimal Inequality. By Corollary 5.1 in Chernozhukov et al. [2014b] for the empirical process on class &,

B[ sup [Enlga(X;,%)] — Elga (X, x)]]] S \%\/AQ g (A73) . 1 lle2As log(41/9)
XEB n n

log(1/h)  log(1/h)
S TR (I

log(1/h)
H

where Ap, As, 0, F,§ are all given previously. Assuming ﬁl - 0, we conclude that sup,cg ||f‘t’x -

I‘t7x|| <p %. By Weyl’s Theorem, supycg \)\mm(ft,x) — Amin(Tex)| < supycg HI‘t,x - I‘t7x|| <p

\/%. Lemma SA-1 gives Amin(Tix) 2 1 uniformly over x € 9. Therefore, infxcg )\min(f‘t,x) Zp

1, supyeg Hf‘txH Se 1, and supycg HIA‘;ICH Sp 1. Hence sup,cg Hf‘t_i — I‘t_,ch < SUDyeg ||I‘t_,1cHHth —
~ ~—1 T
Lol Tl o/ 57

SA-8.3 Proof of Lemma SA-3
The proof is similar to the proof of Lemma SA-2. Let v be a multi-index such that 0 < |v| < p. Let
gn(&x) = (HT (- %)V Ku( -x0)L(E e dr), &xed.

Define the class of functions & = {({,u) € T xR g, (§,x)u: x € B}.

Envelope Function. Since K is continuous on its compact support, there exists a constant C; > 0 such that
|9 (&, x)u| < C1[H| Y ul, for §,x € X and u € R. We define the envelope function F(&,u) = Cy|H| ! |ul, for
¢ € X and u € R. Moreover, by Assumption SA-1(v), let M = maxi<;<n, F(X;,&;), then

E[MZ]l/Q < |H|71E[ max ‘5i|2j| 1/2 < |H|71E[ max |€i|2+v] 1/(2+v) < nl/(2+v)|H|71.
~ 1<i<n ~ 1<i<n ~

Diameter of F in La. Recall we denote ¢; = Y; — E[Y;|X,], then

sup B[1(X;,£,)*]"/? < sup E[e7|X; = ¢]"/2 sup E[g,, (X, €)%/ < C3[H|7/? = 0.
leF EeX EeX

Ratio. We set § = —7— < [H|'/2.
1,2 ~

Covering Numbers. Case 1: K is Lipschitz. Let Q be a finite distribution on (2 x R, B(Z") ® Borel(R)).
Let x,x" € . In the proof of Lemma SA-2, we showed that sup;cq SUpx xeg MW—%L@M < |H['R

x_x/Hoo

Hence,

lgn (X, %)es — gn (X, x)eillgz < Ngn (%) = gn (X lss lleillge S BT IFllgz 1% = Xl

It follows that supg N(F, [|-[[@.2 €l Fllg.2) < (di%h(fr))"l7 where sup is over all finite probability distributions
on (T xR, B(X) ® Borel(R)). Letting 4; = dk%m and A = d, we conclude that

SZPN(? gz elFlge) S (Ai/e)*2, e (0,1].
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Case 2: K is the uniform kernel. Let
my(§,x) = (H(E—x)VH|'L(Eeds), Exe,

with L = {(&,u) € L xR = my(€,x)u : x € B} and envelope function M (&, u) = C1|H|~ A~V |u|, for a
positive constant C; depending only on K. By similar arguments as Case 1 and the proof of Lemma SA-2 it
follows that supgy N (A, |||l -l M |lg,2) (di%h(”cr))d7 where the supremum is taken over all finite discrete
measures. Taking & = {L(H (- —x) € [-1,1]%) : x € B}, the proof of Lemma SA-2 shows that

sSup N(?a ||||Q 2 75) S 2d(4e)2d574d’ S (07 1]7
Q »

where the supremum is taken over all finite discrete measures. The class & is contained in 4 - €. Since

1Fllgo/IMlg2 2 hIV!, the product-covering inequality gives, for a constant ¢ > 0,

N(F gz € IFllg2) < N, Mgz, ceh™ Ml g )N (E, [l g0, csk™)
U CIVER

Taking A; = Ch~ M+ and A, = 5d for a large enough constant C, we have

Sup N(F gz €llFllge) S (A/e)?, e (0,1],

the supremum is over all finite discrete measures.

Mazimal Inequality. By Corollary 5.1 in Chernozhukov et al. [2014b],

B sup (B4 10, (Xe 0[] § T/ AaTog(170) 4 LAHm222 0Bl

log(1/h)  log(1/h)
~ =+ 1+v .
n|H] n>s |H]

Since Qqx is finite-dimensional, entry-wise convergence implies convergence in norm with the same rate.

Hence, subyeg || Qx| Se /4 + S By Lemma SA-2,

1
n2+v ‘H‘

-1

sup | (x) — B[ (x)|X] — vle, ST} 1Qu x| = sup [vle] ST, — T7 1) Qix|

xXERB XERB
n \/logu/h) ( \/10g<1/h>  losll/h)y,
nH\\ TH
and
N . _, ¢ [log(1/h)  log(1/h

sup [*) () — E[{") (0)[X]| <o b (| B Loy

XERB 7’L|H‘ n2+v H|
which completes the proof. O
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SA-8.4 Proof of Lemma SA-4

Let m;(x) = 3 ,c(0,1y 1(Xi € 1) (pe(Xy) —Bt(x)Trp(Xi —x)). Then, for all x,y € %, the difference between

the estimated and true variance matrices is

Etx,y - 2tﬂc,y = MLx,y + M2,x,y + M3,x7y + M4,x,y

where

My = B [, (H 1 (X; = )1, (H (X = 3) T HIKu(Xi = %) Ku(Xi = ) (3 (0)1(X; € )]
Mo,y = En [ (H1(Xs = %))y (H ™ (X; = 3)) T [HIKat (X; = %) Ku(Xi = ¥)(m(x) + mi(y))eid (X; € )|
Ms,x,y:En[rpH H(Xs = X))y (H (X = ) T HIKa(X: = ) Kn(X; - y)(e2 = o (X)X € )]
My = En [, (HH(Xi = )1, (H (X3 = 3) T [HIKat (Xi = x)Kn(X; — y)ou(X0)*1(X; € oy)|

- E[rp(H_l(Xi — X)), (H (X, — y) T HKa (X, — %) Ku(X; — y)on(X) (X, € gft)] .

For u and v multi-indices, let g,(X;;x,y) = H|Kg(X; — x)Ku(X; —y)(H 1(X; — x))*(H }(X; —
Y))VL(X; € o). Set

log(1/h)  log(1/h)

Rep = , .
= n[H]| n# H|

First, we present a bound on max;<;<, |;(x)|L(H™*(X;—x) € supp(K)). By Lemma SA-5 and Lemma SA-

3, for any multi-index a such that |a| < p,

sup leg, (B;(x) — B,(x))| e h™* (B + Rgp).

XERB

Since K is compactly supported, we have

max | 72X € ) (By(x) — B(x) Trp(Xi — x)LHL(X; — x) € supp(K)| Sp 7 + Rep.
-7 tefo,1}

Since p; is p 4+ 1 times continuously differentiable,

max
1<i<n

Z L(X; € o) (pe(Xi) = B (%) "rp(X; — x))L(HH(X; — %) € SUPP(K))‘ S AP
te{0,1}

It follows that

sup max ;(x)|L(H ™" (X; —x) € supp(K)) Se A" + Re.
xe@ 1<isn

Term M xy. From the proof for Lemma SA-2, applied to the absolute-value class generated by gy,
SUDPx ye® E,[|gn(Xi;x,y)|] Sp 1. Thus,

sup |y [9n (Xi; %, )1 (x)m: (y)]|
X, yER
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2
< ((sup max [mi(x)[L(H'(X; = x) € supp(K))) " sup_Enlgn(Xisx,y)]
xeRB 1<isn X,yERB

S_,IP (ﬁp+1 + mEP)2a
where we have used the preceding local-support bound on 7;(x). Finite dimensionality of M x y then implies

sup My xyll Sp (Bp+1 + mEP)Q-
x,y€

Term Mj x y. The same maximal-inequality argument used for Lemma SA-3, applied to the absolute-value

class |gn (1%, y)ul, gives supy yeg En[lgn(Xs;%, y)es]] Sp 1. Thus,
sup | En [gn (Xi; %, y) (1:(x) + ns(y))ei]|
x,yE€RB

< 2 sup max |77i(x)|]1(H_1(Xi —x) € supp(K)) sup E,[|gn(Xi;%x,¥)e:]
xcp 1<i<n X, YERB

<p h"*! + Rep,
which implies that

sup [[Mzxyll Sp hPHL 4 Rep.
X,yERB

Term M3 x y. Define I, (-, ;x,y) : L xR — R as

In(€,6:%,y) = [HIKu(§ — x)Ku(§ —y)(HT(€ — %)) (HT(§ —y))VL(E € ) - 07 (€)),

and consider the function class & = {l,(-,;x,y) : X,y € B}. Let L :  x R — R be L(¢,e) = c[H|7|e2 —
a7 (€)] with ¢ = sup, yeg [(HH (€ —x))*(H T (( —y))VK(H (€ —x)) K(H (£ —y))|- By similar argument
as in the proof for Lemma SA-3, we can show & is a VC-type class such that E[l,,(X;,&;;x,y)] = 0, for all
X,y € B,

sup Ell,(Xi,e5%,¥)2]? < sup Elg.(Xi;x,y)2)2 sup E[(e? — 07(€))[X; = €]/2 < [H| /2
X, YERB X,yERB e

because Assumption SA-1(v), with v > 2, gives a uniformly bounded conditional fourth moment for ¢;. and

1 2
23212 < (g7l 41/2 < jpyp-1 240 T < (-1, 52
E[lrgiannL(X,,ez) 1* < H] E[lrgiaécnsz] < H| E[fgfgxnk’l ] < |H| 'nz.

Applying Corollary 5.1 in Chernozhukov et al. [2014b], we obtain

log(1/R) , log(1/#)

sup UEn[ln(Xivgi;Xv y)” gP H|

X,yER n|H| nﬁ

and

log(1/h) , log(1/#)

sup [|[Msxyll Sp H|

X,YERB anl nﬁ
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Term My x y. Notice that {g,(;x,y)07(-) : x,y € B} is a VC-type class with constant envelope function

C|H|™! for some positive constant C, where

sup sup |g, (&%, y)of(¢)] < [H|T!
X, YEBEEXL

and

sup Elg, (Xi;x,y)%0,(X:)?)2 < [H|V2,
X,yERB

Then, similar to the proof of M x y, we conclude that

log(1/h
sup [Enlgn(Xi%,¥)02(X0)] — Elgn (X3, y)o? (X,)]| <o | BLA)
X, YERB an‘
and
log(1/)
M, RISV
xs;:lep H 4 a)'” ~P TL|H|

Final result. Combining the upper bounds of the four terms,

_ log(1/h) | log(1/h)
su > xy — Ztxy| S P 4 + —= ,
S [[Zexy = Bixyl| <o T (==

which implies sup, y ¢ 12yl Sp 1. Tt follows that, for each ¢ € {0,1},

~

sup (07 — 02y < s (P T[S [F |

i
x,yER n[H[h>

-~ ~ ~—1
+ sup [T [[[| By = Besy|[|[Toy |
X, yERB

~—1 _
+ sup |0 Zemy [Ty —Tisl)
X, YERB

1 - log(1/h)  log(1/h)
p+1
¥ n|Hh <h * n|H| + n¥v H|)

Summing the last display over t € {0,1} gives the asserted bound for ﬁﬁ;’; - Q,((")), By Assumption SA-1(iv)
and Assumption SA-2(ii), infxcg Qxy,)( > (n|Hh?)~1. Therefore, infycg ?25:’,1 >p (n|H/h?”)~!. Further-

more,

sup \/@ \/@

XERB

,QV)

X,X

o (s 1og<1/ﬁ>+log<1/ﬁ>)

~/n[Hh2v | H|

<p Sup n|Hh2v |Q)

’I’L|H| n2+v

and

- -~ |, Q% - VU (1/h)  log(1/h)
| e % Vil (11 - [REG D )
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which completes the proof.

SA-8.5 Proof of Lemma SA-5

Define

X

X = En 1 (H71(X; = %) Ku(X; = 01X, € d)u(Xiix)], w(x) 200 (e

0<|w|<p

Since p; is (p + 1)-times continuously differentiable, Taylor’s theorem and compact support of K imply

sup max | (X;;x)|[1{Ku(X; — x) # 0} < hPH.
xcg 1<i<n

log(1/h)

Since ]

= o(1), the same argument as the proof of Lemma SA-2 shows

sup E,, [Hrp 1(xi_x))HKH(xi_x)11(x,»eﬂt)} <
XER

Therefore, supycg ||Xt,x” <p hP*1. Tt then follows from Lemma SA-2 that

v 11 — _
Sup |E[ ( )IX] -~ g )(X)‘ = sup ‘u!eIS lrt,xxt,x| <p hPTth7V.
XERB xERB

Now also assume that h = o(1). By Assumption SA-1(iii), for all x € & and £ € X,

) (x
Mtv'( )(f—x)v-l- Z Tt,v(f;X)(§—X)V,

|v|=p+1 ’ [v|=p+1
where
max — sup [ryv(§x)[I{Ku({ —x) # 0} = o(1).
IvI=p+1xec®,ccx
Letting
Rt = En |1 (B (X = %)) Kt (X = x)L(X; € ) ’“‘f X; - x)")],
[v|=p+1

we conclude that

B, [, (7 (X, — ) KX, —xn(x, e ) (30 X2

v!
[vl=p+1

sup || X x — X
XERB
— OP(B;H-I),
where the last equality employs the same arguments as in the proof of Lemma SA-2. Hence,

v v v 11 1a—1
sup [E[f”) (x) X] = ) (x) = B{5 ()] = sup [ple] ST, ox, — V1) ST, (Ko
XEB xXERB

— op(APH1R).
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Using Lemma SA-2 and the maximal inequality as in the proof of Lemma SA-2, we conclude that

i1y [log(1/h)
B™ ) — B (h)| <p AP v | =L
tg;gf}iggg\ (h) — B, (h)| <p AlH]

Since max;e (0,1} SUPxe g |Bt “)(h)| < hP+'h~, it follows that mMaXe (0,1} SUDxcp |B )(h)| <p RPHhY. O

SA-8.6 Proof of Theorem SA-1

For a fixed x € B, the pointwise versions of Lemma SA-3 and Lemma SA-5 decompose 7t (x) — ui*’(x)
into a stochastic component and a conditional bias component of the stated pointwise orders. Applying
this decomposition to both ¢t = 0 and ¢t = 1 and using the triangle inequality gives the pointwise rate for
70 (x) — 7")(x). Taking suprema over x € % and using the displayed uniform bounds in the two lemmas

gives the uniform rate. ]

SA-8.7 Proof of Theorem SA-2

For the conditional bias, by Lemma SA-5,

sup |E[7*) (x) — 7 (x)|X]? = (B®) (h))?|

xXER
< sggj‘E[ (")( ) — T(U)(X)}X} —B,(c”)(h ’ sggj‘E[ (") x) — T(u)(X)’X] +B,(:’)(h)|

= O]P,(h2p+2h72u).
For the conditional variance, by Lemma SA-4,

sup |V[7™)(x)|X] — (n[HW*) V)| = op((n|HW>) 7).
XERB

The pointwise MSE expansion follows directly. For the IMSE expansion, notice that

‘ IMSE™ / [(BY) (h))? + (n|H[E>) " V) w(x) df;dfl(x)‘
< [ 10601510 sup | MSE®(x) - (B ()2 — (nfHI0) V)

— O]p(h2p+2h72u + (n|H|h2")71),

which completes the proof. O

SA-8.8 Proof of Theorem SA-3

We have T(V)(x) =" xi with

= > sn N Q)T Pule) STIT L, (H (X — x) Ku (X, — x)1(X; € oy)ei,
te{0,1}
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where s; = 1, sp = —1, E[x;] =0, and V[y;] = n~!. By the Berry-Esseen Theorem,

sup [P(T"(x) < w) - @(w)| $ B, Y Ellil’)
u€R =1

where B,, = > V[x;] = 1. Moreover,

/]

3
QX))- /QZEH 3 swlel ST Ar, (H™ (X, — x))Ku(X; — x)L(X; € ,th)‘ }
te{0,1}

> Elbl’] = n73 (@) B/ZZEH > swlel ST, (H (Xi - ) Ku(Xi — x)L(X; € dy)e
i=1 te{0,1}

n- sivle, ST I ,r - i — X)) Ka(X; —x i €y
Sn?h Y H|THQE)) TYE le, S7!T 4r,(H (X Ku(X 1(X; € o
te{01}

]

S thYHTHQE) T
< (n[H]))2,

)

where the second line uses Assumption SA-1(v): since v > 2, the conditional third moment of ; is uniformly

bounded, so conditioning on X; absorbs the factor |¢;|? into a constant. The third line uses

> swle) ST, (H (X — x) Ku(Xi — x)1(X; € #,)| Sh[H|!
te{0,1}

v

and the fourth line uses the definition of Qg(})(

Finally, although Lemma SA-2 through Lemma SA-4 establish uniform convergence over x € 3, the
corresponding pointwise results for a fixed x follow by restricting the function classes in those proofs to
singletons indexed by x. In particular, when handling the variance terms in Lemma SA-4 (specifically
M3 x.y), we bound terms involving €7 using either the Fuk-Nagaev inequality (under 2 + v moments) or

Markov’s inequality. Thus, for each fixed x € %,

1

IT, « — Tyl = Op((n|H|)~'/2),
1B xx — Stxl| = Op((n|H|)7Y2 4 hPF1),

and therefore

O .
o6 ~ 1| = Op((nENT2 4+ B,
QL2172 = (@) 72| Se /nlE ((n[HE]) /2 4 ).

Together with

Vel ST, 1Q, x| = Os (b7 (n[H|)"1/?)
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and the bias bound
[E[F™) (%) X] — ) (x)| = Op(RP*'h™),

this yields

‘T‘(V)(x) — T )| o B/l + 1 (SA-10)

VoH[

provided that h — 0 and n|H| — occ.
The final results follow by weak convergence to a Gaussian distribution, and properties of the distribution

function. O

SA-8.9 Proof of Theorem SA-4

)(X) = T(U) (x) + G§")(x) + G;V) (x), where

For all x € B, we have ’T(U
G () = (EF (0]X] - 7)) ) ()2,
and
G () = vle S (F) 1 Qux — T aQua) (42) 7 = (P XQuac — T51 Qo) (2.

By Lemma SA-5 and Lemma SA-4,

sup |G ()| Se B0 (D) V2 S APl
pdS

By Lemma SA-2, Lemma SA-3 and Lemma SA-4,

~—1 ~ —
sup [vle 8T~ D] Qux () 2| o log<1/h>(
PSS

log(1/h) N 1og(1/h)>
nH| e ]

and

sup [vle, STIT; 1 Qi [(ﬁ;"))c)*lm - (Q&V}){)*lﬂ] ’
xEB ' ’ ’

o (O o) (e st 5,
<ph™¥. + = -v/n/Hh? +— + Pt
w () v (e

log(1/R) _ (oa(U/R)Y? _ s = ( [log(1/R) _ log(L/R)
S s Y (S )

o h 0 R))3/2 -
< 1 giléz) " (1 591{7% + o(AP* 1\ /nfH]).

The last term is absorbed by the bound for Ggu), and the two displayed logarithmic terms give the second

component of the rate in the theorem. The result now follows from combining the bounds above. O
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SA-8.10 Proof of Theorem SA-5

We verify the high-level conditions of Theorem SA-23. We will employ the following technical lemma.

Lemma SA-12 (VC Class to VC2 Class). Assume & is a VC class on a measure space (L, B): there exists
an envelope function F and positive constants ¢(F),d(F) such that for all € € (0,1),

SgPN(% g1 e l1Fllg) < e(F)e ),

where the supremum is taken over all finite discrete measures. Then, F is also VO2 class: for all e € (0,1),

SgpN(? g2 -ellFllg2) < e(F)(e?/2)~ 4,

where the supremum is taken over all finite discrete measures.

Proof of Lemma SA-12. Let Q) be a finite discrete probability measure. Let f,g € #. Then, [ |f—g[*dQ <
2 [|f — gl|F|dQ. Define another probability measure Q(cx) = F(c)Q(ck)/ [Flg, on the support of @,
denoted by {¢1,...,¢ck,...}. Then,

/\f —g1*dQ < 2| Fllg,, / |f = 91dQ < 2| Fllg, If = gllg,1 -

Hence, if we take an €2/2-net in (%, [l,1) with cardinality no greater than c(F)(e2/2)~4F) then for any
[ € F, there exists a g € F such that ||f —gl5, < g2/2 [£l5,1, and hence

2 2
1f = gllg2 < 2¢%/211Fllgu 1Fllg, < I1Flg.

which gives the result. U

By the rectangular-support condition imposed in Theorem SA-5, after a componentwise affine rescaling
we can take 2 = [0,1]%. Since fx is continuous and bounded away from zero on this compact rectangle,
Cattaneo and Yu [2025, Section 3.1] implies that Qg = Px is a valid surrogate measure for Px with respect
to %, and that the Rosenblatt transform ¢g, = Tp, is a valid normalizing transformation. The constants
¢y and cg from Theorem SA-23 are therefore finite and uniformly bounded by constants depending only on
the density bounds and the support geometry.

Consider first the class of functions # = {Jé/t(u)(-; x):x € B}, for t € {0,1}.

Envelope Function. By Lemma SA-1, Assumption SA-1(iv), and Assumption SA-2, uniformly in x € A,
Q) = (n|HRh>)"L
Together with the compact support of K and [|[S~le,| =< h™, this gives

sup sup |4, (&x)| < n~V2(n[HQ)/?0~H|! < [H|7V2
XEBEEX

Hence, there exists a constant C; > 0 such that Mg, = C;|H|~1/2 is a constant envelope function.
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L1 Bound. Since Jift(y)(-; x) is supported on x + Hsupp(K), whose Lebesgue measure is of order |H|,

Eg, = sup E[|%(V)(Xi;x)|} < =2
xE

Uniform Variation. Case 1: K is Lipschitz. By Assumption SA-1(iv) and Assumption SA-2,

W) (e o) W) e,
L sup s 6% =)

| —1/23—1
S H[TV2RT
XEB E,EEX 1€ —&]loo

Each entry of I'y x and X, x x is a smooth local integral with argument H™!(¢ — x) and is therefore hl-
Lipschitz in x. Similarly,

‘Q(V) _ Q(V)

t,x,x t,x’,x’

< (HDh)7H|x = X [lo.

which, using o = (n|H|h?¥)~1, implies

t,x,X

|(Q(V)

t,x,x

)2 (@) )TV S R HB) 2 x - x|
It follows that the class is Lipschitz with respect to the point of evaluation:

%(V) : 7(}{(1’) : /
’ v (6x) p o (6x) §|H|71/2ﬁ_1.

1

, = sup sup

CET XX €ERB llx —x'[|oo
Since %(V)(-; x) is supported on x + Hsupp(K), we have
Vg, < [H|[H|7V?h™ < [H|Y?h
Case 2: K = 1(- € [-1,1]¢). Define the smooth part
A (wix) = 2LVl ST (H T (u—x))[HITY, ued, te{0,1}.

Then, %(U)(u;x) = Ji}t(")(u; x)L(H Y(u — x) € [-1,1]¢), and the preceding argument gives Vs <

[H|'/2p™. For £ = {1(H'(- — x) € [-1,1]%) : x € B}, the boundary of each rectangle has perime-
ter O(|H|h ™), so the product rule yields

Vg, < TVg My + Mz Vg S [H|'/2R

VC-type Class. Case 1: K is Lipschitz. We apply Cattaneo et al. [2024a, Lemma 7] to the rescaled maps

v! e
fx() = ﬁeIS T, ()K(), x€e%,
nx

indexed by # = {fx(H1(-—x)) : x € B}. The boundedness and compact support conditions are unchanged;
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the Lipschitz constant in the index is now of order h~'. Therefore, for 0 < ¢ < 1,

sgpN(?t, g2, (2c+ 1) eMg, ) < /22472474 4

where the supremum is taken over all finite discrete measures.
Case 2: Suppose K = 1(- € [-1,1]%). The smooth class % satisfies the same entropy bound. The

indicator class .Z" is a VC class of axis-aligned rectangles with side lengths 2h;, so

supN(ﬁ,H'HQQ,s)SC’e*M, 0<e<l
s :

The product entropy bound then gives, for a constant ¢ > 0,

Sup N(Fe g 2-eCiMg,) < Sup N(F, Il g2 ceMz,) Sup N(Z, [l ga-ce)

S 025_(6d+4) )
for constants depending only on d.

Consider next the class of functions & = {gx : x € %B}, where gx(u) = 1(u € dl)f( )(u x) —1(u €
o) A" (1;x). We have immediately that Mg < [H|~1/2, Eg < [H|'/2, and

sup N (Z, [l g5 - £(2¢ + 1) 1Mg) < 2¢/e747 4 2.
Q ’

Total Variation. Observe that 1(u € Qit)z%/t(u) (w;x) # 0 impliesu € Erx = {y € o : H'(y — x) €
supp(K)}. By assumption, Z(E;x) < Ch4~!. Using the product rule and the bandwidth comparability

condition,

TVg < sup Y TV, 0 oy M TV (1, )
XEB 10,1} o '

f, |H|1/2ﬁ_1 + |H|71/2Bd71 5 |H|1/2ﬁ_1.

The imposed singleton regularity condition verifies the remaining truncated conditional-mean requirement
in Theorem SA-23. We have therefore verified all high-level sufficient conditions, which immediately give
the result. O

SA-8.11 Proof of Lemma SA-6

Let Wy, p, = x+h supp(K). Since supp(K) is bounded, there is a constant R < co such that #% , C B(x, Rh)
for all x € & and all h > 0. Since A is a finite union of line segments, say 9% = U —1L;, uniformly over
x € AB,

HUB N M) < H' (BN B(x, Rh)) LjN B(x, Rh)) <2JRh < h.

H'MN
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Because & lies in the interior of &, for all small enough h the window /% j does not intersect bd(Z)
uniformly over x € B. Write & (; Ny ) for the perimeter of &/, relative to S . The relative boundary
of &, inside A j, is contained in &B N A p, up to finitely many endpoints, and therefore

L(Ay; Nen) S H(BNONsen) S he

If K(u) =1(u € [-1,1]?), then S 4 is a square with perimeter 8h. More generally, if supp(K) has finite
De Giorgi perimeter, the scaling property of perimeter gives & (M5 ) = hZ (supp(K)) < h. By the standard

subadditivity /product rule for finite-perimeter sets,

g(ﬂt N -/Vx,h) < g(ﬂﬁ -/Vx,h) + g(/’/x,h) < h,

~

uniformly over x € & and t € {0,1}. Since d = 2 and h = h, this is the claimed localized perimeter
bound. O

SA-8.12 Proof of Theorem SA-6

The proof is divided into three theorem-specific technical lemmas. We first record a generic comparison
lemma that will be used to translate a uniform process approximation into a Kolmogorov distance bound

for suprema.

Lemma SA-13 (Generic Suprema Comparison). Let T; = (T;(x) : x € &), j = 1,2, be real-valued processes

defined on a common probability space. Write

M; = sup [T;(x)[, j=1,2, Aqp = sup |Tq(x) — Ta(x)].
XERB xXERB

For any n > 0,

sug [P(M; < u) —P(My <u)| <ACa(n) +P(A12 > 1),
ue

where

ACy(n) = sugPﬂMg —ul <n).
ue

If, in addition, Ty is a separable mean-zero Gaussian process and the Gaussian anti-concentration bound

applies to Ms, then

sup |P(M; < u) —P(Ms < u)| < 4n{E[Ms] + 1} + P(A12 > 7).
u€R

Consequently, if E[A12] < ry, then the last probability can be further bounded by ry /1.

Proof of Lemma SA-13. Oun the event {As < n}, the inequalities

M, <u = My<u+n, My <u—n = M; <u
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hold for every u € R. Therefore,

P(M; <u) —P(My <u) <Plu< My <u+n)+P(A2 >n),
P(u—n < M5 < u) +P(A12 > ’17).

Taking absolute values and then the supremum over u gives the first result. The second display follows
from the Gaussian anti-concentration inequality of Chernozhukov et al. [2014a, Theorem 2.1], applied to the
symmetrized Gaussian process whose supremum is Ms. The final claim follows from Markov’s inequality. [

For the theorem-specific lemmas below, define the strong-approximation rate

2d1+2' 1{-2 1
) +log(n), | ———

Rea = (logn %( 5
(logn) 7 ]

n[H]

the stochastic-linearization remainder

- log(1/h)  log(1/h .
Pisn = /log(1/7) n(|H/| ) 4 nf |/H)|) + AP /nH],

and the covariance-estimation rate
logn logn

f~Rcov = .
Hi

Also set the covariance-comparison rate R = Reov + hPt1,

(v

Lemma SA-14 (KS Distance Between T ) and Z®)). Suppose the conditions of Theorem SA-6 hold. Then,

sup IP’( sup |T(V)(x)‘ < u) - ]P’( sup |Z(”)(x)‘ < u)‘ < (logn)/4m1/2,
u€eR XERB XERB

Proof of Lemma SA-14. Let a, be a positive sequence to be determined below. Applying Lemma SA-13
with Ty = T(V), Ty = Z®), and 1 = a,,, and then using the coupling tail bound in Theorem SA-5, gives

=) _ W) ‘
P T < P A <

Cmsa
< a, (E {sup |Z(”)(X)|] + 1) + .
XER n

For the next displays, write # (u,x) = gx(u) and o?(u) = V(Y;|X; = u). Notice that Z)(x),x € & is

a mean-zero Gaussian process satisfying

[N

E[(Z2%)(x) = 2¥)(y))"]* = E[(# (Xi,x) — # (Xi,y))?0(X)?]
S C/ln,ZHX - y”oov

. -1 . .
where C’ is a constant and I, o < h~ . Hence the canonical metric

1/2

p(x,y) =E[(Z¥(x) - ZP(%))*]"* S B Yx — ¥

Moreover,
sup E[Z(") (x)?] = sup E[.# (X;,x)%0*(X;)] S 1.

XERB xXERB
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Let N (g, %, p) denote the covering number of % under the metric p. Since p(x,y) < b '||x — /s and
% is compact in %¢,

1 d
NEB.p) NGB - ) S (72)  0<e<1,

and therefore )
log N(e,%,p) < dlog<%>.

Applying Corollary 2.2.8 in van der Vaart and Wellner [1996] yields
1
E[sup ’Z(”) (x)‘] < / V0og N (e, &, p)de
XERB 0

</ 1 V1ee () e < Viog(U/B) 5 viogn.

Choosing a, =< (Rsa/v/I0gn)'/?, the result now follows. O

Lemma SA-15 (KS Distance Between T(V) and T(V)). Suppose the conditions in Theorem SA-6 hold. Then,

for any multi-indez |v| < p,

sup IP( sup ﬁ‘(u)(x)’ < u) - IP’( sup ‘T(V)(x)‘ < u)‘ = o(1).
u€R XERB XERB

Proof of Lemma SA-15. Choose a deterministic sequence a,, such that i, = o(a,) and a,+/logn = o(1);

such a sequence exists under the side conditions of Theorem SA-6. Then,

~®)

AT,T ‘= sup |T(V) (X) =T (X>| = OIP’(an)~
XER
Define
~@) —(v v
Mz = sup [T '(x)], M= = sup |T( )(x)\, My = sup | Z®)(x)|.
XERB XEB XERB

(v)

Applying the first part of Lemma SA-13 with T; = T and Ty = T(V) gives

sup [P(Mz < u) — P(Mz < u)| < supP(|Mz — u| < an) + P(Az 7 > ay).
u€ER u€ER ’

The anti-concentration term for Mz can be bounded through the Gaussian approximation in Lemma SA-14:

for every u € R,

P(|Mz — u| < an) <P(|Mz — u| < ay) + 2sup [P(Mz < v) — P(Mz < v)|
vER

< dan{E[Mz] + 1} + 2sup [P(Mz < v) — P(Mz < v)|.
vER

By Lemma SA-14, the last Kolmogorov distance is O((log n)”“iﬂif) = o(1). From the proof of that lemma,
E[Mz] < v/logn. Since any/logn = o(1) and P(Az = > a,) = o(1), the result follows. O

Lemma SA-16 (KS Distance Between Z*) and 2(”)). Suppose the conditions for Theorem SA-6 hold.

o1



Then, for any multi-index [v| < p,

sup ]P( sup |Z(")(X)‘ < u) - ]P’( sup |2(")(X)‘ < U‘V)’ <p log(n)}®/%.
u€R XERB XERB

Proof of Lemma SA-16. In this proof, we suppress the superscript () on @ and Q. First, using

Lemma SA-4, we provide an upper bound between covariance functions of the feasible Gaussian process and

the infeasible Gaussian process. Letting Ik, = Qx y/1/Qx xSy y and ﬁx7y = ﬁx,y/\/§x7x§y7y,

_ Qpy — O Q Oy 02
sup ’Hx,y - Hx,Y‘ = sup ) s =Y 4 — ’}:\ ( Qx’ny’y — 1)‘
X, YERB X, YEXR \/Qx,xﬂy’y \/Qx ny y X,X°Yy,y

From Lemma SA-4 and the fact that |z — \/y| < (z Ay) "2z — y|/2 for 7,y > 0,

sup |(§xvxﬁy7}’)1/2 B (QX7XQY7Y)1/2| < Squ,yege |§x,x§y,y - Qx,ny,y|

7 1
1/2 ~ . A A . S]P’ hp+ + %cov
x,yER (Qx,ny,y) 1nfx’y€$ QX’XQ)’»Y A 1nfx’y6% Qx,ny,y

and

sup 7}9’(” _ ﬁx’y| <

~v
X, yEB 1/ Qx,ny,y

Therefore, supy ycg TI.y — ﬁx7y| <p Rec. Then, we bound the KS distance between the maximum of Z®*)
and Z® on a §,-net of B, denoted by B, . for all x € B, there exists z € %Bs, such that ||x — z||e < Iy.
Since & is compact, we can assume M := Card (%B;,) < 6, %. Denote Z°* and Z%+ as the restrictions of Z®)
and Z®) to %s. , respectively. Then, by Chernozhukov et al. [2022, Theorem 2.1],

P Bp-l—l + ERcov-

~ ~ 1 1
sup |P(Z°" <y) —P(Z°" <y|V)| S log(M) sup Ty — Ixy|? Sp log(M)Re,
X, y€

yERNI
and hence
sup ’]P’(HZ‘S" o <7) —P(|Z° || 0o < z[V)| < sup [P(—21 < 7o < z1) — P(—21 < Z" < z1|V)|
z€R z€ER

<o log(M)RE =: Ry

Finally, we extend the comparison from the finite net to the full boundary. Let §, = n™* for a fixed

constant s > 0 chosen large enough that

Viegn [H|7V?h 716, = oRee),  Vlognh™'6, = o(Rec).

152 and

Such an s exists under the polynomial lower bound on h and the bounded ratio h/h. Put b, = R

define the modulus probabilities

W5, (ba) = P( swp | 7(x) = 20)(y)]| > ba),
ey e <61
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U5, (0) =P sup  |Z¥)(x) = Z¥)(y)| = ba
X, YERB
Hx_y”oogén

V).
The usual chaining argument for the local-polynomial Gaussian metrics gives

E[ sup |Z(”)(X)*Z(”)(Y)I]Svlognﬁ‘lén,
X,yERB

”x_)’”oogén

B[ sw 2000 - Z9(y)||V] e viogn HI 2075,
X, yERB

Hx7YH<>oS6n

The second display follows from Lemma SA-4, Lemma SA-2, and the Lipschitz bound for the feasible local-
polynomial weights; the first display follows from the corresponding population bound. Therefore Markov’s

inequality implies

~

U5, (bn) + Vs, (bn) = 0p(ReL?).

n

Moreover, the same entropy calculation gives
E[ sup |Z(”)(x)|} < V/logn, ]E[sup \2(”)(x)|‘V] Sp \/logn.
XERB XERB

For every t > 0, the net approximation, the finite-dimensional comparison, and Gaussian anti-concentration

give

P 200l <1)

< P(ilelgg |’Z\(”)(x)‘ < t‘V) + 4b,, (E[igg |2(")(X)\‘V} + 1) + Us, (by) + \Ths”(bn) + R,

and the same argument with the roles of Z*) and Z®) reversed gives the corresponding lower bound. Since

log M < logn, Ry Sp log(n)i)‘iiéz; the anti-concentration term is Op(y/log ni)%ic/z); and the two modulus

probabilities are Op(m};é2). Combining the upper and lower bounds gives the stated result. O

The proof of Theorem SA-6 now follows directly from Lemma SA-14, Lemma SA-15 and Lemma SA-16.
Furthermore, by definition of Tf:) (x),

~v)

P|+®) (x) €1, (x), forall x € 93} = P[SUP |T(U)(X)‘ S {}O‘}

XERB

- ]P’[sup |2(V)(x)’ < gu] +0(1)
xXERB

= E[p[sup 260 <

VH +o(1)
=1-—a+o(1),

which completes the proof of the theorem. O

SA-8.13 Proof of Theorem SA-7

We employ the following result established by Chernozhukov et al. [2014b, Corollary 2.2].
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Lemma SA-17 (Gaussian Approximation of Suprema). Let Xi,..., X, be i.i.d. random variables in a
measurable space (S,8) with law P, where n > 3. Let F be a class of measurable functions f : S — R
that is P-centered, i.e., Pf = 0 for all f € &. Define the empirical process G,, indexed by F as G, f =
ﬁ Yoy f(X;) for f € F. Suppose that:

1. The class F is pointwise measurable, that is, it contains a countable subset & such that for every f € F

there exists a sequence g,, € & with g, (x) — f(x) for every x € S.

2. There exists a measurable envelope F such that |f| < F for all f € F, and constants A > e andv >1
such that supg N(F,eq, €| F|[q.2) < (A/€)? for all 0 < e < 1, where the supremum is taken over all

finite discrete probability measures on (S,8).
3. For some b >0 >0 and q € [4,00], we have sup ;g P|fIF < o?b*~2 for k = 2,3,4 and ||F||pq <b.

Let Z = supseg Gnf. Then for every v € (0,1), there exists, on a possibly extended probability space, a
tight Gaussian process (Gpf)res with mean zero, covariance function E[Gp(f)Gp(g)] = P(fg), and almost

surely uniformly ep-continuous trajectories, such that for Z = supseg Gpf:

~ b, b 1/2K’I’3L/4 bo2 K2)1/3 1
P{|Z_Z|> (bo) (br*K2) SC(7+ ogn>

A /apt/2=1/q y1/2p1/4 ~1/3p1/6 n

where K, = v(logn Vlog(Ab/o)), and C > 0 is a constant that depends only on q.

Consider z;, = (X;,&;), 1 < i < n, where ¢; = Y; — E[Y;|X;]. For each x € &, let gx be the boundary-

indexed local-polynomial weight function defined before Theorem SA-5, and consider the class
F ={(u,u) €ERY xR gy (u)u: x € B}, Fyr=F U(-F).

Then

n
sup [T ) = sup - > (/(s) ~ Elf(e)]
We apply Lemma SA-17 to this empirical process. First, the fixed indicators 1(u € &;) are absorbed into
gx and do not increase Lo(Q) covering numbers beyond a constant factor, because multiplication by a fixed
indicator is a contraction in Lo(Q). Therefore, using the same local-polynomial entropy calculation as in the
proofs of Lemmas SA-2 and SA-3, but without the total-variation step, {gx : x € &} is pointwise measurable
and has an envelope Mgy < |H|~'/2 such that, for constants c,c’ > 0 depending only on the compact set I,

sup N (&, |||l g2 -€(2¢ + )% Mg) < 2¢/e 4074 42, 0<ex<l,
p :

where the supremum is taken over all finite discrete measures. Since the residual class is the singleton {Id},
the class F4 satisfies the same VC-type entropy bound up to a universal constant; centering the functions
changes only the envelope by a constant factor.

For the moment condition, take ¢ = 2 + v > 4 in Lemma SA-17. Then, Assumption SA-1 implies
Supyeq E[lei[>T|X; = x] < co. The envelope F(u,u) = Mg|u| satisfies ||Fp2+0 < [H|7/2. The same

local-polynomial moment calculation used in the proof of Lemma SA-3 gives, for ¢ = 1 and b = |[H|~1/2
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that sup ;e g, P|f|¥ < o?bF~2 for k = 2,3,4 and || F||p 24, < b. Taking v = (logn)~! in Lemma SA-17 yields

8

for a constant C' > 0. This proves the theorem. O

) ) logn (logn)5/4 (logn)3/? 1 logn
T — 4 > - <C ,
iggl ()] 22}%' ()] (n[H))Y6 ~ (n[H|)/4  (nz= H|)V/2 [ — logn + n

SA-8.14 Proof of Theorem SA-8

Define
logn (logn)®/4 (logn)3/?

Roup = . :
P (mE)YS T (nH)VE T (= |2

In this proof, let fRyi, denote the stochastic-linearization remainder defined at the beginning of the proof of

Theorem SA-6. The entropy calculation in the proof of Theorem SA-7 gives

E {sup |Z(")(X)] < V/logn.
xERB
The side condition (logn)?/(n?/@+?)|H|) = o(1) implies Reypv/Togn = o(1). Let

My =sup [T (%), My = sup |2 (x)].
XERB XER
Applying Lemma SA-13 with Ty = M7 and Ty = Mz, viewed as singleton-indexed processes, and 1 = Rgyp,
gives

sup [P(My: < u) — B(My < )| < sup P(IMy — u] < Ruug) + B(I My — My| > Rauy).
u€R u€R

The first term is O(Rsupv/Iogn) = o(1) by Gaussian anti-concentration, and the second term is o(1) by
Theorem SA-7. Therefore,

sup
u€eR

P (;“:25 T (x)| < u) _P (325 120 (x)| < u) ’ = o(1). (SA-11)

Next, by Theorem SA-4, the stochastic-linearization error is Op(R1in). The polynomial lower bound on

h, together with (logn)?/(n*/G+*)|H|) = o(1) and h**'\/n|H|logn = o(1), implies Ryinv/ITogn = o(1).
Choose a deterministic sequence a,, such that R1;, = o(a,) and a,+/logn = o(1). Applying Lemma SA-
13 with T, = T, T, = T

Equation (SA-11), gives

, and 7 = a,, and then bounding the anti-concentration of Mz through

sup [P (sup |'T(V) (x)| < u> -P (sup |T(U) (x)| < u)‘ =o(1). (SA-12)
u€eR XERB XERB
Finally, set
R, — logn l(ign ety
nH| pz [H]|

This is the same covariance-comparison rate used in Lemma SA-16. The covariance-comparison and net-

modulus arguments in that lemma do not use the De Giorgi perimeter condition. Under the present side
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conditions, they give

sup
u€eR

P <Sup 12V (x)| < u> ~-P <sup 1Z®) (x)| < u
xXERB xXERB

V) ‘ <p log(n)R}L* = op(1). (SA-13)

The first conclusion follows from the triangle inequality applied to Equations (SA-11), (SA-12), and (SA-13).

For the coverage statement, by definition of ﬁ") (x) and the first conclusion,

P|r¥) (x) Eﬁu)(x), for all x € 93} =P (sup |’T(V) (x)| < {;a)
XERB
=E []P’ (Sup 1ZM)(x)| < ga V)] +0(1)
XERB

=1—a+o(1),
which completes the proof. O
SA-8.15 Proof of Lemma SA-7
By Lemma SA-5,

sup [EF®) (x)1X] — ) (x) — BE ()] = op (A0 ).

XERB

Integrating this uniform expansion against w(x)d$H?!(x) gives the displayed WBATE bias expansion be-
cause [ |w(x)|dH47!(x) < co. When h = ch, the pointwise leading bias is rP+1=IVI B (¢); integrating
this leading term over & gives E‘,(,E'KTE(C), and the integrated remainder remains o(h?*1~/¥I) by the same
integrability argument. O
SA-8.16 Proof of Lemma SA-8

Since V7% )| X] = Vs Al (b)w(b) dH?—1(b)[X] +V[/5 i) (b)w(b) d$H9=1(b)|X], it is enough to consider
only one treatment assignment group ¢ € {0,1}. The conditional cross-covariance between the two side-
specific integrals is zero because the side indicators are disjoint observation by observation, and observations

are conditionally independent given X. In addition,

V[ /% i) (b)w(b) dﬁd*(b)]X} = /@ /@ Cov [ (b1), i) (bs) |X] w (b1 )w(bs) A4 (b1) A5 (by)

and

tWBATE = / / Qﬁ,l b, W(b1)w(b2) d§H?1(by) dH? 1 (by).

Proceeding as in the proof of Lemma SA-4, we have

~ ~ 1 log(1/h)
C (v) b (v) b5) X Q(V) .
bl?tl’lj)e% ’ Ov[lut ( 1)7 Hy ( 2)| ] t b1,b2’ ~P ’I’L|H|h2y n|H|

Since K is supported on a compact set, let R € (0, 00) denote the diameter of the support, and define the
“effective domain” &(H) = {(x,y) € B x B : [|x — y| < hR}. Let vgs = H47' x H77 on B x B. By
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(SA-3), vz 2(8(H)) < h4~1. Therefore,

o] [ A o) ant 0)]X] - e
-1 ] (@ov[ﬁi”(bl),ﬁﬁ“’( 2)IX] = 5, . )w(ba)w(be) 5y’ (br) A9 (b2)

SJ N Sll)lp% |(COV (bl) (b2)|X gutzl bg‘ / / bl,bQ 6 %(H))U}(bl)w(b2) dyjd—l(bl) dﬁd_l(bQ)
1,b2€

Bd—l
- 0P(n|H|h2l’)’

because 25 (Iglﬁ) =0(1) and h = o(1). This proves the first claim. Next, for each ¢ € {0,1},

tWBATE = / / gyb)l b, W(b1)w(b2) dH (b)) dH? 1 (by)

< sup ythle// (by,by) € &H))w(by)w(by) dH™ (by) dH? 1 (by)

b1,b2€R

2v

which verifies the upper bound after summing over ¢. The lower bound follows from the aggregate variance
nondegeneracy condition (SA-2). This condition is needed because the covariance kernel can contain negative
regions after local-polynomial weighting, so pointwise variance lower bounds alone do not rule out cancellation
in the weighted boundary integral.

The third and final claim of the lemma follows from Lemma SA-4 and the same analysis as above. O

SA-8.17 Proof of Theorem SA-9

Lemma SA-7 gives
E[7ne|X] — Tigare = Bigire(h) + op(APH'h ™),

so the squared conditional bias equals (B‘,(]ggﬂ,:(h))2 + op(h?*2h~2¥). Lemma SA-8 gives the conditional
variance expansion with remainder op(h¢~!/(n|H|h?")). Adding the squared-bias and variance expansions

gives the stated MSE expansion. O

SA-8.18 Proof of Theorem SA-10

Since ?VglglA)TE TbgllS/A)TE (Nguw)BATE :ugub\;BATE) (ﬁ(()VW)BATE N(()VVJ)BATE) it is enough to start with only one treatment

assignment group ¢ € {0,1}. The same argument applies to both side-specific components, and the two
components combine by summing their variances because the treatment- and control-side kernel-weighted

summands have disjoint side indicators observation by observation. Furthermore,

Fitibare — 14 eate = /%(ﬁgv)(b) — 1) (b))w(b) A5~ (b)

_ / vle] ST, Qupw(b) dse (b)
B
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+/ V!eIS_l(f;é —T;1)Qipw(b)dH? ' (b) + Op(R**'h ™)
B

using Lemma SA-5 to bound the approximation error. The side condition n|H|h?P*2/h?=! = o(1) implies
that the bias term is oﬂ»((Q‘E,'ngE)l/z).

For the second integral, let
St xixe = En |1p(HH X — x1))r,(H (X — x2)) THIKu (X, — x1) Ku (X — x2)07 (Xi)L(X; € )|,
and since X p, b, = 0 if |[b; — by|| is larger than a constant multiple of h, let
&(H) = {(b1,b2) € B x B : |[by —bo|| S h}.
By (SA-3), vg2(&(H)) < h4~ L. Then

X

2
]E[( / viel STV (T, ;—r;,},mt,bw(b)dﬁd—l(b))
B
~—1 = ~—1
- / / ()2l STy, — Tk ) (lH]) S, 1y (i, — Tk )8 ey w(by)w(bs) = (by) dsyt " (b),
B JRB

oy S = _
<h ™ sup [Ty, —~Tipll® sup (1B by, sup [w(b)|(n[H]) " va (8 (H))
be% be%

bi,boeRB
pd—1
- OP(n|H|h2V)’
~—1 —
and hence fgg V!el—Sfl(l"t’b — I‘;é)Qt’bw(b) dﬁdil(b) = OP((hd*I/(n|H|h2”))1/2).
Next, combine the two side-specific expansions with signs s; = 1 and sg = —1. Define the signed linearized
statistic

T\EJII;.ZTE:(Q\EJ;zTE)_l/Q Z St[%V!eIS_lrgéQt,bw<b) ded_l(b)-
te{0,1}

Using Lemma SA-8 and the previous side-specific bounds,

~() =(v) Av _ v — _ _ _
Typare — Tupare = ((Q‘EJBKTE) 2 (Q‘EJBIZTE) 1/2) Z St /@ y!eIS lrt,tl)Qt,bw(b) ds? 1(b) + op(1) = op(1),

te{0,1}

Finally, apply the Berry—FEsseen lemma to this signed treatment-control statistic. Write T‘E,gzm =3 X

where

Xi =n" Qi) V2 Y st/@u!eIS‘lI‘;érp(H—l(Xi —b))Ku(X; —b)
te{0,1}

(X, € dy)e;w(b) dH?L(b).

This satisfies E[x;] = 0. The definition of Qéf};}zm implies that Y. ; V[x;] = 1. Since the indicators 1(X; € ;)
are disjoint observation by observation, the Lyapunov bound is the same as the side-specific bound up to a
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fixed constant. Hence, it remains to bound

Z]E“XJ?’]

SR ]EH /93 vle ST, b, (H (X, — b)) Ku(X: — b)L(X; € &)ziw(b) '~ (b)
i=1te{0,1}

|

Let R denote the diameter of the (compact) support of K, and define &(H) = {(by,bs,b3) € &3 :
[b; — bj|| < Rh,i,j =1,2,3}. Let vg 3 denote the product measure H9-1 x H2-1 x §4=1 on B> Iterating
(SA-3) gives vg 3(&3(H)) < h?4=2. Then,

]

w Dw o)w d—1 1 d—1 5 d—1
<E[/ble@/bze@/bgegg'G(bl’b”b”' (b )w(ba)w(bs) 5%~ (by) sy~ (by) d <b3>]

Sves(@H)  sup  E[|G(b1, by, bs)],
bi,bs,b3eRB

8 H / vle, ST, yr, (H™(X; - b)) Ku(X; - b)L(X; € o;)z;w(b) 5 (b)
B

where G(bl, bQ, b3) = g(Xz’, Eiy bl)g(Xz, Eiy bg)g(}(l7 Eiy bg) with
9(Xi, i, b) =vle, ST'T, ir,(H™(X; — b)) Ku(X; — b)1(X; € &)e;.
Proceeding as in the proof of Lemma SA-2 and Lemma SA-8, it can be shown that

sup  E[|G(by, by, by)[] <h *|[H|?
bi,b2,b3€RB

provided that loa(l/h) 7)), Therefore, together with the rate of o) from Lemma SA-8, we have
n[H| g WBATE

S ExGP] S (R (n|H|)Y2 < (nh) 712, and the result follows. O
SA-8.19 Proof of Theorem SA-11

Follows by Theorem SA-1 after noting that

e — Temrs| < sup 70 (x) — 7 (x).

SA-8.20 Proof of Theorem SA-12

7 (b)—7™) (b)]|

Consider the event E = {supbegg RRE
b,b

< {;a}. Theorem SA-8 implies that P(E) =1 — a + o(1).

On the event E, we also have

7P (b) - ga(QE)Y? < 7 (b) < 7 (b) + 2. ()2 Vbe S,
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which implies

sup 7 (b) — ¢a(QL)Y2 < sup 7 (b) < sup 7¥) (b) + ga (1) /2.
be% be% bex

The stated result then follows. O

SA-8.21 Proof of Theorem SA-13

Theorem SA-1 applies directly to the reduced-form estimator ?}(,V). For the treatment-status estimator ?é[',/ ),

the same convergence-rate proof applies with W in place of Y: Assumption SA-4(ii) gives the required
smoothness of pw, and W;(t) € {0,1} gives the required moment bounds. The variance lower bound in
Assumption SA-1(iv) is not used for these consistency rates. The strengthened bandwidth condition makes
the uniform reduced-form convergence rate vanish, so infycg \?‘S[l;)(xﬂ is bounded away from zero with

probability approaching one. Since infxcg ‘T‘S‘I/’ )(X)| > 0, the displayed rates follow from the exact expansion

=~(v) () (v)
w v Ty (X -7 (%) Ty (X)) a
C( )(X) - C( )(X) =X (v) x - (v) r ~(v) (Tlgll/l)(x) - Tlg[l/l) (X))a
T (%) T (%) Ty (%)
and the same argument uniformly over x € A. O

SA-8.22 Proof of Theorem SA-14

Lemma SA-18 (Covariance for Fuzzy Designs). Suppose Assumptions SA-1, SA-2 and SA-j hold. If
log(1/h) _ o(1) and h = o(1), then fort = 0,1, and Ay, Ay € {Y, W}, we have

nZ+v [H|

log(1/h) +10g(1/71) L

sup ||§A1,A2,t,x1,xg - EAl,Ag,t,xl,xz || f,JP’

x1,%2EB n|H]| n= [H] ’
50 ) o1 [log(1/h)  log(1/h) +1>
sup  |Q -0 <p (n/H|h p S )
xl7x2%% Ay, A, x1,X0 Aq,A2,x1,%2 | P ( | | ) ( n\H\ NIt |H|

Proof. The argument parallels the proof of Lemma SA-4. The only additional moment input is for the
treatment-status residuals and cross-products: W; is binary, hence eyw,; is bounded, while Assumption SA-
1(v) gives the required conditional fourth-moment control for ey ;; mixed terms with A, Ay € {Y, W} then

follow by Cauchy—Schwarz. We begin with the decomposition

EAy,i€ay,i = (EAyi T EAy i —€4,,0)(EAysi T EAyi — €45i)s

which allows us to control the difference between estimated and population covariances through uniform
bounds on €4; — €4, for A € {Y,W}. Fix A € {Y,W}. For each 1,

|gA,i - 5A,i|

< sup ‘ Z 1(X; € ds)pa,s(Xi)
xXERB s€{0,1}
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— (1 (X — ) S[A(X, € 0)B0(x) + LXK, € )840 (0] [LKm (X, = x) #0).

Taking the maximum over i and decomposing the difference into approximation and estimation components

yields
Jax €4, —€a,
< max sup Z 1(X; € do)pa s(X;)
1<i<n xcx se {01}
~rp(H (X = ) TS[L(X € 0)Bao(x) + L(X; € 91)Ba 1 (%)] [L(Ku(X; — %) #0)
< sup sup ’ Z Ly € Is)pas(y)
XERByeX s€{0,1}

—ry(H ™ (y =) TS[A(y € 0)B0(%) + Ly € 1), ()] |[1(Kaaly = x) #0)

1 (H 7 (y = %)) TS(Ba o(%) — B, () [L(Ku(y —x) #0).

+ max sup sup
=0,1 XEBYEX

The first term is the usual local polynomial approximation error and is of order A?*! uniformly over x.

The second term is controlled by the uniform convergence rate of ,B A.(x), giving

log(1/h) log(1/h
max [Eas —eas| g P4 og(1/h) 01g+(v/ )
1<i<n n|H| 7’L?+”|H|

Substituting this bound into the covariance decomposition and proceeding exactly as in Lemma SA-4

yields the stated uniform bounds for §A17A27t,xl,xr‘,, SAI(XR A O

Completion of the AMSE proof. Applying Lemma SA-5 with A € {Y, W} yields

sup [EI7 () | X] — 747 (x) ~ B ()| = op (A7 1)

Premultiplying the reduced-form bias vector by w(x) gives Bé"x) (h) in (SA-5). Combining this bias expansion
with Lemma SA-18 gives the AMSE expansion for the leading linear component, and integrating the same

pointwise expansion over & establishes the AIMSE result. O

SA-8.23 Proof of Lemma SA-9

Let

0 — log(1/h) loiﬂ/h) L
n|H| n= |H]

Lemma SA-18 gives

sup ||©)
X1,X2€RB

_ @(V)

F,x1,x2 F,x1,x2 H

(n|Hbh*) 'a,,.

61



The reduced-form convergence rates, together with infxcg IT‘E",/) (x)| > 0, imply
sup [|w(x) — w(x)|| <ph™a,.
XERB

The displayed rate condition in Lemma SA-9 makes the right-hand side op(1), so the feasible weights are

uniformly bounded with probability approaching one. Because tv(-) is bounded and sup,, y,cq H@g’gl,n I <
(n|H|h?”)~1, the feasible plug-in covariance satisfies
N h—v
Q(V) _ Q(V) .
T
Finally, Qﬁ",zx = VF(;) /(n|H|h?¥), so infycqp VF(;) > 0 gives the required lower bound on the population

denominator. The inverse-square-root bound follows from the displayed covariance bound and a mean-value

expansion of z — z~1/2 on this bounded-away-from-zero neighborhood. O

SA-8.24 Proof of Theorem SA-15

For the fixed boundary point x in the theorem, a similar argument as the proof for Theorem SA-3 gives the

following stochastic linearization,

- —(w _ 1
T 00 = T (0)| Se B0 /nlH] + ———

VoH[

provided that h — 0 and n|H| — oco. To see this, the pointwise reduced-form rates give
7 (0 = 74 (0] = O (W ((n[H]) 72 + A7), A e {y, W),
Since |TIS",/) (x)| > 0, this implies |?1§[',')(X)|_1 = Op(1) and
(%) — wo(x)[| = Op (W™ ((n[H|) /% + h*H)).
The exact second-order expansion in Section SA-6.1 gives

9% (x)| = Op (W™ ((n[H]) /2 + hPF1)?),

and hence
Rr(x pa
Lf)” = Op (0™ /nH](n[H]) /2 + BF1)2) = 0p(1)
QFVxx

under the theorem’s bandwidth conditions. Combining these bounds with the pointwise Gram and covariance
bounds displayed in the proof of Theorem SA-3 yields the displayed linearization. Here

T () =Y xi
=1
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with to(x) = (tv1(x), w2(x)) and

Xi = n—l (Q(V)

F,x,x

)7 20le] ST (X € )Tk — 1(X: € o)Ly | (H7H (X — x))

- Ky (Xz — X) (ml(X)€y7i + mg(x)ew,i) .

In particular, we have E[x;] = 0 and V[ Y7 | x;] = 1. Since to(x) is fixed at the point x, ey, is bounded,

and Assumption SA-1(v) gives a uniformly bounded conditional third moment for ey,

n

Y Ell’] S (n[H™) 72 = o(1).
i=1

Berry—Esseen gives the normal approximation for T§”) (x), and the stochastic linearization transfers it to
7 (x). 0

SA-8.25 Proof of Theorem SA-16

Use the exact second-order expansion in Section SA-6.1. The leading linear component is a fixed linear
combination, with weights to(x), of the reduced-form stochastic expansions for Y and W. Applying The-
orem SA-4 to these two reduced-form estimators and then using Lemma SA-9 to replace Ql(,u,zx by fAl(l:)

gives

w(x)"T(x) o)

sup - Ty '(x)

 IRVIU
_ . log(1/h)  log(1/h) | -
<o WL /n[H] + by flog(1/R) Oi(lH/ ) | Lo/b) | fpna

n7 [H

Equation (SA-4) and the lower bound infxcg o) > (n|Hh?)~! from infycg V}(f;() > 0 imply that the

F,x,x ~

normalized second-order remainder is bounded by the same rate. Combining the two displays proves the

theorem. O

SA-8.26 Proof of Theorem SA-17

Consider z; = (x;,€v,i,ew,), 1 <4 < n. For each x € %, define
grx() = 1(w € o) (W x) — L(u € o) Ay (%),  wel,
where
f%{,ff)(u; X) = n_l/Q(ng}Z)x)_1/2V!eIS_lI‘;,1crp(H_1(u —x))Ku(u—x), ued, te{0,1}.
Consider the class of functions

F ={(u,ey,ew) € R*x R x R+ grx (1) (01 (x)ey + wa(x)ew) : x € B},
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and let ¥4 = F U (—F). Also define
Gr = {grx 1 X € B}, Rr ={(ey,ew) — w1 (X)ey + wa(X)ew : x € B}.

Then we have

We use Lemma SA-17 to approximate the distribution of the right hand side of the above equation. First,
we verify the VC-type entropy and moment conditions. The fixed indicators 1(u € of;) are absorbed into
&r and do not increase Lo (@) covering numbers beyond a constant factor, because multiplication by a fixed
indicator is a contraction in La(Q). Therefore, using the same local-polynomial entropy calculation as in the
proofs of Lemmas SA-2 and SA-3, but without the total-variation step, we obtain that: (i) & is pointwise

measurable; (ii) there exists a constant envelope function Mg, < |H|~'/2 such that for all 0 < ¢ < 1,

sup N(%e, |- 9.0, €(2c + 1) Mg, ) < 2¢/e 7% 4 2,
u ,

where the supremum is taken over all finite discrete measures and some constants ¢ and ¢’ only depending
on the compact set 2. Moreover, Assumption SA-1 and SA-4 imply that %r is also pointwise measurable

and for an envelope function Mg, (e1,e2) = |e1| + |eal, (e1,e2) € R?, we have for all 0 < e < 1,

sup N(%r, ||l g2 »e€Ma,) < ce™2,
o ,

where the supremum is taken over all finite discrete measures. The last entropy bound follows because

Assumption SA-1(iii), Assumption SA-4(ii), and |v| < p imply that T}(,V)(

x) and Té‘l,') (x) are continuously
differentiable on a neighborhood of %; combined with infxcg |Té",/) (x)| > 0, the map x — w(x) is bounded
and Lipschitz on the compact set %. Thus the coefficient set {m(x) : x € %} C R? has polynomial covering

numbers inherited from 9. Since F C & - KF, the product-covering inequality gives, for a constant ¢ > 0,
N(F, |l g2 eMg, Mae) < N(Gr, ||l g2 » ceMe )N (Ze, ||| 2 » ce My )-

Hence %4 is also pointwise measurable and satisfies the same VC-type bound as & up to a universal constant:
forall0 <e <1,

sgp N(F+, |l g2 €€ Mg, Mg, ) < 64ce % 4 dc'e ™,

where the supremum is taken over all finite discrete measures. The denominator condition infycg ‘T‘S[l; ) (x)| >
0, continuity, and compactness of % imply that the population Wald weights ro(x) are uniformly bounded.
For the moment condition, take ¢ = 2+ v > 4 in Lemma SA-17. Since ew; = W; — E[W;|X;] is bounded
and Assumption SA-1 gives sup,cq E[|Y;(#)*7?|X; = x] < oo, the envelope

F(x,ev,ew) = Mg, Mg, (cy,ew)
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satisfies || F||p.oto < |H|™Y/2. Together with the local-polynomial moment calculation used in the proof of
Lemma SA-3, for

o=1, b=[H?

we have supcg, P|f|* < 0?0572 for k = 2,3,4 and || F||p,21, < b. Taking v = (logn)~" in Lemma SA-17,

logn +(10g”)5/4 (logn)3/? <c 1 Jrlogn
D7 a7 e = ogn T )

7(11 v
{1 sup [T 60 - sup 124 o) >
XEB XERB
O
Lemma SA-19 (KS Distance Between ZISV) and ZSV)). Suppose the conditions for Theorem SA-18 hold.

Then, for any multi-index [v| < p,

sup
u€eR

P <sup |Z§V)(X)| <u
XER

V> —P <Sup 12 (x)| < u) ‘ = op(1).

xXERB

Proof. Let

_ logn logn -
Rrce =h7" pPFL
i ( wH] oo )

For x,y € &, define

O - 0
Ry e Y o
QF,x,xQF,y,y QF,x,xQF,y,y

)

Lemma SA-9, the lower bound inf,¢cg VF(I,: > 0, and the mean-value expansion of  — z~1/2 give

sup HF,x,y - HF,x,y| S,]P’ mF,cc~
X, yERB

The Gaussian processes ZF(V) and ’Z\F(V) have the same boundary-indexed local-polynomial structure as the
sharp Gaussian processes, with the scalar residual replaced by the linear combination to(x)e;, whose co-
efficients are uniformly bounded by the denominator nondegeneracy condition. The entropy and modulus
calculations in Lemma SA-16 therefore apply with the sharp covariance-comparison rate R.. used there

S

replaced by the present fuzzy rate $g .. In particular, on a d,, = n~° net with s large enough,

sup
u€R

P <sup |Z£")(x)| <u
XERB

V) -P (Sup ’ZF(V) (x)‘ < u> ’ Sp log(n)m;,/fc-
xXER

The second displayed rate condition in Theorem SA-18 gives log?(n)Rr cc = o(1), and hence the right-hand
side is op(1). O
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SA-8.27 Proof of Theorem SA-18

Define the convergence rates

logn (logn)®/4 (logn)3/?
(n[H)YVS — (n[H)VE  (ne/ G [H])V2

msup =

and

log(1/h) | log(1/h) 7,11
n|H]| nF |H|

Rr,1in = BP—H\/ n|H| +h™" log(l/ﬁ)
First, we establish the coupling between the intermediate processes. Let

=) v
MT,F = Slélg |TFV (){)|7 MZ,F = Slelg |Zr£ )(X)|

Applying Lemma SA-13 with T; = MT,F and Ty = Mgp, viewed as singleton-indexed processes, and

1 = Reup, gives

sug P(Mzy <u) —P(Mzr <u)| < SHEPOMZ,F —u| < Reyp) + P(| Mg p — Mz > Reup).
ue ue

The first term is O(Rsupv/Ilogn) = o(1) by Gaussian anti-concentration and the entropy calculation in the
proof of Theorem SA-17. The second term is o(1) by Theorem SA-17. Therefore,

P (sup |T;V)(x)‘ < u> -P (sup ‘Zé")(x)| < u)‘ =o(1). (SA-14)
XERB XERB

sup
u€R

Furthermore, Theorem SA-16 gives

() _
Sug; ‘TFV (x) — Tl(?u)(x)l = Op(RF,1in)-
xE

The side conditions of the theorem imply Rr 1inv/1ogn = o(1). Choose a deterministic sequence a,, such that
Rr1in = 0(an) and ap/logn = o(1). Applying Lemma SA-13 with T; = Tl(,u), Ty = Tl(,u), and 7 = a,, and

then bounding the anti-concentration of Mz p through Equation (SA-14), gives

sup

P (sup ”/I\‘l(,u) (x)| < u) -P <sup |T;V) (x)| < u> ’ = o(1), (SA-15)
u€R xXERB

XERB

and Lemma SA-19 gives

sup

wek V) -F (325 |2 ()] < U> ‘ = op(1). (SA-16)

P <sup ’ZSV)(X)‘ <u
XERB

The distributional approximation follows from the triangle inequality applied to Equations (SA-14), (SA-15),
and (SA-16). For coverage of the feasible confidence band, let

Er o = {C(V)(X) € Tl(,ucz(x) for all x € 93} )
By definition of the band, Er o = {supycg |T£V) (x)| € @q}. Hence the preceding approximation and the
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conditional definition of ¢, give

~(v)
P(Er.) = P (sup B () < %)
XERB

=FE {]P’ (Sup \Z\é")(xﬂ < ga

V)| +o)

XERB
=1-—a+o(1),
using continuity of the supremum distribution of the feasible Gaussian process. O

SA-8.28 Proof of Lemma SA-10

A similar argument to the proof of Lemma SA-5 shows that under the assumptions imposed,

sup [Elro(x) "T(0x)|X] — B (B)] = op("* ).
Because () is bounded under the denominator nondegeneracy condition and the reduced-form bias expan-
sion is uniform in x, the displayed remainder is uniform over %. Integrating against w(x) d$?~!(x) therefore
preserves the order by [, Jw(x)|d$?~!(x) < oo, and the integral of BIEVX) (h) is Béj;,)BATE(h) by definition. Un-
der the common-bandwidth restriction h = ch, the same integration of the pointwise leading term gives the
stated th*‘”‘Eéx,)BATE(C) form. O

SA-8.29 Proof of Lemma SA-11

The proof is the fuzzy analog of Lemma SA-8. By Fubini’s theorem,

VGsdelX) = [ [ Covlro()TS(b1). 0(ba) (b Xl (ba) a5 () A5 ).
Lemma SA-9 replaces this covariance uniformly by QP(‘l,/tzl b, With an integrated error of order op(h?™1/(n|H|h?¥)).
Compact support of K implies that fo"ghbz = 0 unless ||by — by < h; by (SA-3), the effective integration
set has product Hausdorff measure O(h%~1). The pointwise covariance is of order (n|H|h2¥)~! which gives
the stated upper bound. The lower bound follows from the aggregate fuzzy variance nondegeneracy con-
dition (SA-6), which rules out cancellation after applying the fuzzy Wald weights and integrating over .
Replacing Qélfgl)bz by Q b b, ses Lemma SA-9 once more. O

SA-8.30 Proof of Theorem SA-19

By Lemma SA-10,
E[ WBATE|X} lg‘l;J)BATE(h) + op(hPTTh™).
Squaring the bias expansion gives (BéK»J)BATE(h»2 + op(h?P*2h~%). Lemma SA-11 gives the variance term

Qé’fw)BATE with remainder op(h?~!/(n|H|h?”)). Adding these two components gives the displayed AMSE
expansion. 0

67



SA-8.31 Proof of Theorem SA-20

The proof follows the same Lyapunov argument as Theorem SA-10, applied to the linearized fuzzy statistic
obtained by integrating Téy) (b) against w(b). Lemma SA-11 gives the variance rate h?~!/(n|H|h?”) and
consistency of its plug-in estimator. Lemma SA-10 and the side condition n|H|h?P*2 /4~ = o(1) make the
linearized bias negligible relative to the standard deviation. The final two displayed rate conditions imply
the two stochastic pieces of the uniform reduced-form consistency condition, while h=hP*! = o(1) follows
from |v| < p and h/h < 1. Moreover, (SA-4), integrability of w, and the final displayed rate conditions in
the theorem imply

[y Be(B)u(b) Ao’ (b)|
(b= (nlE[2)) 2

= O]p(l).

The Lyapunov condition follows from the same calculation as in the sharp WBATE proof, with the scalar
residual replaced by the linearized fuzzy residual o1 (b)ey,; + tva(b)ew,;. In particular, if x; denotes the
normalized integrated linearized fuzzy summand, then the boundedness of to(b), the boundedness of ey,

and Assumption SA-1(v) imply
n 3 ]TLd_l 1/2
Ellx:|"] S | == =o(1).
SSEI1S ()=o)

Therefore the feasible statistic Tl(,:,)BATE is asymptotically standard normal. O

SA-8.32 Proof of Theorem SA-21

Follows by Theorem SA-13 after noting that

e — (bl < sup IC)(x) — ¢ (x)].

SA-8.33 Proof of Theorem SA-22

Consider the event Er = { SUPp g %w < qa}. Theorem SA-18 implies that P(Er) = 1—a+o(1).
F,b,b

On the event Er, we have

E(b) = ga(Q )2 < (W(b) < TP (b) + (@))% Vbe S,

) F,

which implies

sup ¢ (b) — ga(Q )2 < sup () (b) < sup (™) (b) + ga (] )2
bex bex be%

The stated result then follows. O
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SA-9 Implementation Details

This section provides additional details on the practical implementation of the pointwise and uniform in-
ference methods discussed in Section 3.3 of the paper. The main issue for uniform inference is that the
target process is indexed by the continuum x € 9B, whereas computation is necessarily carried out on a
finite discretization of the boundary. The following steps describe the default implementation used by the

companion software and recommended in applications.

1. Represent the boundary and choose the target set. When 9B is piecewise linear, as in the empirical
application, it is convenient to parameterize the boundary by arc length. Let ~ : [0, £(28)] — % denote
such a parameterization, where £(3) is the total boundary length. If the researcher wants inference
only on a subset of the assignment boundary, for example after trimming endpoints, corners, or regions
with weak local support, the same construction can be applied to the trimmed target set By C %. This
distinction is important: uniform confidence bands cover the chosen target set, so any trimming changes

the estimand from the full boundary to the trimmed boundary.

2. Construct a quasi-uniform grid on the boundary. Choose grid points by, ..., by € By with approximately
equal spacing in arc length. For a single connected component this can be done by setting b; = (s;) with
sj=(—1)L(%Bo)/(J—1),j=1,...,J. For a piecewise linear boundary with multiple segments, grid
points can be allocated across segments in proportion to segment length, while forcing vertices or other
substantively important boundary points to be included when desired. In higher-dimensional settings,
the analogous requirement is a quasi-uniform mesh on the (d — 1)-dimensional boundary with respect to

Hausdorff measure.

3. Choose the mesh size. The grid should be fine enough that the discretized supremum is a good approx-
imation to the continuous supremum. A useful practical rule is to make the maximum spacing between
adjacent boundary grid points small relative to the bandwidth scale used for inference. Equivalently, the
mesh should be refined until the simulated critical value and the visual shape of the confidence band are
stable. In simple two-dimensional applications, values such as J = 40 or J = 80 often give similar results,
but the appropriate choice depends on the length and geometry of 98, the bandwidth, and the degree of
treatment effect heterogeneity. We recommend reporting a grid-sensitivity check, for example comparing

J, 2J, and, when computationally feasible, 4.J.

4. Select bandwidths and polynomial orders. The plug-in selectors described in Section 3.3 of the paper
can be implemented pointwise, producing ﬁMSE,x, or globally, producing ﬁIMSE. For uniform inference and
graphical display along the boundary, a global bandwidth is often easier to interpret and tends to produce
smoother covariance estimates. Pointwise bandwidths can also be used, provided the covariance matrix
of the resulting process is computed using the same bandwidth choices. Robust bias-corrected inference
is implemented by using the bandwidth selected for the pth-order point estimator and constructing the
associated t-statistic with a (p + 1)th-order local polynomial, including the corresponding variance ad-
justment. When the coordinates of the score have different scales, one may either standardize the score
before using a scalar bandwidth or use a diagonal bandwidth matrix H = diag(hq, ..., hq) as allowed in

this supplemental appendix.

5. Compute point estimates and covariance estimates on the grid. For each grid point b;, compute the

local-polynomial estimates, the robust bias-corrected t-statistics, and the variance estimates. For uniform
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inference, also compute the estimated cross-covariances
Oy, 1<ik<J,

using the formulas in Sections SA-3 and SA-6. The simulated Gaussian process is then represented by a
mean-zero Gaussian vector with correlation matrix
QW)

M, = —2 1 <jk<J

NOBRICER
Qb,;7ijb:,bk

In finite samples, II should be symmetrized before simulation.

. Regularize the covariance matriz if needed. The estimated matrix I may fail to be positive semidefinite
because of simulation error, numerical precision, or unstable local covariance estimates. This is a finite-
sample numerical issue rather than a change in the target parameter. A simple regularization is to replace
Il by its nearest positive semidefinite approximation, or equivalently to truncate negative eigenvalues at
a small nonnegative tolerance and rescale the diagonal entries to one. Another common approach is to
use a small ridge adjustment, I, = (1-— )\)ﬁ + AIL;, with the smallest A > 0 that makes the matrix
positive semidefinite. The chosen adjustment should be reported when it is not negligible. See Cattaneo

et al. [2024b] for related discussion and theoretical results on covariance regularization.

. Simulate the critical value. Given the regularized correlation matrix, draw M independent vectors from
N(0,TI) and compute the empirical (1 — a) quantile of

max |Z;|.

1<5<J
This quantile is the simulated critical value for the uniform confidence band over the grid. In practice, M

should be large enough that simulation error is small relative to the desired reporting precision; increasing

M and checking that the critical value is stable is a simple diagnostic.

. Check local support and numerical stability. Uniform inference can be sensitive to boundary regions
where one side has little local support or the local design matrix is poorly conditioned. We recommend
inspecting, for each grid point, effective local sample sizes or kernel masses on the two sides of the
boundary, together with condition numbers of the estimated Gram matrices. Grid points with very small
one-sided kernel mass, extremely unbalanced mass across sides, or unstable Gram matrices indicate that
the local design is weak at those locations. In such cases, researchers should report the issue, consider
sensitivity to bandwidth choices, and, when substantively justified, trim the problematic portion of the

boundary and redefine the target set accordingly.

. Report sensitivity analyses. A transparent empirical implementation should report the main estimates
together with basic sensitivity checks: alternative grid sizes, alternative bandwidth choices, and whether
covariance regularization was needed. For applications with corners or visibly irregular boundaries, it
is also useful to report results with and without small neighborhoods of those regions. Researchers
should also examine whether the density of the score changes abruptly near the boundary or whether
observations appear to bunch on one side of 9. In BD designs this type of manipulation or sorting

diagnostic is necessarily multivariate and boundary-local: useful checks include scatterplots near &, side-
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specific kernel masses along the boundary grid, and sensitivity to excluding small neighborhoods where
the empirical distribution of X; appears discontinuous or unusually concentrated. These checks help
distinguish genuine treatment effect heterogeneity from artifacts of discretization, weak local support,

numerical instability, or nonrandom sorting around the assignment boundary.

The companion software package rd2d and article [Cattaneo et al., 2025] discuss additional implementation
details.

SA-10 Empirical Application

This section reports numerical results for the SPP empirical application that are omitted from the main paper.
Replication codes are available at https://rdpackages.github.io/replication/. The main paper uses
the ITT bandwidth selector throughout; this section reports the corresponding full boundary-grid results
and then gives the analogous results using the fuzzy bandwidth selector.

SA-10.1 ITT Bandwidth Selector

Due to space limitations, the paper reports selected boundary points and aggregate summaries in Table 1.

Here we provide the corresponding full boundary-grid results for all 40 evaluation points.
e Table SA-1 reports the reduced-form, or intention-to-treat (ITT), estimates for college enrollment.
e Table SA-2 reports the first-stage estimates for treatment take-up.
e Table SA-3 reports the fuzzy estimates for college enrollment.

e Table SA-4 reports the covariate-balance reduced-form estimates using mother’s education as the out-

come.

The figures in this subsection complement the confidence intervals and bands plots presented in the paper.
For each quantity, we report heat maps along the boundary for the point estimates and associated pointwise

robust bias-corrected p-values. Specifically:
e Figure SA-1 reports heatmaps for the reduced-form analysis of college enrollment.
e Figure SA-2 reports heatmaps for the first-stage estimates for treatment take-up.
e Figure SA-3 reports heatmaps for the fuzzy analysis of college enrollment.

e Figure SA-4 reports heatmaps for the covariate-balance analysis using mother’s education as the out-

come.

These plots make it easier to see where along the boundary the estimated effects are largest and where the
evidence against the zero-effect null is strongest.

In addition, we report baseline estimates and treatment effects relative to control-side baselines.
e Table SA-5 reports the control-side baseline estimates fiy,o(x) for college enrollment.

e Table SA-6 reports ITT and Fuzzy treatment effects relative to control-side baseline estimates fiy,o(x)

for college enrollment.
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e Figure SA-5 reports baseline estimates and uncertainty quantification.
e Figure SA-6 reports treatment effects relative to the estimated control-side baseline.

The baseline estimates in Table SA-5 help interpret the magnitude of the treatment effects.
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hy ho Nco Nt Estimate p-value 95% CI
b, 27.6 12.2 8921 3532 0.311 0.000 0.204, 0.423
b, 26.0 11.5 8998 3677 0.313 0.000 0. 217 0.430
bs 24.6 109 8510 3678 0.316 0.000 0. 218 0.428
ba 24.5 10.9 9236 3976 0.309 0.000 0. 197 0.399
by 23.1 10.2 9044 3997 0.295 0.000 0.164, 0.370
bg 20.7 9.2 7176 3525 0.277 0.000 0.128, 0.350
b- 19.0 8.4 6089 3209 0.267 0.000 0.118, 0.356
bsg 19.2 8.5 6725 3422 0.283 0.000 0. 137 0.370
bg 19.2 8.5 6803 3516 0.305 0.000 0.159, 0.391
b1 19.3 8.6 6925 3563 0.324 0.000 EO 189 0.417
b1 21.1 9.3 8665 4206 0.332 0.000 0.219, 0.424
bio 21.8 9.7 9017 4456 0.327 0.000 EO 223, 0.420
bis 21.1 9.3 8683 4417 0.322 0.000 0.209, 0.412
b1 21.8 9.6 9069 4646 0.318 0.000 EO 194, 0.388
bis 22.2 9.8 10063 4977 0.314 0.000 0.190, 0.378
big 22.5 10.0 10210 5162 0.317 0.000 EO 208, 0.390
b1~ 21.3 94 9409 4444 0.323 0.000 0 251, 0.416
big 20.7 9.2 9182 3850 0.328 0.000 EO 264, 0.427
b1g 19.3 8.5 8468 3157 0.334 0.000 0.263, 0.439
bag 19.4 8.6 8945 2680 0.327 0.000 EO 231, 0.433
bao1 209 9.3 10677 2442 0.314 0.000 0.157, 0.470
bao 21.5 9.5 10221 2786 0.306 0.000 EO 183, 0.418
bos 203 9.0 7743 2679 0.298 0.000 0.186, 0.408
bay 20.5 9.1 7097 2856 0.295 0.000 EO 198 0.413
bos 21.0 9.3 6188 3114 0.291 0.000 0.211, 0.423
bag 23.2 103 6948 3635 0.284 0.000 EO 211 0.414
bor 25.1 11.1 7232 4098 0.273 0.000 0 195 0.393
bag 252 11.2 5984 4204 0.269 0.000 EO 182 0.391
bog 25.6 11.3 5319 4343 0.266 0.000 0.171, 0.393
bsg 26.3 11.7 4698 4560 0.257 0.000 EO 157 0.398
bs; 28.5 12.6 4759 4995 0.247 0.000 0.139, 0.377
bso 28.9 12.8 4482 4655 0.240 0.000 EO 123 0.370
bss 30.8 13.7 4559 4766 0.234 0.000 0 115, 0.360
bay 31.2 13.8 4048 4222 0.228 0.000 EO 103, 0.357
bss 28.1 12.5 2875 2950 0.219 0.000 0.077, 0.373
bse 260 115 2214 2243 0215  0.000 EO 064, 0.394
bsr 26.8 11.9 1987 2002 0.209 0.000 0.059, 0.391
bsg 285 12.6 2049 2068 0.200 0.000 EO 052 0.379
bsg 33.6 14.9 2758 2787 0.191 0.000 0 053 0.349
bag 36.3 16.1 2916 2993 0.185 0.000 (0. 044 0.335
WBATE 0.282 0.000 (0.248, 0.316)
LBATE 0.334 (0.263, 0.472)

Table SA-1: Intention-to-Treat Effects (SPP Application, ITT Bandwidth Selector).
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hy ha Nco Nt Estimate p-value 95% CI
b 276 122 8921 3532 0.551 0.000 0.495, 0.655
b, 26.0 11.5 8998 3677 0.546 0.000 0.496, 0.651
bs 24.6 109 8510 3678 0.544 0.000 0.494, 0.646
by 24.5 10.9 9236 3976 0.536 0.000 0.483, 0.629
by 23.1 10.2 9044 3997 0.528 0.000 0.466, 0.612
bg 20.7 9.2 7176 3525 0.517 0.000 0.441, 0.595
b- 19.0 8.4 6089 3209 0.507 0.000 0.419, 0.582
bg 19.2 8.5 6725 3422 0.507 0.000 0.407, 0.570
bg 19.2 8.5 6803 3516 0.512 0.000 0.406, 0.571
b1 19.3 8.6 6925 3563 0.524 0.000 EO 417 0.582
b1 21.1 9.3 8665 4206 0.538 0.000 0.448, 0.599
bis 21.8 9.7 9017 4456 0.542 0.000 EO 463 0.607
bis 21.1 9.3 8683 4417 0.552 0.000 0.472, 0.616
b1y 21.8 9.6 9069 4646 0.562 0.000 EO 480 0.617
bis 222 9.8 10063 4977 0.564 0.000 0.481, 0.614
big 22.5 10.0 10210 5162 0.568 0.000 EO 493 0.622
b1~ 21.3 94 9409 4444 0.576 0.000 0.501, 0.636
bis 20.7 9.2 9182 3850 0.577 0.000 EO 498 0.642
b1g 19.3 8.5 8468 3157 0.575 0.000 0.488, 0.654
bog 194 8.6 8945 2680 0.574 0.000 EO 467 0.674
bo 209 9.3 10677 2442 0.573 0.000 0.424, 0.762
bos 21.5 9.5 10221 2786 0.576 0.000 EO 469 0.715
bos 203 9.0 7743 2679 0.574 0.000 0.473, 0.696
boy 20.5 9.1 7097 2856 0.574 0.000 EO 472 0.683
bos 21.0 9.3 6188 3114 0.579 0.000 0.481, 0.684
bog 23.2 103 6948 3635 0.587 0.000 EO 490 0.679
bor 25.1 11.1 7232 4098 0.593 0.000 0.494, 0.674
bog 25.2 11.2 5984 4204 0.600 0.000 EO 499 0.682
bog 25.6 11.3 5319 4343 0.611 0.000 0.511, 0.697
bsg 26.3 11.7 4698 4560 0.623 0.000 EO 522 0.711
bs; 28.5 12.6 4759 4995 0.636 0.000 0 535 0.720
bso 289 12.8 4482 4655 0.649 0.000 EO 547, 0.738
bss 30.8 13.7 4559 4766 0.661 0.000 0.564, 0.751
bay 31.2 13.8 4048 4222 0.674 0.000 EO 578, 0.772
bss 28.1 125 2875 2950 0.691 0.000 0.587, 0.811
bsg 26.0 11.5 2214 2243 0.710 0.000 EO .601, 0.849
bsr 26.8 11.9 1987 2002 0.719 0.000 0 610 0.861
bsg 285 12.6 2049 2068 0.722 0.000 EO .611, 0.863
bsg 33.6 14.9 2758 2787 0.721 0.000 0 618 0.852
bag 36.3 16.1 2916 2993 0.723 0.000 (0.621, 0.855
WBATE 0.592 0.000 (0.567, 0.620)
LBATE 0.723 (0.624, 0.860)

Table SA-2: First-Stage Effects (SPP Application, ITT Bandwidth Selector).
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hy ha Nco Nt Estimate p-value 95% CI
b 276 122 8921 3532 0.564 0.000 0.374, 0.715
b, 26.0 11.5 8998 3677 0.572 0.000 0.398, 0.730
bs 24.6 109 8510 3678 0.581 0.000 0.403, 0.732
by 24.5 10.9 9236 3976 0.576 0.000 0.374, 0.697
by 23.1 10.2 9044 3997 0.559 0.000 0.323, 0.666
bg 20.7 9.2 7176 3525 0.535 0.000 0.268, 0.654
b- 19.0 8.4 6089 3209 0.527 0.000 0.259, 0.689
bg 19.2 8.5 6725 3422 0.559 0.000 0. 304 0.734
bg 19.2 8.5 6803 3516 0.595 0.000 0.350, 0.776
b1g 19.3 8.6 6925 3563 0.619 0.000 EO 401, 0.812
b1 21.1 9.3 8665 4206 0.618 0.000 0.437, 0.791
bis 21.8 9.7 9017 4456 0.602 0.000 EO 433 0.767
bis 21.1 9.3 8683 4417 0.584 0.000 0.401, 0.740
b1y 21.8 9.6 9069 4646 0.566 0.000 EO 371 0.692
bis 222 9.8 10063 4977 0.556 0.000 0.362, 0.675
big 22.5 10.0 10210 5162 0.557 0.000 EO 388 0.686
b1~ 21.3 94 9409 4444 0.560 0.000 0.458, 0.715
bis 20.7 9.2 9182 3850 0.570 0.000 EO 484 0.727
b1g 19.3 8.5 8468 3157 0.580 0.000 0.484, 0.744
bog 194 8.6 8945 2680 0.569 0.000 EO 440 0.723
bo 209 9.3 10677 2442 0.548 0.000 0 338, 0.720
bos 21.5 9.5 10221 2786 0.532 0.000 EO .359, 0.655
bos 203 9.0 7743 2679 0.519 0.000 0 357, 0.659
boy 20.5 9.1 7097 2856 0.513 0.000 EO .373, 0.686
bos 21.0 9.3 6188 3114 0.503 0.000 0.385, 0.703
bog 23.2 103 6948 3635 0.483 0.000 EO .382, 0.689
bor 25.1 11.1 7232 4098 0.461 0.000 0.352, 0.655
bog 25.2 11.2 5984 4204 0.449 0.000 EO 326 0.643
bog 25.6 11.3 5319 4343 0.435 0.000 0.302, 0.632
bsg 26.3 11.7 4698 4560 0.412 0.000 EO 272 0.627
bs; 28.5 12.6 4759 4995 0.388 0.000 0 238 0.584
bso 289 12.8 4482 4655 0.370 0.000 EO 206 0.561
bss 30.8 13.7 4559 4766 0.354 0.000 0 188 0.534
bay 31.2 13.8 4048 4222 0.338 0.000 EO 164, 0.517
bss 28.1 125 2875 2950 0.317 0.000 0.123, 0.521
bsg 26.0 11.5 2214 2243 0.303 0.000 EO 100, 0.532
bsr 26.8 11.9 1987 2002 0.291 0.000 0.090, 0.522
bsg 285 12.6 2049 2068 0.277 0.000 EO .079, 0.506
bsg 33.6 14.9 2758 2787 0.265 0.000 0 079 0.468
bag 36.3 16.1 2916 2993 0.255 0.000 (0. 067 0.447
WBATE 0.487 0.000 (0.435, 0.535)
LBATE 0.619 (0.487, 0.808)

Table SA-3: Fuzzy Effects (SPP Application, ITT Bandwidth Selector).
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hy Nco Nt Estimate p-value 95% CI
b, 274 12.2 8750 3469 -0.027 0.170 -0.153, 0.058

>
N

b, 259 11.5 8454 3560  -0.032  0.115  (-0.158, 0.050
b; 248 11.0 8447 3647  -0.031  0.115  (-0.157, 0.050
by 247 11.0 9184 3947  -0.022  0.213  (-0.139, 0.058
bs 242 10.7 9767 4156  -0.015  0.398  (-0.123, 0.069
b 9227 101 8801 3951  -0.008  0.739  (-0.108, 0.086
b; 21.9 9.7 8282 3901  -0.001  0.984  (-0.099, 0.098
bs 214 95 8372 3993  -0.002  0.678  (-0.115, 0.087
b 217 9.6 8680 4130  -0.010  0.367  (-0.130, 0.071
by 210 93 8085 3981  -0.011  0.272  (-0.139, 0.065
b;; 206 9.1 7894 3964 -0.011  0.444  (-0.129, 0.077
by, 216 9.6 8832 4358  -0.009  0.931  (-0.100, 0.095
bis 210 93 8098 4270  -0.001  0.851  (-0.094, 0.106
biy 209 93 8189 4348  0.002  0.849  (-0.091, 0.104
bis 203 9.0 8051 4329  0.000  0.909  (-0.093, 0.100
bis  21.8 9.7 9040 4809  0.001  0.560 (-0.071, 0.105
biy 227 10.0 10699 4678  0.002  0.516 (-0.057, 0.088
bis 201 89 8788 3746  -0.002 0472  (-0.058, 0.095
by 187 83 7730 3014 -0.005  0.815 (-0.085, 0.073
byy 202 8.9 9828 2825  -0.009  0.613  (-0.103, 0.073
by 198 8.8 9415 2203  -0.004  0.503  (-0.118, 0.185
by,  21.0 9.3 9846 2645  0.001  0.350  (-0.076, 0.144
by; 179 7.9 5971 2207  0.012  0.065 (-0.043, 0.176
by 17.9 7.9 4992 2339  0.018  0.037  (-0.034, 0.180
by; 187 83 4697 2598  0.020  0.058  (-0.039, 0.168
bys 206 9.1 4929 3087  0.019  0.112  (-0.046, 0.148
byy 223 9.9 5182 3532  0.015  0.233  (-0.057, 0.130
bys 225 10.0 4222 3677  0.013  0.312  (-0.065, 0.130
by  23.0 10.2 3755 3831  0.009 0412  (-0.077, 0.134
by 245 10.9 3842 3945  0.005  0.556  (-0.085, 0.126
by 294 13.0 5150 5113  0.004  0.678  (-0.079, 0.105
bs» 300 13.3 4746 4961  0.000  0.961  (-0.094, 0.097
bss 277 123 3589 3723  -0.004  0.798  (-0.117, 0.099
bsy 261 11.6 2715 2794  -0.004  0.665  (-0.135, 0.101
bss 231 103 1825 1842  -0.006  0.639  (-0.156, 0.114
bss 212 94 1396 1393  -0.009  0.528  (-0.172, 0.113
bs; 217 9.6 1252 1223  -0.012  0.423  (-0.177, 0.103
bss 227 10.1 1304 1274 -0.014  0.372  (-0.173, 0.094
bsy 293 13.0 1944 1969  -0.010  0.434  (-0.134, 0.079
b 278 123 1560 1511  -0.011  0.516  (-0.134, 0.087
WBATE 0.004 0938 (-0.030, 0.028)
LBATE 0.020 (-0.031, 0.182)

Table SA-4: Covariate Balance for Mother’s Education (SPP Application, ITT Bandwidth Selector).
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(b) Pointwise p-values.

Figure SA-1: Intention-to-Treat Effects (SPP Application, ITT Bandwidth Selector).
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(b) Pointwise p-values.

Figure SA-2: First-Stage Effects (SPP Application, ITT Bandwidth Selector).
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(b) Pointwise p-values.

Figure SA-3: Fuzzy Effects (SPP Application, ITT Bandwidth Selector).
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(b) Pointwise p-values.

Figure SA-4: Covariate Balance for Mother’s Education (SPP Application, ITT Bandwidth Selector).
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h1 ho Nco Nt Estimate p-value 95% CI

b, 276 12.2 8921 0371  0.000 (0.295, 0.459
b, 26.0 11.5 8998 0.364  0.000  (0.286, 0.445
b; 24.6 109 8510 0.356  0.000  (0.283, 0.441
by 245 10.9 9236 0.355  0.000  (0.293, 0.444
bs 231 10.2 9044 0.356  0.000  (0.298, 0.454
bg 20.7 92 7176 0.350  0.000  (0.294, 0.462
b7 190 84 6089 0.356  0.000  (0.271, 0.450
bs 192 85 6725 0.346  0.000  (0.263, 0.436
by 192 85 6803 0.339  0.000 (0.261, 0.434
by, 193 86 6925 0.340  0.000  (0.264, 0.435
b;; 211 93 8665 0.349  0.000  (0.281, 0.434
b, 218 9.7 9017 0.363  0.000  (0.298, 0.447
bis 211 93 8683 0.378  0.000 (0.317, 0.473
bis 218 9.6 9069 0.388  0.000  (0.343, 0.494
bis 222 9.8 10063 0.396  0.000  (0.355, 0.502
big 225 10.0 10210 0.398  0.000 (0.351, 0.494
bir 213 94 9409 0.399  0.000  (0.343, 0.459
bis 207 92 9182 0.393  0.000  (0.338, 0.439
by 193 85 8468 0.391  0.000  (0.340, 0.438
byy 194 86 8945 0.394  0.000  (0.359, 0.444
by 209 9.3 10677 0.399  0.000  (0.373, 0.443
by, 215 95 10221 0411  0.000 (0.381, 0.457
ba; 203 9.0 7743 0421  0.000  (0.373, 0.467
by 205 9.1 7097 0431  0.000  (0.365, 0.475
bys  21.0 9.3 6188 0.443  0.000  (0.364, 0.486
by 23.2 10.3 6948 0.457  0.000  (0.376, 0.499
byy 251 111 7232 0471  0.000  (0.390, 0.515
bas 252 112 5984 0.481  0.000  (0.395, 0.534
byy  25.6 11.3 5319 0.491  0.000  (0.397, 0.552
bsy 263 117 4698 0.506  0.000  (0.393, 0.572
by 285 12.6 4759 0524  0.000 (0.415, 0.592
by, 289 128 4482 0.539  0.000  (0.430, 0.616
bs; 308 13.7 4559 0.555  0.000  (0.449, 0.635
by, 312 13.8 4048 0571  0.000  (0.463, 0.657
bss  28.1 125 2875 0.587  0.000  (0.463, 0.689
bss 260 115 2214 0.605  0.000  (0.469, 0.727
by;  26.8 119 1087 0.622  0.000 (0.487, 0.753
bss 285 12.6 2049 0.640  0.000 (0.506, 0.772
bsy  33.6 149 2758 0.656  0.000  (0.540, 0.782
by 363 16.1 2916 0.670  0.000  (0.562, 0.798
WBATE 0447  0.000  (0.423, 0.473)
LBATE 0.670 (0.561, 0.800)

Table SA-5: Control-Side Baseline Outcome (SPP Application, ITT Bandwidth Selector).
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hi hy Nco N ITT /ITT.0 (%) Fuzzy / ITT.0 (%)

b, 276 122 8921 3532 83.631 151.785
bs 26.0 11.5 8998 3677 85.929 157.241
bs 246 109 8510 3678 88.773 163.114
by 245 109 9236 3976 87.145 162.517
bs 23.1 10.2 9044 3997 82.811 156.772
bg 207 9.2 7176 3525 76.957 148.838
by 19.0 84 6089 3209 75.122 148.193
bg 19.2 85 6725 3422 81.842 161.505
bg 19.2 85 6803 3516 89.783 175.477
bio 19.3 86 6925 3563 95.242 181.913
b1 21.1 9.3 8665 4206 95.023 176.783
by 21.8 9.7 9017 4456 89.931 165.864
bis 21.1 9.3 8683 4417 85.359 154.546
by 21.8 9.6 9069 4646 82.049 146.036
bis 222 9.8 10063 4977 79.337 140.579
bis 22.5 10.0 10210 5162 79.586 139.992
by 21.3 94 9409 4444 80.823 140.364
bis 20.7 9.2 9182 3850 83.501 144.816
big 19.3 85 8468 3157 85.366 148.486
by 19.4 86 8945 2680 82.952 144.496
bo1 209 9.3 10677 2442 78.739 137.393
bay 21.5 9.5 10221 2786 74.537 129.406
bas 203 9.0 7743 2679 70.713 123.220
boy 205 9.1 7097 2856 68.327 119.007
bos 21.0 9.3 6188 3114 65.748 113.536
bas 23.2 103 6948 3635 62.000 105.621
bay 25.1 11.1 7232 4098 58.005 97.800
bos 25.2 11.2 5984 4204 56.030 93.353
bag 25.6 11.3 5319 4343 54.053 88.449
b3 26.3 11.7 4698 4560 50.756 81.532
bs; 28,5 126 4759 4995 47.181 74.136
b3 28.9 12.8 4482 4655 44.580 68.662
bss 30.8 13.7 4559 4766 42.138 63.743
b3y 31.2  13.8 4048 4222 39.864 59.187
bss 28.1 12,5 2875 2950 37.353 54.018
bss 26.0 11.5 2214 2243 35.513 50.042
bs; 26.8 119 1987 2002 33.577 46.713
bss 28.5 126 2049 2068 31.279 43.332
b3 33.6 149 2758 2787 29.159 40.427
bao 36.3 16.1 2916 2993 27.554 38.108
WBATE 63.008 108.897
LBATE 49.787 92.377

Table SA-6: Treatment Effect Relative to Control-Side Baseline (SPP Application, ITT Bandwidth Selector).
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Figure SA-5: Control-Side Baseline Outcome (SPP Application, ITT Bandwidth Selector).
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SA-10.2 Fuzzy Bandwidth Selector

This subsection reports the same empirical quantities using the bandwidth selected for the fuzzy Wald esti-
mand. These results provide a bandwidth-sensitivity check for the main ITT-bandwidth empirical analysis.

We provide the corresponding full boundary-grid results for all 40 evaluation points.
e Table SA-7 reports the reduced-form, or intention-to-treat (ITT), estimates for college enrollment.
e Table SA-8 reports the first-stage estimates for treatment take-up.
e Table SA-9 reports the fuzzy estimates for college enrollment.

e Table SA-10 reports the covariate-balance reduced-form estimates using mother’s education as the

outcome.

The figures in this subsection complement the corresponding confidence intervals and bands plots for the
fuzzy bandwidth selector. For each quantity, we report heat maps along the boundary for the point estimates

and associated pointwise robust bias-corrected p-values. Specifically:
e Figure SA-7 reports the reduced-form, or I'TT, estimates for college enrollment.
e Figure SA-8 reports the first-stage estimates for treatment take-up.
e Figure SA-9 reports the fuzzy estimates for college enrollment.

e Figure SA-10 reports the covariate-balance reduced-form estimates using mother’s education as the

outcome.

These plots make it easier to inspect how the estimated effects and pointwise significance patterns vary along
the boundary.

In addition, we report baseline estimates and treatment effects relative to control-side baselines.
e Table SA-11 reports the control-side baseline estimates fiy,o(x) for college enrollment.

e Table SA-12 reports ITT and Fuzzy treatment effects relative to control-side baseline estimates fiy,o(x)

for college enrollment.
e Figure SA-11 reports baseline estimates and uncertainty quantification.
e Figure SA-12 reports treatment effects relative to the estimated control-side baseline.

The baseline estimates in Table SA-11 help interpret the economic magnitude of the effects, while Table SA-

12 reports the same treatment effects in percentage terms relative to the local control-side baseline.
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hy ho Nco Nt Estimate p-value 95% CI
b, 28.2 125 9704 3687 0.311 0.000 0.205, 0.418
b 26.0 11.5 8572 3612 0.313 0.000 0.218, 0.429
bs 249 11.0 8590 3720 0.316 0.000 0.220, 0.425
by 23.2 103 8397 3724 0.308 0.000 0.190, 0.401
by 21.8 9.6 7403 3568 0.291 0.000 0.154, 0.371
bg 20.0 8.9 6977 3427 0.273 0.000 0.122, 0.351
b- 19.7 8.7 6633 3404 0.271 0.000 0.126, 0.352
bsg 21.3 94 8437 4032 0.289 0.000 0.156, 0.362
bg 21.9 9.7 8859 4218 0.306 0.000 0.178, 0.378
b1io 22.2 9.8 9828 4469 0.321 0.000 50.204, 0.399
b1 22.3 9.9 9906 4584 0.330 0.000 0.223, 0.415
bis 22.3 9.9 9949 4710 0.327 0.000 50.224, 0.414
bis 206 9.1 7995 4229 0.322 0.000 0.208, 0.412
b1 20.7 9.2 8168 4350 0.315 0.000 50.188, 0.390
bis 21.0 9.3 8370 4493 0.309 0.000 0.182, 0.380
big 20.8 9.2 8278 4560 0.312 0.000 50.201, 0.398
b1~ 19.7 8.7 7544 4057 0.319 0.000 0.241, 0.428
big 19.6 8.7 7997 3623 0.326 0.000 50.262, 0.431
b1g 204 9.0 9592 3367 0.333 0.000 0.266, 0.432
bog 20.0 8.9 9225 2755 0.327 0.000 50.234, 0.430
bao1 209 9.3 10677 2442 0.314 0.000 0.159, 0.469
bao 22.0 9.8 10830 2843 0.307 0.000 50.186, 0.414
bos 21.3 94 8679 2871 0.298 0.000 0.190, 0.401
bay 21.7 9.6 8114 3140 0.294 0.000 50.201, 0.403
bos 21.8 9.6 6858 3223 0.289 0.000 0.212, 0.416
bag 24.3 10.8 7784 3867 0.282 0.000 50.209, 0.401
bor 274 12.1 8856 4564 0.271 0.000 0.190, 0.370
bag 26,9 11.9 7294 4540 0.267 0.000 50.179, 0.373
bog 26.7 11.8 5916 4593 0.264 0.000 0.170, 0.377
bsg 273 12.1 5250 4759 0.256 0.000 50.155, 0.378
bs; 30.1 13.3 5758 5285 0.247 0.000 0.141, 0.356
bso 31.8 14.1 5266 5607 0.240 0.000 50.136, 0.359
bss 321 142 4925 5218 0234 0.000 (0.122. 0.355
bay 31.7 14.0 4323 4517 0.228 0.000 50.107, 0.355
bss 28.8 12.7 3022 3135 0.220 0.000 0.083, 0.368
bsg 27.0 12.0 2452 2467 0.215 0.000 50.072, 0.386
bsr 28.1 124 2318 2326 0.208 0.000 0.069, 0.383
bsg 29.7 13.1 2330 2353 0.200 0.000 50.058, 0.370
bsg 35.2 15.6 2954 3036 0.191 0.000 0.061, 0.341
bag 39.6 175 3538 3725 0.185 0.000 (0.057, 0.322
WBATE 0281 0.000 (0.246, 0.313)
LBATE 0.333 (0.264, 0.473)

Table SA-7: Intention-to-Treat Effects (SPP Application, Fuzzy Bandwidth Selector).
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hy ha Nco Nt Estimate p-value 95% CI
b 28.2 125 9704 3687 0.550 0.000 0.496, 0.650
b, 26.0 11.5 8572 3612 0.547 0.000 0. 498 0.650
bs 249 11.0 8590 3720 0.543 0.000 0. 495 0.644
by 23.2 103 8397 3724 0.539 0.000 0.481, 0.630
by 21.8 9.6 7403 3568 0.529 0.000 0.463, 0.613
bg 20.0 8.9 6977 3427 0.516 0.000 0. 440 0.594
b- 19.7 8.7 6633 3404 0.509 0.000 0.424, 0.579
bg 21.3 94 8437 4032 0.510 0.000 0. 422 0.569
bg 21.9 9.7 8859 4218 0.514 0.000 0.419 0.564
b1 222 98 9828 4469 0.526 0.000 EO 431, 0.575
b1 22.3 9.9 9906 4584 0.537 0.000 0.452, 0.594
bis 22.3 9.9 9949 4710 0.542 0.000 EO 465 0.604
bis 206 9.1 7995 4229 0.552 0.000 0.471, 0.615
b1y 20.7 9.2 8168 4350 0.561 0.000 EO 477 0.616
bis 21.0 9.3 8370 4493 0.563 0.000 0.478, 0.614
big 208 9.2 8278 4560 0.567 0.000 EO 489 0.624
b1~ 19.7 8.7 7544 4057 0.575 0.000 0.499, 0.638
bis 19.6 8.7 7997 3623 0.575 0.000 EO 497, 0.643
b1g 204 9.0 9592 3367 0.576 0.000 0.493, 0.651
bog 20.0 8.9 9225 2755 0.574 0.000 EO 471, 0.670
bo 209 9.3 10677 2442 0.573 0.000 0.428, 0.759
bos 22.0 9.8 10830 2843 0.576 0.000 EO 470, 0.709
bos 21.3 94 8679 2871 0.574 0.000 0 477, 0.689
boy 21.7 9.6 8114 3140 0.575 0.000 EO 478, 0.676
bos 21.8 9.6 6858 3223 0.580 0.000 0.486, 0.679
bog 24.3 10.8 7784 3867 0.588 0.000 EO 494, 0.672
bor 274 121 8856 4564 0.597 0.000 0.498, 0.663
bog 26.9 11.9 7294 4540 0.603 0.000 EO 504, 0.675
bog 26.7 11.8 5916 4593 0.613 0.000 0.515, 0.691
bsg 273 12.1 5250 4759 0.624 0.000 EO 526, 0.705
bs; 30.1 13.3 5758 5285 0.637 0.000 0.541, 0.712
bso 31.8 14.1 5266 5607 0.649 0.000 EO 557 0.726
bss 32.1 14.2 4925 5218 0.660 0.000 0.568, 0.744
bay 31.7 14.0 4323 4517 0.673 0.000 EO 581, 0.768
bss 28.8 12.7 3022 3135 0.691 0.000 0 591 0.805
bsg 27.0 12.0 2452 2467 0.707 0.000 EO 606 0.840
bsr 28.1 124 2318 2326 0.716 0.000 0 617 0.853
bsg 29.7 13.1 2330 2353 0.720 0.000 EO .618, 0.856
bsg 35.2 15.6 2954 3036 0.719 0.000 0 626 0.845
bag 39.6 175 3538 3725 0.719 0.000 (0. 635 0.845
WBATE 0.593 0.000 (0.567, 0.619)
LBATE 0.720 (0.636, 0.855)

Table SA-8: First-Stage Effects (SPP Application, Fuzzy Bandwidth Selector).
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hy ha Nco Nt Estimate p-value 95% CI
b, 28.2 125 9704 3687 0.565 0.000 0.381, 0.708
b, 26.0 11.5 8572 3612 0.572 0.000 0. 401 0.727
bs 249 11.0 8590 3720 0.581 0.000 0. 407 0.726
b, 23.2 10.3 8397 3724 0.572 0.000 0.365, 0.700
bs 21.8 9.6 7403 3568 0.551 0.000 0.308, 0.667
bg 20.0 8.9 6977 3427 0.528 0.000 0.261, 0.655
b~ 19.7 87 6633 3404 0.533 0.000 0.275, 0.679
bg 21.3 94 8437 4032 0.567 0.000 0. 338 0.708
bg 21.9 9.7 8859 4218 0.595 0.000 0.387, 0.746
b1g 22.2 9.8 9828 4469 0.610 0.000 EO 428 0.771
b1 223 99 9906 4584 0.613 0.000 0.446, 0.772
bio 223 9.9 9949 4710 0.602 0.000 EO 438 0.756
bis 20.6 9.1 7995 4229 0.583 0.000 0.401, 0.741
b1y 20.7 9.2 8168 4350 0.562 0.000 EO 363 0.695
bis 21.0 9.3 8370 4493 0.549 0.000 0.351, 0.677
big 20.8 9.2 8278 4560 0.549 0.000 EO 378 0.698
b7 19.7 8.7 7544 4057 0.556 0.000 0.441, 0.736
big 19.6 8.7 7997 3623 0.567 0.000 EO 482 0.734
big 204 9.0 9592 3367 0.579 0.000 0.490, 0.731
bog 20.0 8.9 9225 2755 0.569 0.000 EO 446 0.717
bo1 20.9 9.3 10677 2442 0.548 0.000 0.343, 0.715
boo 22.0 9.8 10830 2843 0.533 0.000 EO 365 0.652
bog 21.3 94 8679 2871 0.519 0.000 0.364, 0.649
boy 21.7 9.6 8114 3140 0.510 0.000 EO 378 0.667
bos 21.8 9.6 6858 3223 0.499 0.000 0 389, 0.689
bog 24.3 10.8 7784 3867 0.479 0.000 EO .380, 0.666
bor 274 12.1 8856 4564 0.455 0.000 0.347, 0.618
bog 26.9 11.9 7294 4540 0.443 0.000 EO 324 0.613
bog 26.7 11.8 5916 4593 0.430 0.000 0.301, 0.606
bsg 27.3 121 5250 4759 0.410 0.000 EO 271 0.596
b3 30.1 13.3 5758 5285 0.388 0.000 0 242 0.551
bso 31.8 14.1 5266 5607 0.370 0.000 EO 228 0.544
bss 32.1 14.2 4925 5218 0.354 0.000 0.201, 0.526
b3y 31.7 14.0 4323 4517 0.338 0.000 EO 172 0.512
bss 28.8 12.7 3022 3135 0.319 0.000 0 133 0.513
bsg 27.0 12.0 2452 2467 0.304 0.000 EO 113 0.520
bs7 28.1 124 2318 2326 0.291 0.000 0 105 0.510
bss 29.7 13.1 2330 2353 0.278 0.000 EO 089 0.492
bsg 35.2 15.6 2954 3036 0.266 0.000 0.091, 0.455
b4o 39.6 175 3538 3725 0.257 0.000 (0. 086 0.426
WBATE 0.485 0.000  (0.433, 0.531)
LBATE 0.613 (0.484, 0.781)
Table SA-9: Fuzzy Effects (SPP Application, Fuzzy Bandwidth Selector).
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hy ha Nco Nt Estimate p-value 95% CI
b, 272 121 8688 3446 -0.027 0.172 -0.153, 0.058
bs 25.8 11.5 8428 3552 -0.032 0.116 -0.157, 0.049
bs 254 11.3 9246 3841 -0.030 0.108 -0.153, 0.046
b4 254 11.3 10066 4154 -0.021 0.215 -0.134, 0.056
bs 244 10.8 9822 4176 -0.015 0.402 -0.121, 0.068
bg 22.7 10.1 8801 3951 -0.008 0.739 -0.107, 0.086
b~ 21.9 9.7 8262 3891 -0.001 0.985 -0.098, 0.097
bsg 21.4 9.5 8372 3993 -0.002 0.678 -0.114, 0.086
bg 21.6 9.6 8604 4098 -0.010 0.356 -0.131, 0.070
big 209 9.3 8049 3966 -0.012 0.262 -0.140, 0.064
by 20.7 9.2 7952 3986 -0.011 0.456 -0.127, 0.076
b2 21.5 9.5 8766 4328 -0.008 0.935 -0.100, 0.095
b3 21.0 9.3 8090 4265 -0.001 0.850 -0.093, 0.106
b4 21.0 9.3 8207 4358 0.002 0.848 -0.090, 0.103
bis 204 9.0 8059 4332 0.000 0.908 -0.092, 0.099
big 21.6 9.6 8936 4750 0.001 0.550 -0.071, 0.106
b7 22,5 10.0 10627 4667 0.002 0.510 -0.057, 0.088
bis 20.1 8.9 8788 3746 -0.002 0.472 -0.058, 0.094
big 18.7 8.3 7730 3014 -0.005 0.816 -0.084, 0.072
bog 20.1 8.9 9828 2825 -0.009 0.613 -0.102, 0.073
b1 19.9 8.8 9436 2206 -0.004 0.505 -0.117, 0.184
bao 20.8 9.2 9760 2625 0.001 0.337 -0.075, 0.145
bos 178 7.9 5890 2194 0.013 0.061 -0.041, 0.177
baos 177 7.9 4911 2316 0.019 0.035 -0.032, 0.182
bos 18.5 8.2 4641 2566 0.021 0.056 -0.038, 0.169
bag 20.2 9.0 4845 3018 0.020 0.114 -0.046, 0.149
bor 22.0 9.8 5110 3458 0.015 0.238 -0.057, 0.130
bog 225 10.0 4215 3666 0.013 0.312 -0.065, 0.130
bag 23.0 10.2 3754 3828 0.009 0.413 -0.076, 0.133
bsg 244 10.8 3836 3936 0.005 0.556 -0.084, 0.125
bs; 29.3 13.0 5139 5095 0.004 0.683 -0.080, 0.104
bao 30.0 13.3 4744 4958 0.000 0.963 -0.093, 0.096
bas 277 12.3 3587 3720 -0.004 0.799 -0.116, 0.098
bsy 26.1 11.6 2714 2786 -0.004 0.667 -0.134, 0.101
bss 23.1 10.3 1825 1842 -0.006 0.639 -0.155, 0.113
bsg 21.2 94 1396 1393 -0.009 0.528 -0.171, 0.112
bs7 21.9 9.7 1350 1316 -0.012 0.429 -0.173, 0.101
bss 23.1 10.2 1313 1295 -0.013 0.382 -0.168, 0.093
bsg 295 13.1 2021 2033 -0.010 0.423 -0.133, 0.077
bug 27.8 12.3 1556 1506 -0.011 0.516 -0.133, 0.086
WBATE -0.004 0.951 (-0.030, 0.028)
LBATE 0.021 (-0.033, 0.185)

Table SA-10: Covariate Balance for Mother’s Education (SPP Application, Fuzzy Bandwidth Selector).
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(b) Pointwise p-values.

Figure SA-7: Intention-to-Treat Effects (SPP Application, Fuzzy Bandwidth Selector).
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(b) Pointwise p-values.

Figure SA-8: First-Stage Effects (SPP Application, Fuzzy Bandwidth Selector).
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(b) Pointwise p-values.

Figure SA-9: Fuzzy Effects (SPP Application, Fuzzy Bandwidth Selector).
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(b) Pointwise p-values.

Figure SA-10: Covariate Balance for Mother’s Education (SPP Application, Fuzzy Bandwidth Selector).
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h1 ho Nco Nt Estimate p-value 95% CI
b; 28.2 125 9704 0.371 0.000 0.299, 0.456
bo 26.0 11.5 8572 0.364 0.000 0. 287 0.444
bs 249 11.0 8590 0.356 0.000 0.286, 0.439
b4 23.2 10.3 8397 0.357 0.000 0. 290 0.448
bs 21.8 9.6 7403 0.360 0.000 (0. 297 0.462
bg 20.0 8.9 6977 0.362 0.000 (0.291, 0.465
b~ 19.7 8.7 6633 0.355 0.000 (0. 277 0.447
bs 21.3 94 8437 0.346 0.000 (0. 278 0.429
by 21.9 9.7 8859 0.342 0.000 (0. 275 0.421
bio 222 9.8 9828 0.343 0.000 (0. 277 0.420
b1 223 99 9906 0.351 0.000 (0.286, 0.427
b1 223 99 9949 0.363 0.000 0.302, 0.444
bis 20.6 9.1 7995 0.379 0.000 0.316, 0.474
b4 20.7 9.2 8168 0.391 0.000 0.342, 0.500
bis 21.0 9.3 8370 0.400 0.000 0.355, 0.510
big 20.8 9.2 8278 0.403 0.000 0.346, 0.502
b7 19.7 8.7 7544 0.403 0.000 0.331, 0.473
bis 19.6 8.7 7997 0.396 0.000 0.334, 0.443
big 20.4 9.0 9592 0.391 0.000 0.345, 0.434
bag 20.0 8.9 9225 0.394 0.000 0.360, 0.441
ba1 209 9.3 10677 0.399 0.000 0.373, 0.442
bao 22.0 9.8 10830 0.411 0.000 (0.382, 0.455
bos 21.3 94 8679 0.422 0.000 (0. 379 0.466
baoa 21.7 9.6 8114 0.432 0.000 (0. 375 0.475
bos 21.8 9.6 6858 0.445 0.000 (0.371, 0.486
bog 24.3 10.8 7784 0.460 0.000 (0. 385 0.499
baor 274 12.1 8856 0.475 0.000 (0. 407 0.517
bag 269 119 7294 0.485 0.000 (0. 408 0.534
bag 26.7 11.8 5916 0.494 0.000 (0. 410 0.552
bso 273 12.1 5250 0.508 0.000 (0.411, 0.572
bs; 30.1 13.3 5758 0.525 0.000 (0. 434 0.591
bss 31.8 14.1 5266 0.541 0.000 (0.441, 0.608
bss 32.1 14.2 4925 0.556 0.000 0.455, 0.630
bsa 31.7 14.0 4323 0.571 0.000 0.466, 0.654
bss 28.8 12.7 3022 0.587 0.000 0.466, 0.684
bsg 27.0 12.0 2452 0.604 0.000 0.475, 0.720
by, 281 12.4 2318 0.622  0.000 (0.492, 0.743
bsg 29.7 13.1 2330 0.639 0.000 0.512, 0.765
bsg 35.2 15.6 2954 0.655 0.000 0.546, 0.772
byo 39.6 175 3538 0.667 0.000 0. 570 0.783
WBATE 0448  0.000 (0.425, 0.474)
LBATE 0.667 (0.568, 0.784)

Table SA-11: Control-Side Baseline Outcome (SPP Application, Fuzzy Bandwidth Selector).

94



hi  hs Nco Np ITT /ITT.0 (%) Fuzzy / ITT.0 (%)
b, 28.2 125 9704 3687 83.801 152.231
b, 26.0 11.5 8572 3612 85.950 157.238
bs 24.9 11.0 8590 3720 88.686 163.182
by 23.2 10.3 8397 3724 86.320 160.201
bs 21.8 9.6 7403 3568 80.977 153.111
be 20.0 8.9 6977 3427 75.410 146.062
br 197 87 6633 3404 76.445 150.264
bs 21.3 9.4 8437 4032 83.668 164.054
by 21.9 9.7 8859 4218 89.489 174.020
bio 22.2 9.8 9828 4469 93.492 177.775
b 22.3 9.9 9906 4584 94.019 174.994
bio 22.3 9.9 9949 4710 90.043 166.056
bis 20.6 9.1 7995 4229 85.004 153.958
by 20.7 9.2 8168 4350 80.630 143.619
bis 21.0 9.3 8370 4493 77.426 137.434
big 20.8 9.2 8278 4560 77.256 136.138
b7 197 87 7544 4057 79.328 138.034
bis 19.6 87 7997 3623 82.308 143.110
bio 204 9.0 9592 3367 85.368 148.263
bao 20.0 8.9 9225 2755 83.046 144.554
bo1 209 9.3 10677 2442 78.747 137.406
bao 22.0 9.8 10830 2843 74.724 129.677
bas 21.3 9.4 8679 2871 70.735 123.194
by 21.7 9.6 8114 3140 67.914 118.071
bas 21.8 9.6 6858 3223 65.063 112.204
bag 24.3 10.8 7784 3867 61.248 104.183
by; 274 121 8856 4564 57.067 95.654
bos 26.9 11.9 7294 4540 55.052 91.338
bao 26.7 11.8 5916 4593 53.365 87.115
bso 27.3 121 5250 4759 50.399 80.804
b3, 30.1 133 5758 5285 47.095 73.880
bio 31.8 14.1 5266 5607 44.339 68.325
bs; 321 142 4925 5218 42.053 63.694
by, 317 14.0 4323 4517 39.874 59.262
bis 28.8 12.7 3022 3135 37.509 54.321
big 27.0 12.0 2452 2467 35.590 50.375
by; 281 124 2318 2326 33.480 46.767
bis 29.7 13.1 2330 2353 31.284 43.456
by 352 156 2954 3036 29.205 40.612
by  39.6 17.5 3538 3725 27.726 38.547
WBATE 62.655 108.222
LBATE 49.984 91.972

Table SA-12: Treatment Effect Relative to Control-Side Baseline (SPP Application, Fuzzy Bandwidth Se-
lector).
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Figure SA-11: Control-Side Baseline Outcome (SPP Application, Fuzzy Bandwidth Selector).
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SA-11 Simulation Study

The score X; = (X1;, X2;) " is generated from the distribution (100 - Beta(3,4) — 25, 100 - Beta(3,4) — 25) "
with independent components, which approximately reproduces salient features of the SPP dataset. We
employ the same L-shaped treatment assignment boundary as in the empirical application, featuring a kink
at x = (0,0) ". To reduce computation burden we consider 21 evaluation points with the kink corresponding
to the evaluation grid point by;.

The simulation design sets n = 10,000 and uses 5,000 Monte Carlo replications. We evaluate performance
in terms of point estimation and uncertainty quantification, both pointwise and uniformly over the boundary
AB. The Monte Carlo design jointly generates the reduced-form outcome and the treatment status, so that
the sharp intention-to-treat (ITT), first-stage (FS), and fuzzy analyses can all be performed on the same

simulated samples.

SA-11.1 Data-Generating Process

For each Monte Carlo replication, draw X; = (X4, X2;)" independently from the distribution described
above and set T; = 1(X; € &). We consider DGP polynomial specifications of order s € {1,2,3}, using
the monomial vector r,(-), evaluated at the unscaled score. Thus, for d = 2, ri(x) = (1,z1,22)" and
ro(x) = (1,21, 9,22, 7129, 23) T, with r3(x) defined analogously by adding all cubic monomials. For each
te{0,1} and i =1,...,n, define

py (X)) = rs(Xi)T/@Y,t’
pw, (X)) = Anw,(Xi)), nwa(Xi) = 15(X3) By,

where A(a) = 1/(1 + exp(—a)). Given these conditional mean functions, draw Uy, ; ~ Uniform(0,1) and
Ey,t,i ~ Normal(O,of,’t) independently across 7 and ¢ and independently of X;. The potential treatment

statuses and treatment-indexed potential outcomes are

Wi(t) = M{Uw,; < pw(Xs)},
Y;(t, 'f‘) = NY,t(Xi) + )\t{T' — /QLWVt(XZ)} + eyt re {07 1}

The reduced-form potential outcome induced by assignment ¢ is Y;(¢, W;(t)). Equivalently,
Yi(t, Wi(t)) = py e (Xi) + MdWilt) — pw,e(Xi)} + ey
The observed outcomes and treatment status are

Y; = Yi(0, Wi(0))(1 — T3) + Yi(1, Wa(1)) T3,
Wi =W;(0)(1 =T;) + W;(1) T3, T; = 1(X; € gh),
fori=1,2,...,n.

In the reduced-form notation used for sharp estimation and inference, Y;(¢) is shorthand for Y;(¢, W;(¢)).

This centered specification preserves the reduced-form outcome surface because E[Y; (¢, W;(¢))|X; = x| =
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ty,+(x), while allowing the potential outcome and potential treatment status equations to be correlated:
EWi(0)|X; =x] = pwe(x)  and  Cov(Yi(t, Wi(t)), Wi(t)|Xi = x) = Aepwe ({1 — pwe (x)}-
Consequently, for each boundary point b € A,

mw(b) = E[W;(1) — W;(0)|X; = b] = NW,l(b) — pw,o(b),
Ty (b) = E[Y;(1, W;(1)) — Yi(0, W;(0))|X; = b] = py,1(b) — piy,0(b),

In each Monte Carlo replication, the sharp analysis applied to Y; targets the reduced-form or ITT curve
7y (b), the same analysis applied to W; targets the first-stage curve Ty (b), and the fuzzy analysis targets
the Wald curve ((b). Thus, the ITT and fuzzy simulation results are different summaries of the same

simulated samples rather than results from separate sharp and fuzzy DGPs.

SA-11.2 Calibration from the SPP data

The DGP parameters are calibrated once from the SPP data and then held fixed across Monte Carlo repli-
cations. We use the following steps separately for s € {1, 2, 3}.

Step 1. Fix the DGP polynomial order s € {1,2,3} and define the side-specific calibration samples .7 = {i :
T; =t} and N; = | %], for t € {0, 1}.

Step 2. For each side t, estimate the outcome regression coefficients by side-specific least squares:

By, =argmin Y _{Y; —r,(X,) 8},

T
BERPs o5

This gives the fitted reduced-form outcome surface fiy¢(x) = r; (X)TBY¢.

Step 3. For each side t, estimate the treatment-status regression coefficients by side-specific logit:

Bw,t = arg max Z [Wirs(Xi)Tﬁ —log{1 + exp(rs(Xi)Tﬁ)}} .

BERPs 5

o~

This gives the fitted first-stage surface fiw,((x) = A(rs(x) " By4)-

)

Step 4. Construct side-specific residuals in the calibration sample:
Ev,i =Y — iy, (X4), Ew,i = Wi — iw,r, (X3).

Step 5. Estimate the residual dependence parameter and outcome-shock variance on each side:

~  Dics EviEw, 1 ~
_ 2iics, Y €W, FOR - 19
A = S_@ Oyt = N Z{EY,i - MEWi}Ts
P€ESy €W,i t ERA

Step 6. Set the Monte Carlo DGP parameters equal to the calibration estimates: By, = By_’t, Bw. = BWJ,
At = Ay, and oy, = oy, for t € {0,1}.
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Step 7. Before running the Monte Carlo replications, compute the true target functions analytically from

the calibrated conditional mean surfaces. For each evaluation point b € %,

7y (b) =r:(b) (By1 — Byo),  Tw(b) = Ars(b)" By,) — Alrs(b) Bu,),  ((b) =

This calibration reproduces the empirical residual covariance between the outcome and take-up equations
on each side of the boundary, while keeping the marginal reduced-form and first-stage surfaces fixed by the
fitted SPP models.

SA-11.3 Monte Carlo Implementation

The following steps describe how to simulate from the calibrated model. They are repeated separately for
each DGP polynomial order s € {1,2,3}.

Step 1. Fix the Monte Carlo inputs: the sample size n, the number of replications M, the evaluation grid
B = {b1,...,bo1} with by at the kink, the assignment regions &y and &1, and the calibrated

parameters

{/BY,ta /BW,ta )‘ta 012/,16 NS {01 ]-}}
Step 2. Before entering the Monte Carlo loop, evaluate the true target functions on the grid:
TY(bj)a TW(bj)v C(b])v j:]-v"'7217

using the analytic formulas in the calibration step above. These target values are fixed across Monte

Carlo replications.

Step 3. For replication m = 1,..., M, draw independent score vectors
Xi = (Xli,XQ»L')T, X@i = ].OOBZZ - 25, Bgi ~ Beta(3,4), le {1,2},

with By; and Bsg; independent. Set T; = 1(X; € &/1).

Step 4. Form the design vectors rs(X;) and compute the side-specific conditional means
pya(Xi) = 15(X0) "Byye pwe(Xi) = Ars(Xi) " Bwry), 1€ {0,1}.
Step 5. Draw the treatment-status shocks and outcome shocks independently:
Uw,t,i ~ Uniform(0, 1), ey.t,; ~ Normal(0, af/’t), t € {0,1}.
Then construct the potential treatment statuses and treatment-indexed potential outcomes:

Wi(t) = W{Uwsi < pwe(Xs)},
Yi(t,r) = py,e(Xs) + Ae{r — pwe(Xa) } + v, r e {0,1}.

100



Step 6.

Step 7.

Step 8.

Step 9.

Step 10.

Evaluate the reduced-form potential outcome at the simulated treatment status:
Yi(t, Wi(t)) = py,t(Xs) + A dWilt) — pw,e(Xi)} + evei
Select the observed variables using the assignment indicator:

Wi =Wi(0)(1 = T3) + Wi (1) T3,
Y; = Y;(0, W;(0))(1 — T;) + Yi(1, Wi(1))T;.

The simulated dataset for replication m is therefore {Y;, W;, T;,X; : i =1,...,n}.

ITT Analysis. Apply the sharp estimator to Y; using the simulated assignment rule and score

vectors for the target 7y (b;).

FS Analysis. Apply the sharp estimator to W; using the simulated assignment rule and score

vectors for the target T (b;).

Fuzzy Analysis. Apply the fuzzy estimator using Y; as the outcome, W; as the treatment status,

and using the simulated assignment rule and score vectors for the Wald target ((b;).

After all M replications, compute Monte Carlo summaries by comparing the stored estimates and
confidence sets with the fixed analytic targets. For each target and each grid point, report bias,
standard deviation, root mean squared error, pointwise coverage, and average interval length. For
uniform inference, report simultaneous coverage and average band length over the grid 9. Finally,

also recover WBATE and LBATE and report their associated performance.

We use the fuzzy simulations to study the finite-sample behavior of the reduced-form/ITT estimators,

the first-stage estimators, and the fuzzy Wald estimator. A complier-average causal interpretation of {(b)

would require additional assumptions that are not imposed in the simulations. In particular, one would

need a local exclusion restriction ruling out a direct effect of assignment on the outcome except through

treatment take-up, a monotonicity condition ruling out defiers near the boundary, and a nonzero first-stage

effect. Under those conditions, the Wald curve ((b) can be interpreted as a local average treatment effect

for compliers at the boundary point b.

SA-11.4 Results

The following tables report Monte Carlo summaries separately for the reduced-form/ITT, first-stage, and

fuzzy estimators, and separately by DGP polynomial order s € {1,2,3}. We report two sets of results:

one using the ITT bandwidth selector, matching the main empirical specification, and one using the fuzzy
bandwidth selector.
The first set of simulation results uses the ITT bandwidth selector. Specifically:

e Table SA-13 reports the reduced-form (ITT) simulation results for s = 1.

e Table SA-14 reports the reduced-form (ITT) simulation results for s = 2.

e Table SA-15 reports the reduced-form (ITT) simulation results for s = 3.

e Table SA-16 reports the take-up (FS) simulation results for s = 1.
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Table SA-17 reports the take-up (FS) simulation results for s = 2.

Table SA-18 reports the take-up (FS) simulation results for s = 3.

Table SA-19 reports the fuzzy simulation results for s = 1.

Table SA-20 reports the fuzzy simulation results for s = 2.
e Table SA-21 reports the fuzzy simulation results for s = 3.

The second set of simulation results uses the fuzzy bandwidth selector. Specifically:
e Table SA-22 reports the reduced-form (ITT) simulation results for s = 1.
e Table SA-23 reports the reduced-form (ITT) simulation results for s = 2.
e Table SA-24 reports the reduced-form (ITT) simulation results for s = 3.
e Table SA-25 reports the take-up (F'S) simulation results for s = 1.

e Table SA-26 reports the take-up (FS) simulation results for s = 2.
e Table SA-27 reports the take-up (F'S) simulation results for s = 3.
e Table SA-28 reports the fuzzy simulation results for s = 1.
e Table SA-29 reports the fuzzy simulation results for s = 2.
e Table SA-30 reports the fuzzy simulation results for s = 3.

The columns report the average bandwidths, average bias, standard deviation, root mean squared error,
empirical coverage, and average interval or band length. For the Uniform row, empirical coverage and

average length refer to uniform coverage and average uniform band length.
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hi ho Nco  Ntx Bias SD RMSE EC IL

b; 13.220 13.220 732 1267 0.001 0.045 0.045 0.950 0.263
bo 13.525 13.525 765 1343 0.001 0.044 0.044 0.949 0.255
b3 13.740 13.740 787 1393 0.001 0.043 0.043 0.950 0.251
b, 13.857 13.857 808 1400 0.001 0.042 0.042 0.949 0.246
bs 13.904 13.904 869 1329 0.001 0.041 0.041 0.953 0.234
bg 13.890 13.890 924 1229 0.001 0.040 0.040 0.955 0.232
b~ 13.811 13.811 959 1116 0.000 0.040 0.040 0.950 0.239
bs 13.639 13.639 968 989 0.001 0.042 0.042  0.949 0.253
by 13.993 13.993 1024 928 0.000 0.046 0.046 0.948 0.271
big 15.131 15.131 1147 961  0.000 0.051 0.051 0.948 0.306
b 14.782 14.782 1091 803 0.000 0.066 0.066 0.936 0.425
b 14.679 14.679 1101 949 0.000 0.048 0.048 0.941 0.288
bis 13.614 13.614 969 965 0.000 0.043 0.043 0.949 0.257
by 13.811 13.811 951 1137 0.000 0.040 0.040 0.953 0.237
bis 13.870 13.870 889 1286 0.001 0.041 0.041 0.954 0.232
big 13.837 13.837 805 1397 0.001 0.043 0.043 0.949 0.246
b7 13.678 13.678 781 1379 0.001 0.044 0.044 0.945 0.251
big 13.289 13.289 739 1284 0.001 0.045 0.045 0.945 0.260
b1 13.011 13.011 697 1195 0.001 0.047  0.047 0.947 0.269
bag 13.077 13.077 671 1154 0.001 0.048 0.048 0.949 0.274
ba; 13.330 13.330 651 1130 0.000 0.049 0.049 0.944 0.278
Uniform 0.930 0.381
WBATE 0.001 0.026 0.026 0.943 0.138
LBATE 0.053 0.038 0.065 0.971 0.433

Table SA-13: Intention-to-Treat Effects (Simulations, s = 1, ITT Bandwidth Selector).

h1 ha Nco Ny Bias SD RMSE EC IL
b, 13.191 13.191 728 1262 0.001 0.045 0.045 0.949 0.263
bo 13.494 13494 762 1338 0.001 0.044 0.044 0.951 0.256
bs 13.717 13.717 784 1390 0.002 0.043 0.043 0.951 0.251
by 13.830 13.830 804 1397 0.002 0.042 0.042 0.954 0.247
bs 13.870 13.870 864 1325 0.001 0.041 0.041 0.955 0.235
bg 13.846 13.846 919 1223  0.000 0.040 0.040 0.950 0.233
b~ 13.777 13.777 954 1112 -0.001 0.040 0.040 0.947 0.239
bg 13.630 13.630 966 988 -0.001 0.043 0.043 0.949 0.253
bg 14.017 14.017 1026 932 -0.002 0.046 0.046 0.944 0.271
b1o 15.156 15.156 1148 965 -0.003 0.051 0.051 0.942 0.305
b1 14.778 14.778 1090 803 -0.003 0.067 0.067 0.939 0.423
bis 14.646 14.646 1097 945 -0.003 0.049 0.049 0.939 0.287
bis 13.581 13.581 965 961 -0.002 0.044 0.044 0.946 0.256
b1 13.768 13.768 945 1131 -0.001 0.041 0.041 0.947 0.236
bis 13.834 13.834 883 1281 -0.001 0.042 0.042 0.949 0.231
big 13.800 13.800 801 1391 0.000 0.043 0.043 0.945 0.246
b1~ 13.629 13.629 776 1370 0.000 0.044 0.044 0.945 0.251
bis 13.237 13.237 734 1275 0.000 0.045 0.045 0.951 0.260
b1g 12.978 12.978 693 1189 -0.000 0.047 0.047 0.952 0.269
bao 13.065 13.065 669 1153 -0.001 0.047 0.047 0.947 0.273
ba1 13.327 13.327 649 1131 -0.001 0.048 0.048 0.947 0.277
Uniform 0.932 0.381
WBATE -0.001 0.027 0.027 0.944 0.138
LBATE 0.034 0.046 0.057 0.982 0.448

Table SA-14: Intention-to-Treat Effects (Simulations, s = 2, ITT Bandwidth Selector).
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hy ha Nco Nmy Bias SD  RMSE EC IL

b, 13.216 13.216 731 1266  0.002 0.045 0.045 0.948 0.262
by 13.505 13.505 763 1339 0.001 0.044 0.044 0.950 0.255
bs 13.716 13.716 784 1389  0.001 0.043 0.043 0948 0.251
by 13.816 13.816 803 1393  0.000 0.043 0.043 0.946 0.247
bs 13.843 13.843 861 1320 -0.001 0.042 0.042 0951 0.235
bg 13.821 13.821 915 1219 -0.001 0.041 0.041 0.951 0.233
b7 13.740 13.740 950 1107 -0.002 0.041 0.041 0.951 0.239
bg 13.566 13.566 959 980 -0.002 0.043 0.043 0.950 0.253
by 13.909 13.909 1014 919 -0.002 0.046 0.046 0.952 0.272
bio 15.049 15.049 1138 951 -0.002 0.051 0.051 0.949 0.306
b1 14775 14.775 1090 803 -0.001 0.064 0.064 0.944 0.423
b 14.642  14.642 1097 945 -0.000 0.048 0.048 0.949 0.288
bis 13.564 13.564 963 959 0.000 0.044 0.044 0.946 0.257
by 13.758 13.758 944 1130 0.001 0.041 0.041 0.940 0.237
bis 13.839 13.839 885 1281  0.003 0.042 0.042 0949 0.232
big 13.799 13.799 802 1390 0.004 0.044 0.044 0.948 0.246
b7 13.634 13.634 777 1371 0.004 0.044 0.044 0948 0.251
bis 13.260 13.260 737 1279  0.004 0.045 0.045 0.949 0.260
big 13.014 13.014 697 1195 0.003 0.046 0.047 0.951 0.269
bag 13.095 13.095 672 1158 0.003 0.047 0.047 0948 0.274
bo 13.341 13.341 651 1133  0.003 0.048 0.048 0.948 0.277
Uniform 0.932 0.381
WBATE 0.001  0.026 0.026 0941 0.138
LBATE 0.035 0.044 0.056 0.980 0.444

Table SA-15: Intention-to-Treat Effects (Simulations, s = 3, ITT Bandwidth Selector).

h1 ho Nco Nty Bias SD RMSE EC IL
b, 13.220 13.220 732 1267 0.000 0.038 0.038 0.950 0.230
bo 13.525 13.525 765 1343 0.000 0.037 0.037 0.947 0.223
bs 13.740 13.740 787 1393 0.000 0.036 0.036 0.945 0.219
by 13.857 13.857 808 1400 0.000 0.036 0.036 0.946 0.217
bs 13.904 13.904 869 1329 0.000 0.036 0.036 0.944 0.219
bg 13.890 13.890 924 1229 0.000 0.037 0.037 0.946 0.226
b7 13.811 13.811 959 1116 0.001 0.040 0.040 0.944 0.239
bg 13.639 13.639 968 989 0.001 0.044 0.044 0.945 0.261
bg 13.993 13.993 1024 928 0.001 0.048 0.048 0.944 0.289
b1g 15.131 15.131 1147 961 0.001 0.054 0.054 0.939 0.338
b1 14.782  14.782 1091 803 0.001 0.070 0.070 0.931 0.483
bis 14.679 14.679 1101 949 0.000 0.051 0.051 0.942 0.313
bis 13.614 13.614 969 965 0.000 0.044 0.044 0.947 0.266
b1 13.811 13.811 951 1137 0.000 0.039 0.039 0.950 0.235
bis 13.870 13.870 889 1286 0.000 0.036 0.036 0.948 0.220
big 13.837 13.837 805 1397 0.000 0.036 0.036 0.951 0.215
b7 13.678 13.678 781 1379 0.000 0.036 0.036 0.949 0.217
bis 13.289 13.289 739 1284 0.001 0.037 0.037 0.947 0.224
big 13.011 13.011 697 1195 0.001 0.038 0.038 0.947 0.232
bag 13.077 13.077 671 1154 0.001 0.039 0.039 0.947 0.236
ba 13.330 13.330 651 1130 0.001 0.039 0.039 0.945 0.238
Uniform 0.924 0.364
WBATE 0.001 0.025 0.025 0.944 0.134
LBATE 0.017 0.035 0.039 0.984 0.421

Table SA-16: First-Stage Effects (Simulations, s = 1, ITT Bandwidth Selector).
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h1 ha Nco Nty Bias SD RMSE EC IL
b, 13.191 13.191 728 1262 0.002 0.039 0.039 0.948 0.231
bo 13.494 13.494 762 1338 0.002 0.038 0.038 0.943 0.224
bs 13.717 13.717 784 1390 0.002 0.037 0.037 0.944 0.219
by 13.830 13.830 804 1397 0.002 0.036 0.037 0.948 0.218
bs 13.870 13.870 864 1325 0.002 0.037 0.037 0.944 0.220
bg 13.846 13.846 919 1223 0.001 0.038 0.038 0.941 0.227
b; 13.777 13.777 954 1112 0.001 0.040 0.040 0.942 0.239
bg 13.630 13.630 966 988 0.000 0.043 0.043 0.936 0.259
bg 14.017 14.017 1026 932 -0.000 0.048 0.048 0.937 0.286
bio 15.156 15.156 1148 965 -0.002 0.054 0.054 0.936 0.333
b1 14.778 14.778 1090 803 -0.002 0.069 0.069 0.932 0.476
bis 14.646 14.646 1097 945 -0.002 0.051 0.051 0.942 0.309
bis 13.581 13.581 965 961 -0.001 0.044 0.044 0.944 0.262
b1 13.768 13.768 945 1131 -0.001 0.039 0.039 0.949 0.232
bis 13.834 13.834 883 1281 -0.001 0.036 0.036 0.945 0.218
big 13.800 13.800 801 1391 -0.001 0.035 0.035 0.940 0.213
b1~ 13.629 13.629 776 1370 -0.001 0.036 0.036 0.943 0.215
bis 13.237 13.237 734 1275 -0.001 0.037 0.037 0.941 0.222
b1g 12.978 12.978 693 1189 -0.002 0.038 0.038 0.940 0.229
bao 13.065 13.065 669 1153 -0.002 0.039 0.039 0.941 0.233
ba1 13.327 13.327 649 1131 -0.002 0.039 0.039 0.939 0.235
Uniform 0.917 0.361
WBATE -0.000 0.024 0.024 0.938 0.133
LBATE 0.021 0.038 0.043 0.978 0.427

Table SA-17: First-Stage Effects (Simulations, s = 2, ITT Bandwidth Selector).

hi ho Nco Nty Bias SD RMSE EC 1L
b; 13.216 13.216 731 1266  0.001 0.038 0.038 0.951 0.230
bo 13.505 13.505 763 1339 0.001 0.037 0.037 0.949 0.223
bs 13.716 13.716 784 1389 0.001 0.036 0.036 0.950 0.219
by 13.816 13.816 803 1393 0.000 0.036 0.036 0.950 0.217
bs 13.843 13.843 861 1320 -0.000 0.036 0.036 0.951 0.220
bg 13.821 13.821 915 1219 -0.000 0.037 0.037 0.949 0.226
b~ 13.740 13.740 950 1107 -0.000 0.039 0.039 0.947 0.239
bs 13.566 13.566 959 980 0.000 0.043 0.043 0.942 0.260
bg 13.909 13.909 1014 919 0.001 0.048 0.048 0.941 0.288
bip 15.049 15.049 1138 951 0.002 0.053 0.0563 0.940 0.336
b1 14.775 14.775 1090 803 0.003 0.068 0.068 0.930 0.478
bis 14.642 14.642 1097 945 0.002 0.051 0.0561 0.939 0.311
b3 13.564 13.564 963 959 0.002 0.044 0.044 0.938 0.264
b1y 13.758 13.758 944 1130 0.002 0.039 0.039 0.943 0.235
bis 13.839 13.839 885 1281  0.002 0.037 0.037 0.943 0.220
big 13.799 13.799 802 1390 0.003 0.036 0.036 0.943 0.215
b7 13.634 13.634 777 1371 0.002 0.036 0.036 0.945 0.217
bis 13.260 13.260 737 1279  0.002 0.037 0.037 0.947 0.224
big 13.014 13.014 697 1195 0.002 0.038 0.038 0.948 0.231
bog 13.095 13.095 672 1158 0.002 0.038 0.038 0.947 0.235
baq 13.341 13.341 651 1133 0.002 0.039 0.039 0.943 0.237
Uniform 0.920 0.363
WBATE 0.001 0.024 0.024 0.944 0.133
LBATE 0.024 0.036 0.043 0.980 0.431

Table SA-18: First-Stage Effects (Simulations, s = 3, ITT Bandwidth Selector).
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h hs  Noo Nn  Bias SD RMSE  EC 1L
b 13.220 13.220 732 1267 0.001 0.072 0.072 0.954 0.433
b, 13.525 13.525 765 1343  0.001 0.069 0.069 0.958 0.419
bs 13.740 13.740 787 1393 0.001 0.067 0.067 0.958 0.411
by 13.857 13.857 808 1400 0.001 0.066 0.066 0.958 0.402
bs 13.904 13.904 869 1329 0.001 0.064 0.064 0.957 0.373
bg 13.890 13.890 924 1229 0.001 0.061 0.061 0.959 0.364
b, 13.811 13.811 959 1116 0.001 0.060 0.060 0.955 0.369
bs 13.639 13.639 968 989 0.001 0.063 0.063 0.955 0.387
by 13.993 13.993 1024 928 0.001 0.067 0.067 0.958 0.411
by 15.131 15.131 1147 961 0.000 0.072 0.072  0.959 0.463
by 14.782 14.782 1091 803 -0.000 0.092 0.092 0.964 0.719
bio 14.679 14.679 1101 949 0.000 0.068 0.068 0.951 0.425
by 13.614 13.614 969 965 0.000 0.061 0.061 0.954 0.378
bis 13.811 13.811 951 1137  0.000 0.057 0.057 0.959 0.348
bis 13.870 13.870 889 1286  0.001 0.059 0.059 0.955 0.342
big 13.837 13.837 805 1397 0.001 0.062 0.062 0.954 0.369
b7 13.678 13.678 781 1379  0.001 0.063 0.063 0.951 0.374
big 13.289 13.289 739 1284 0.001 0.065 0.065 0.951 0.382
big 13.011 13.011 697 1195 0.001 0.066 0.066 0.952 0.390
boo 13.077 13.077 671 1154 0.000 0.066 0.066 0.954 0.393
boy 13.330 13.330 651 1130 -0.000 0.067 0.067 0.952 0.394
Uniform 0.962 0.586
WBATE 0.001 0.039 0.039 0.949 0.214
LBATE 0.053 0.058 0.078 0.997 0.753

Table SA-19: Fuzzy Effects (Simulations, s = 1, ITT Bandwidth Selector).

hy ho Nco Nty Bias SD RMSE EC IL
b, 13.191 13.191 728 1262 0.000 0.073 0.073 0.958 0.445
b, 13.494 13.494 762 1338 0.001 0.070 0.070  0.957 0.429
bs 13.717 13.717 784 1390 0.001 0.068 0.068 0.959 0.417
by 13.830 13.830 804 1397 0.001 0.067 0.067 0.959 0.405
bs 13.870 13.870 864 1325 0.000 0.064 0.064 0.959 0.372
bg 13.846 13.846 919 1223 -0.001 0.061 0.061 0.954 0.359
b~ 13.777  13.777 954 1112 -0.002 0.059 0.059 0.951 0.359
bs 13.630 13.630 966 988 -0.003 0.061 0.061 0.953 0.369
by 14.017 14.017 1026 932 -0.003 0.064 0.064 0.952 0.383
b1o 15.156 15.156 1148 965 -0.003 0.068 0.068 0.949 0.421
b 14.778 14.778 1090 803 -0.004 0.085 0.085 0.961 1.058
bio 14.646 14.646 1097 945 -0.003 0.063 0.064 0.952 0.384
by 13.581 13.581 965 961 -0.002 0.058 0.058 0.951 0.345
by 13.768 13.768 945 1131 -0.001 0.054 0.054 0.953 0.321
bis 13.834 13.834 883 1281 -0.000 0.056 0.056 0.950 0.318
big 13.800 13.800 801 1391  0.001 0.059 0.059 0.948 0.345
bi7 13.629 13.629 776 1370  0.001 0.060 0.060 0.951 0.351
bis 13.237 13.237 734 1275 0.001 0.061 0.061 0.952 0.361
b1o 12978 12.978 693 1189  0.000 0.063 0.063 0.951 0.372
bog 13.065 13.065 669 1153 -0.001 0.064 0.064 0.951 0.376
bo1 13.327  13.327 649 1131 -0.001 0.065 0.065 0.949 0.379
Uniform 0.961 0.588
WBATE -0.001  0.038 0.038 0.947 0.224
LBATE 0.052  0.060 0.079 0.994 0.993

Table SA-20: Fuzzy Effects (Simulations, s = 2, ITT Bandwidth Selector).
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hi ho Nco Nty Bias SD RMSE EC IL
b: 13.216 13.216 731 1266 0.001 0.071 0.071 0.958 0.428
by 13.505 13.505 763 1339 0.001 0.069 0.069 0.954 0.412
bs 13.716 13.716 784 1389  0.001 0.067 0.067 0.955 0.400
by 13.816 13.816 803 1393 0.000 0.066 0.066 0.952 0.388
by 13.843 13.843 861 1320 -0.001 0.063 0.063 0.954 0.358
bg 13.821 13.821 915 1219 -0.002 0.059 0.059 0.953 0.346
b~ 13.740 13.740 950 1107 -0.003 0.058 0.058 0.954 0.349
bg 13.566 13.566 959 980 -0.003 0.060 0.060 0.960 0.363
bg 13.909 13.909 1014 919 -0.004 0.063 0.063 0.961 0.383
b1g 15.049 15.049 1138 951 -0.004 0.067 0.067 0.958 0.427
b1 14.775 14.775 1090 803 -0.005 0.084 0.084 0.964 0.636
bi2 14.642 14.642 1097 945 -0.003 0.064 0.064 0.952 0.399
b3 13.564 13.564 963 959 -0.002 0.059 0.059 0.954 0.361
bia 13.758 13.758 944 1130 -0.000 0.056 0.056 0.950 0.336
bis 13.839 13.839 885 1281  0.002 0.059 0.059 0.951 0.332
big 13.799 13.799 802 1390 0.003 0.062 0.062 0.949 0.360
b7 13.634 13.634 777 1371  0.003 0.062 0.062 0.949 0.366
bis 13.260 13.260 737 1279  0.004 0.064 0.064 0.956 0.376
big 13.014 13.014 697 1195 0.003 0.065 0.065 0.954 0.386
bog 13.095 13.095 672 1158 0.003 0.066 0.066 0.951 0.390
by 13.341 13.341 651 1133 0.002 0.066 0.066 0.954 0.392
Uniform 0.961 0.561
WBATE -0.000 0.037 0.037 0.950 0.203
LBATE 0.050 0.059 0.078 0.995 0.687

Table SA-21: Fuzzy Effects (Simulations, s = 3, ITT Bandwidth Selector).
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hy ho Nco Ny Bias SD  RMSE EC IL

b, 13.404 13.404 746 1303 0.000 0.044 0.044 0.951 0.260
by 13.823 13.823 788 1402 0.000 0.042 0.042 0.951 0.251
bs 14.104 14.104 815 1466 0.000 0.041 0.041 0.949 0.245
by 14.257 14.257 849 1470 0.001 0.040 0.040 0.951 0.238
bs 14.318 14.318 919 1394 0.001 0.039 0.039 0.951 0.227
bg 14.306 14.306 975 1291  0.001 0.038 0.038 0.951 0.226
b; 14.235 14.235 1009 1176 0.000 0.038 0.038 0.949 0.233
bg 13.991 13.991 1009 1036 0.000 0.041 0.041 0.948 0.248
bg 14.133 14.133 1040 946 0.000 0.045 0.045 0.948 0.270
bio 15.100 15.100 1144 957 -0.000 0.050 0.050 0.947 0.308
b1 14.722 14.722 1085 796 -0.001 0.063 0.063 0.935 0.431
bis 14.698 14.698 1103 951 -0.000 0.047 0.047 0.941 0.288
bis 13.915 13.915 1004 1004 -0.000 0.042 0.042 0.949 0.252
b1 14.252 14.252 1004 1200 0.000 0.038 0.038 0.952 0.231
bis 14.307 14.307 941 1352 0.000 0.039 0.039 0.954 0.225
big 14.254 14.254 849 1469 0.001 0.041 0.041 0.948 0.237
b1~ 14.044 14.044 809 1453 0.001 0.042 0.042 0.945 0.245
bis 13.534 13.534 758 1332 0.001 0.044 0.044 0.943 0.256
b1g 13.137 13.137 707 1218 0.001 0.046 0.046 0.947 0.267
bao 13.188 13.188 680 1174 0.000 0.047 0.047 0.947 0.272
ba1 13.422 13.422 657 1146 -0.000 0.047 0.047 0.946 0.276
Uniform 0.934 0.375
WBATE 0.000 0.026 0.026 0.945 0.137
LBATE 0.049 0.034 0.060 0.976 0.430

Table SA-22: Intention-to-Treat Effects (Simulations, s = 1, Fuzzy Bandwidth Selector).

hi ho Nco Nty Bias SD RMSE EC 1L
b 13.386 13.386 744 1300 0.001 0.044 0.044 0.949 0.260
bo 13.791 13.791 785 1397 0.002 0.042 0.042 0.951 0.251
bs 14.069 14.069 811 1460 0.002 0.041 0.041 0.949 0.245
by 14.218 14.218 844 1464  0.002 0.040 0.040 0.953 0.239
bs 14.287 14.287 914 1389  0.001 0.039 0.039 0.953 0.227
bg 14.284 14.284 972 1288 0.000 0.038 0.038 0.949 0.226
b~ 14.225 14.225 1008 1176 -0.000 0.039 0.039 0.947 0.233
bs 13.995 13.995 1009 1037 -0.001 0.041 0.041 0.951 0.248
bg 14.126 14.126 1038 946 -0.002 0.045 0.045 0.945 0.270
bip 15.108 15.108 1144 958 -0.003 0.050 0.050 0.942 0.307
b1 14.748  14.748 1087 799 -0.005 0.063 0.064 0.936 0.429
bis 14.726 14.726 1106 955 -0.004 0.048 0.048 0.940 0.287
b3 13.933 13.933 1006 1007 -0.003 0.043 0.043 0.946 0.251
b4 14.255 14.255 1003 1201 -0.002 0.039 0.039 0.946 0.229
bis 14.312 14.312 941 1353 -0.001 0.039 0.039 0.947 0.223
big 14.250 14.250 847 1469 -0.001 0.041 0.041 0.944 0.236
b7 14.019 14.019 806 1449 -0.000 0.042 0.042 0.944 0.244
bis 13.498 13.498 754 1326 -0.000 0.044 0.044 0.949 0.255
big 13.115 13.115 703 1214 -0.001 0.046 0.046 0.950 0.266
bog 13.180 13.180 678 1173 -0.001 0.046 0.047 0.946 0.271
baq 13.415 13.415 655 1146 -0.002 0.047 0.047 0.946 0.275
Uniform 0.934 0.374
WBATE -0.001  0.026 0.026 0.947 0.136
LBATE 0.030 0.041 0.051 0.984 0.445

Table SA-23: Intention-to-Treat Effects (Simulations, s = 2, Fuzzy Bandwidth Selector).
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hy ho Nco Ny Bias SD  RMSE EC IL

b, 13.416 13.416 746 1305 0.001 0.044 0.044 0.949 0.259
bo 13.823 13.823 788 1403 0.001 0.042 0.042 0.950 0.250
bs 14.093 14.093 813 1465 0.000 0.041 0.041 0.947 0.245
by 14.229 14.229 845 1465 -0.000 0.041 0.041 0.945 0.238
bs 14.282 14.282 913 1388 -0.001 0.040 0.040 0.948 0.227
bg 14.281 14.281 971 1288 -0.002 0.038 0.039 0.950 0.226
b; 14.214 14.214 1006 1174 -0.003 0.039 0.039 0.952 0.232
bg 13.955 13.955 1005 1031 -0.003 0.041 0.041 0.948 0.248
bg 14.080 14.080 1034 940 -0.003 0.045 0.045 0.952 0.270
bio 15.038 15.038 1137 949 -0.002 0.049 0.049 0.949 0.308
b1 14.667 14.667 1079 790 -0.002 0.062 0.062 0.941 0.430
bis 14.687 14.687 1102 951 -0.001 0.047 0.047 0.949 0.288
bis 13.902 13.902 1003 1003 0.000 0.042 0.042 0.946 0.252
b1 14.233 14.233 1001 1197 0.001 0.039 0.039 0.941 0.230
bis 14.292 14.292 940 1350 0.003 0.040 0.040 0.948 0.225
big 14.217 14.217 845 1463 0.004 0.042 0.042 0.946 0.237
b1~ 13.995 13.995 805 1443 0.004 0.042 0.043 0.945 0.245
bis 13.492 13.492 755 1324 0.004 0.044 0.044 0.947 0.256
b1g 13.126 13.126 705 1216 0.003 0.046 0.046 0.952 0.267
bao 13.183 13.183 679 1173 0.003 0.046 0.046 0.947 0.272
ba1 13.408 13.408 655 1145 0.003 0.047 0.047 0.951 0.276
Uniform 0.934 0.375
WBATE 0.000 0.026 0.026 0.943 0.136
LBATE 0.032 0.041 0.052 0.984 0.443

Table SA-24: Intention-to-Treat Effects (Simulations, s = 3, Fuzzy Bandwidth Selector).

hi ho Nco Nty Bias SD RMSE EC 1L
b; 13.404 13.404 746 1303 -0.000 0.037 0.037 0.949 0.227
bo 13.823 13.823 788 1402 -0.000 0.035 0.035 0.948 0.218
bs 14.104 14.104 815 1466 -0.000 0.035 0.035 0.949 0.213
by 14.257 14.257 849 1470 -0.000 0.034 0.034 0.946 0.211
bs 14.318 14.318 919 1394 -0.000 0.035 0.035 0.945 0.214
bg 14.306 14.306 975 1291 -0.000 0.036 0.036 0.946 0.221
b~ 14.235 14.235 1009 1176 0.000 0.038 0.038 0.945 0.234
bs 13.991 13.991 1009 1036 0.000 0.042 0.042 0.946 0.256
bg 14.133 14.133 1040 946 0.000 0.047 0.047 0.941 0.287
bip 15.100 15.100 1144 957 0.000 0.053 0.0563 0.939 0.338
b1 14.722 14.722 1085 796 -0.001 0.069 0.069 0.930 0.486
bis 14.698 14.698 1103 951 0.000 0.050 0.050 0.944 0.313
bis 13.915 13.915 1004 1004 -0.000 0.043 0.043 0.948 0.261
b4 14.252 14.252 1004 1200 -0.000 0.037 0.037 0.949 0.229
bis 14.307 14.307 941 1352 -0.000 0.034 0.034 0.948 0.215
big 14.254 14.254 849 1469 -0.000 0.034 0.034 0.948 0.209
b7 14.044 14.044 809 1453 -0.000 0.034 0.034 0.948 0.212
bis 13.534 13.534 758 1332 0.000 0.036 0.036 0.947 0.221
big 13.137 13.137 707 1218 0.000 0.037 0.037 0.947 0.230
bog 13.188 13.188 680 1174  0.000 0.038 0.038 0.943 0.234
baq 13.422 13.422 657 1146  0.000 0.038 0.038 0.944 0.237
Uniform 0.929 0.359
WBATE -0.000 0.024 0.024 0.946 0.133
LBATE 0.014 0.033 0.036 0.988 0.416

Table SA-25: First-Stage Effects (Simulations, s = 1, Fuzzy Bandwidth Selector).
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h1 ha Nco Nty Bias SD RMSE EC IL
b 13.386 13.386 744 1300 0.002 0.037 0.037 0.945 0.228
by 13.791 13.791 785 1397 0.002 0.036 0.036 0.942 0.219
bs 14.069 14.069 811 1460 0.002 0.035 0.035 0.943 0.214
by 14.218 14.218 844 1464 0.002 0.035 0.035 0.947 0.212
bs 14.287 14.287 914 1389 0.002 0.035 0.035 0.945 0.214
bg 14.284 14.284 972 1288 0.001 0.036 0.036 0.940 0.221
b; 14.225 14.225 1008 1176 0.001 0.038 0.038 0.941 0.233
bg 13.995 13.995 1009 1037 0.000 0.042 0.042 0.936 0.254
bg 14.126 14.126 1038 946 -0.001 0.047 0.047 0.938 0.285
bio 15.108 15.108 1144 958 -0.003 0.052 0.052 0.937 0.334
b1 14.748 14.748 1087 799 -0.005 0.067 0.067 0.932 0.479
bis 14.726 14.726 1106 955 -0.003 0.049 0.049 0.942 0.308
bis 13.933 13.933 1006 1007 -0.002 0.042 0.042 0.945 0.257
b1 14.255 14.255 1003 1201 -0.002 0.037 0.037 0.947 0.226
bis 14.312 14.312 941 1353 -0.002 0.034 0.034 0.943 0.212
big 14.250 14.250 847 1469 -0.002 0.033 0.033 0.943 0.206
b1~ 14.019 14.019 806 1449 -0.002 0.034 0.034 0.944 0.209
bis 13.498 13.498 754 1326 -0.002 0.036 0.036 0.939 0.218
b1g 13.115 13.115 703 1214 -0.002 0.037 0.037 0.939 0.227
bao 13.180 13.180 678 1173 -0.003 0.038 0.038 0.940 0.231
ba1 13.415 13.415 655 1146 -0.003 0.038 0.038 0.938 0.234
Uniform 0.921 0.355
WBATE -0.001 0.024 0.024 0.941 0.132
LBATE 0.017 0.034 0.038 0.982 0.422

Table SA-26: First-Stage Effects

(Simulations, s = 2, Fuzzy Bandwidth Selector).

hi ho Nco Nty Bias SD RMSE EC 1L
b; 13.416 13.416 746 1305 0.001 0.037 0.037 0.949 0.227
bo 13.823 13.823 788 1403  0.000 0.035 0.035 0.947 0.219
bs 14.093 14.093 813 1465 0.000 0.034 0.034 0.949 0.213
by 14.229 14.229 845 1465 -0.001 0.034 0.034 0.949 0.211
bs 14.282 14.282 913 1388 -0.001 0.034 0.034 0951 0.214
bg 14.281 14.281 971 1288 -0.001 0.035 0.035 0.947 0.220
b~ 14.214 14.214 1006 1174 -0.001 0.037 0.037 0.945 0.233
bs 13.955 13.955 1005 1031 -0.001 0.041 0.041 0.945 0.254
bg 14.080 14.080 1034 940 -0.000 0.047 0.047 0.940 0.286
bip 15.038 15.038 1137 949 -0.000 0.052 0.052 0.939 0.336
b1 14.667 14.667 1079 790 0.001 0.067 0.067 0.929 0.483
bis 14.687 14.687 1102 951 0.002 0.050 0.050 0.939 0.310
bis 13.902 13.902 1003 1003 0.002 0.043 0.043 0.938 0.260
b4 14.233 14.233 1001 1197 0.002 0.037 0.037 0.943 0.228
bis 14.292  14.292 940 1350 0.003 0.035 0.035 0.944 0.214
big 14.217 14.217 845 1463 0.003 0.034 0.034 0.943 0.209
b7 13.995 13.995 805 1443 0.002 0.034 0.035 0.944 0.211
bis 13.492 13.492 755 1324 0.002 0.036 0.036 0.946 0.221
big 13.126 13.126 705 1216  0.002 0.037 0.037 0.946 0.229
bog 13.183 13.183 679 1173  0.002 0.037 0.037 0.948 0.233
baq 13.408 13.408 655 1145 0.002 0.038 0.038 0.944 0.236
Uniform 0.925 0.357
WBATE 0.001 0.024 0.024 0.943 0.132
LBATE 0.021  0.033 0.040 0.984 0.429

Table SA-27: First-Stage Effects (Simulations, s = 3, Fuzzy Bandwidth Selector).
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h1 ha Nco Nty Bias SD RMSE EC IL
b, 13.404 13.404 746 1303 0.001 0.073 0.073 0.955 0.427
bo 13.823 13.823 788 1402 0.001 0.069 0.069 0.958 0.411
bs 14.104 14.104 815 1466 0.002 0.067 0.067 0.958 0.401
by 14.257 14.257 849 1470 0.002 0.066 0.066 0.958 0.387
bs 14.318 14.318 919 1394 0.002 0.064 0.064 0.959 0.360
bg 14.306 14.306 975 1291  0.002 0.061 0.061 0.959 0.353
b; 14.235 14.235 1009 1176 0.001 0.060 0.060 0.955 0.359
bs 13.991 13.991 1009 1036 0.001 0.062 0.062 0.955 0.378
bg 14.133 14.133 1040 946 0.001 0.067 0.067 0.958 0.407
bio 15.100 15.100 1144 957 0.001 0.074 0.074 0.959 0.462
b1 14.722 14.722 1085 796 0.001 0.098 0.098 0.965 0.964
bis 14.698 14.698 1103 951 0.000 0.070 0.070 0.953 0.424
bis 13.915 13.915 1004 1004 0.001 0.061 0.061 0.956 0.370
b1 14.252 14.252 1004 1200 0.001 0.057 0.057 0.959 0.338
bis 14.307 14.307 941 1352 0.001 0.058 0.058 0.953 0.331
big 14.254 14.254 849 1469 0.001 0.061 0.061 0.956 0.355
b1~ 14.044 14.044 809 1453 0.001 0.062 0.062 0.950 0.365
bis 13.534 13.534 758 1332 0.001 0.064 0.064 0.950 0.375
b1g 13.137 13.137 707 1218 0.001 0.066 0.066 0.952 0.387
bao 13.188 13.188 680 1174 0.000 0.067 0.067 0.953 0.389
ba1 13.422 13.422 657 1146 -0.000 0.067 0.067 0.952 0.391
Uniform 0.964 0.591
WBATE 0.001 0.039 0.039 0.950 0.222
LBATE 0.055 0.065 0.085 0.998 0.931

Table SA-28: Fuzzy Effects (Simulations, s = 1, Fuzzy Bandwidth Selector).

hi ho Nco Nty Bias SD RMSE EC 1L
b 13.386 13.386 744 1300 0.001 0.074 0.074 0.959 0.439
bo 13.791 13.791 785 1397 0.001 0.071 0.071  0.957 0.420
bs 14.069 14.069 811 1460 0.002 0.068 0.068 0.959 0.407
by 14.218 14.218 844 1464 0.002 0.067 0.067 0.960 0.390
bs 14.287 14.287 914 1389  0.001 0.063 0.063 0.962 0.358
bg 14.284 14.284 972 1288 -0.001 0.060 0.060 0.956 0.347
b~ 14.225 14.225 1008 1176 -0.001 0.059 0.059 0.953 0.348
bs 13.995 13.995 1009 1037 -0.002 0.061 0.061 0.952 0.360
bg 14.126 14.126 1038 946 -0.002 0.065 0.065 0.954 0.380
bip 15.108 15.108 1144 958 -0.003 0.070 0.070 0.952 0.422
b1 14.748  14.748 1087 799 -0.003 0.089 0.089 0.963 1.656
bis 14.726 14.726 1106 955 -0.003 0.064 0.064 0.951 0.382
b3 13.933 13.933 1006 1007 -0.002 0.057 0.057 0.950 0.337
b4 14.255 14.255 1003 1201 -0.002 0.053 0.0563 0.954 0.311
bis 14.312 14.312 941 1353 -0.001 0.055 0.055 0.952 0.306
big 14.250 14.250 847 1469  0.000 0.058 0.058 0.951 0.330
b7 14.019 14.019 806 1449 0.001 0.059 0.059 0.950 0.342
bis 13.498 13.498 754 1326 0.001 0.061 0.061 0.950 0.355
big 13.115 13.115 703 1214 0.000 0.063 0.063 0.953 0.368
bog 13.180 13.180 678 1173 -0.001 0.064 0.064 0.953 0.373
baq 13.415 13.415 655 1146 -0.001 0.065 0.065 0.950 0.377
Uniform 0.961 0.619
WBATE -0.001 0.038 0.038 0.943 0.249
LBATE 0.054 0.064 0.084 0.995 1.461

Table SA-29: Fuzzy Effects (Simulations, s = 2, Fuzzy Bandwidth Selector).
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hi ho Nco Nty Bias SD RMSE EC IL
b: 13.416 13.416 746 1305 0.002 0.072 0.072  0.959 0.422
bs 13.823 13.823 788 1403 0.001 0.069 0.069 0.955 0.403
bs 14.093 14.093 813 1465 0.001 0.067 0.067 0.956 0.390
by 14.229 14.229 845 1465 0.000 0.065 0.065 0.952 0.373
by 14.282 14.282 913 1388 -0.001 0.062 0.062 0.954 0.344
bg 14.281 14.281 971 1288 -0.003 0.059 0.059 0.954 0.335
b~ 14.214 14.214 1006 1174 -0.003 0.057 0.057 0.954 0.338
bg 13.955 13.955 1005 1031 -0.004 0.059 0.059 0.960 0.354
bg 14.080 14.080 1034 940 -0.004 0.063 0.063 0.962 0.379
b1g 15.038 15.038 1137 949 -0.004 0.069 0.069 0.960 0.428
b1 14.667 14.667 1079 790 -0.003 0.090 0.090 0.966 0.675
bi2 14.687 14.687 1102 951 -0.003 0.065 0.065 0.952 0.398
b3 13.902 13.902 1003 1003 -0.001 0.059 0.059 0.957 0.352
bia 14.233 14.233 1001 1197 -0.000 0.055 0.055 0.952 0.325
bis 14.292 14.292 940 1350 0.002 0.058 0.058 0.952 0.320
big 14.217 14.217 845 1463 0.003 0.061 0.061 0.950 0.345
b7 13.995 13.995 805 1443 0.004 0.062 0.062 0.948 0.357
bis 13.492 13.492 755 1324 0.004 0.064 0.064 0.954 0.370
big 13.126  13.126 705 1216 0.003 0.065 0.065 0.954 0.383
bag 13.183 13.183 679 1173  0.003 0.066 0.066 0.951 0.387
by 13.408 13.408 655 1145 0.002 0.066 0.066 0.954 0.390
Uniform 0.962 0.552
WBATE 0.000 0.038 0.038 0.946 0.202
LBATE 0.053 0.065 0.083 0.994 0.717

Table SA-30: Fuzzy Effects (Simulations, s = 3, Fuzzy Bandwidth Selector).
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